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Transformers as the backbone architecture

Sequence-to-sequence:

transformer

<latexit sha1_base64="gpkSr1jU2RT4WnyBYg7g+vMaJwM=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpeyKVE9SEMFjBfsB7VqyabYNm80uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZ5yeCa+M432hldW19Y7OwVdze2d3bLx0ctnScKsqaNBax6vhEM8ElaxpuBOskipHIF6zthzdTv/3ElOaxfDDjhHkRGUoecEqMldq3j1klPJv0S2Wn6syAl4mbkzLkaPRLX71BTNOISUMF0brrOonxMqIMp4JNir1Us4TQkAxZ11JJIqa9bHbuBJ9aZYCDWNmSBs/U3xMZibQeR77tjIgZ6UVvKv7ndVMTXHkZl0lqmKTzRUEqsInx9Hc84IpRI8aWEKq4vRXTEVGEGptQ0YbgLr68TFrnVbdWrd1flOvXeRwFOIYTqIALl1CHO2hAEyiE8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB6Mcjx4=</latexit>

E(k)
<latexit sha1_base64="JZueZ3r6+mm0zoN8f2sA3SoUqSc=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSK0l7IrUj1JQQSPFewHtmvJptk2NJssSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qiSjMp7s04pn6EB4KFjGBjpYewdPOYlkblSblXKLoVdwa0TLyMFCFDvVf46vYlSSIqDOFY647nxsZPsTKMcDrJdxNNY0xGeEA7lgocUe2ns4sn6NQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DcFbfHmZNM8qXrVSvTsv1q6yOHJwDCdQAg8uoAa3UIcGEBDwDK/w5mjnxXl3PuatK042cwR/4Hz+AC6Zj/M=</latexit>

f(E(k))
<latexit sha1_base64="PCIzKtSYszSS98+2IHOERRYtSBo=">AAAB73icbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSghePFewHtEvJZrNtaDZZk1mhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXpAIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluwExTHDJWsBBsG6iGYkDwTrB+Hbmd56YNlzJB5gkzI/JUPKIUwJW6kbVPg0VnA/KFbfmzoFXiZeTCsrRHJS/+qGiacwkUEGM6XluAn5GNHAq2LTUTw1LCB2TIetZKknMjJ/N753iM6uEOFLalgQ8V39PZCQ2ZhIHtjMmMDLL3kz8z+ulEF37GZdJCkzSxaIoFRgUnj2PQ64ZBTGxhFDN7a2YjogmFGxEJRuCt/zyKmlf1Lx6rX5/WWnc5HEU0Qk6RVXkoSvUQHeoiVqIIoGe0St6cx6dF+fd+Vi0Fpx85hj9gfP5A2Vsj44=</latexit>

f(·)

token

fe
at
ur
e

Transformer block = attention + MLP

MLP
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Transformers as the backbone architecture

Sequence-to-sequence:

transformer
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Autoregressive decoding:

transformer
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Chain-of-thought (CoT)

LLMs solve harder questions by reasoning step-by-step: generate
intermediate reasoning steps before inferring an answer.∗

A: The cafeteria had 23 apples originally. They used 
20 to make lunch. So they had 23 - 20 = 3. They 
bought 6 more apples, so they have 3 + 6 = 9. The 
answer is 9.

Chain-of-Thought Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

A: The answer is 27.

Standard Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: Roger started with 5 balls. 2 cans of 3 tennis balls 
each is 6 tennis balls. 5 + 6 = 11. The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

Model Input

Model Output Model Output

Model Input

<Question→Answer> <Question→Rationale→Answer>

∗Chain-of-Thought Prompting Elicits Reasoning in Large Language Models.
5



The rise of reasoning models and test-time scaling

Reasoning models: OpenAI released o1 in 2024, which was trained via
reinforcement learning.

(Figure credit: o1)

Test-time scaling: reasoning performance improves with more test-time
compute (e.g., thinking longer).

6



RL with verifiable rewards

RL with verifiable rewards (RLVR): In early 2025, Deepseek released
R1, and revealed the training recipe called RLVR.

● The model is only rewarded for accuracy and format.

● No outcome or process neural reward model.
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Does RLVR learn new capabilities?

“Reasoning patterns of larger models can be distilled into smaller
models, resulting in better performance compared to the rea-
soning patterns discovered through RL on small models.”

— DeepSeek-R1 [2025]

(Figure credit: Deepseek-R1)

The ceiling of RLVR seems to depend on the capability of base LLMs.

8



When is RL most effective?

RL is most effective at the edge of competence [Yue et al. 2025]:

• No saturation: the task is not heavily covered during pre-training;

• “Just-right” difficulty: neither too easy nor too hard.

Our question: How does RLVR improve model’s capabilities
at the edge of competence?
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State tracking

Given an initial state and a sequence of actions, compute the final state.

Code evaluation

Playing Chess

Entities tracking

Images modified from Merrill et al., 2024
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State tracking as compositional reasoning

Given a group G acting on a finite value set Y:

y0
g1Ð→ y1

g2Ð→ y2
g3Ð→ ⋯ gLÐ→ yL.

Goal: calculate the last value yL = gL(gL−1(⋯g1(y0))) given the
sequence of transitions gi ∈ G with an initial value y0 ∈ Y.

Example: modulo sum

y1 = y0 ⊕5 4, y2 = y1 ⊕5 2, y0 = 0

where

y2 = y1 ⊕52
´¸¶
g2

= (y0 ⊕54
´¸¶
g1

) ⊕5 2 = ( 0
´¸¶
y0

⊕54) ⊕5 2 ≡ 1 (mod 5).

11
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Reasoning data and autoregressive decoding

Reasoning data: for length-L reasoning, ZL = (ZL
p , Z

L
a ) is coded as

Prompt ZL
p : xp,1, g1 , xp,2, g2 , . . . , xp,L, gL

Answer ZL
a : xa,0, y0 , xa,1, y1 , . . . , xa,L, yL

where xp,ℓ, xa,ℓ ∈ X and X ⊂ Rd is a set of orthonormal position vectors.

● position alignment: a fixed unknown permutation s ∶ X → X s.t.,

xa,ℓ−1 = s(xp,ℓ),

which encodes the order of the relevant actions in action.

● orthonormal embeddings: g ∈ G and y ∈ Y are orthonormal vectors.

How does the transformer reason {yℓ}Lℓ=1 sequentially?
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How does the transformer reason sequentially?

Model mechanism: TF = MLP (executor) ○ Attention (retrieval)

Transformer as autoregressive policy: given ZL,0 = [Za,0, Z
L
p ],

πθ(ŷℓ ∣ ZL,0) =
ℓ

∏
k=1

πθ(ŷk ∣ Ẑa,k−1, Z
L
p ), ℓ = 1, . . . , L,

where ŷℓ = (ŷ1, . . . , ŷℓ).

Attention

MLP

13

Recursion of L-step reasoning: at each step ℓ,
recall the target yℓ = gℓ(yℓ−1).

• Attention = retriever: find correct gℓ from
prompt at step ℓ

• MLP = executor: (gℓ, yℓ−1) ↦ gℓ(yℓ−1) with
near-perfect accuracy



Attention layer

When the attention concentrates, it outputs 1
2
(yk + gk+1).

14

Position-wise attention:

Attna,k→p,ℓ =
exp(⟨Qxa,k, xp,ℓ⟩)
∑u exp(⟨Qxa,k, xp,u⟩)

.

Residual connection:

AttnQ =
1

2
(yk +

L

∑
ℓ=1

Attna,k→p,ℓ ⋅gℓ)
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MLP layer

The MLP outputs highest probability on the index of gk+1(yk).

15

ReLU activation: for j ∈ [d], Wj,r ∈ R2d,

[MLPW (⋅)]j =
m

∑
r=1

σ (⟨Wj,r, ⋅⟩) .

Next-state distribution:

πθ(j ∣ Ẑa,k, Z
L
p ) ≜ softmax(TFθ(Ẑa,k, Z

L
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Training distribution and assumptions

Data distribution ZL ∼ DL: we train on the population loss

● y0
unif∼ Y;

● gℓ
unif, w/o rep∼ G;

● xp,ℓ
unif, w/o rep∼ X ;

● xa,ℓ−1 = s(xp,ℓ) and xa,L
unif∼ X ∖ {s(xp,ℓ)}.

Group structure and action:

● non-abelian simple: different sequences of operations rarely lead to
the same state.

● simply transitively: for any y, y′ ∈ Y, there exists a unique g ∈ G s.t.,
g(y) = y′ ⇒ ∣G∣ = ∣Y∣ = d.

Asymptotics: we assume ∣X ∣ = Θ(dcx) for some cx ∈ (0.1,1). The
longest length of the chain is Lmax = ∣X ∣ − 1.
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Outcome-based RL objective

Outcome-based RL objective: r(ŷL ∣ ZL,0) ≜ 1{ŷL = yL}

JL(θ) = EZL [EŷL∼πL
θ
(⋅∣ZL,0) [r(ŷL ∣ ZL,0)]].

Pretrained MLP: we assume MLP has already learned the atomic skills
of group action (g, y) ↦ g(y) with weight W fixed during RL training.

Policy gradient for attention: length-normalized policy gradient
following REINFORCE:

Q(t+1) = Q(t) + η∇QJ̃L(θ)

∇QJ̃L(θ) =
1

L
EZL,ŷL [r(ŷL ∣ ẐL,0)∇ logπθ(ŷL ∣ ẐL,0)],

where J̃L(θ) = 1
L
JL(θ), Q(0) is initialized as a zero matrix, and η is the

learning rate.
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where J̃L(θ) = 1
L
JL(θ), Q(0) is initialized as a zero matrix, and η is the

learning rate.

17



Outcome-based RL objective

Outcome-based RL objective: r(ŷL ∣ ZL,0) ≜ 1{ŷL = yL}
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where J̃L(θ) = 1
L
JL(θ), Q(0) is initialized as a zero matrix, and η is the

learning rate.

17



Pretrained atomic skills

When MLP receives 1
2
(g + y), then for j = τ(g(y))

softmax(MLPW (
1

2
(g + y)))

j
= 1 − 1

poly(d)

Here, τ ∶ Y → [d] index the states for prediction.

Atomic structure: for each pair (g, y) with correct output j = τ(g(y)),
there exists a unique neuron r being activated:

⟨Wj,r, g⟩ = B, ⟨Wj,r, y⟩ = B, ⟨Wj,r, s⟩ = −B (other s ≠ g, y)
⟨Wj,r′ , s⟩ = 0 (other r′ ≠ r, s ∈ G ∪ Y)

where B = CB log d and CB is a constant.

● Prior work [Huang et al, 2025] provides guarantees for learning such
atomic structures.
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Horizon barrier of compositional reasoning

Our first result reveals that RLVR is efficient for short-horizon reasoning,
but suffers from flat landscape beyond a critical horizon.

Theorem (Horizon Barrier)

Suppose the transformer is initialized from uniform attention, then:

● Success of RL within short horizon L < CB: for large enough

iterations T = Õ(poly(d)
η
) with η = 1

poly(d) , the reward

J (T )L ≥ 1 − 1

poly(d) .

● Exponentially flat region when L ≥ 2CB: the gradients of JL and

rewards J (t)L satisfy

∣⟨[∇QJ (t)L ]x,x
′⟩∣ ≤ d−Ω(L), J (t)L = 1

d
(1 + o(1)),

whenever maxx,x′∈X ⟨Q(t)x,x′⟩ ≤ 0.01.
19



Numerical illustration

Experiment setup: we assume a cyclic group Z96 for reasoning length
L = 5,15,45.

Average reward Attention concentration

RL rapidly learns short-horizon compositions, whereas longer
horizons exhibit a near-flat reward plateau.
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Mixed-difficulty RLVR

The previous result showed that RL cannot operate beyond a critical
horizon, even when the reward is non-zero by random guesses.

What if we mix different horizons together?

Mixed-difficulty distribution: we uniformly mix the horizons

LR = {L1, L2, . . . , LK} , Lk =min{⌈RLk−1⌉ , Lmax} .

Here, R = Lk+1/Lk is the difficulty ratio, which controls how smooth
the curriculum structure in the distribution.

<latexit sha1_base64="E34uSmro4XoUMUCI5rlIBsML+iM=">AAACJnicbVDLSgMxFM34rPU16tJNsAiuyoxIdSMU3bhwUcE+oC1DJk3b0EwyJHfUMszXuPFX3LioiLjzU0wfC209EDiccw8394Sx4AY878tZWl5ZXVvPbeQ3t7Z3dt29/ZpRiaasSpVQuhESwwSXrAocBGvEmpEoFKweDq7Hfv2BacOVvIdhzNoR6Une5ZSAlQL3EuNh4OHWk+a9PhCt1WPaC/wM4xbtKDDzTnprzcxmJiRwC17RmwAvEn9GCmiGSuCOWh1Fk4hJoIIY0/S9GNop0cCpYFm+lRgWEzogPda0VJKImXY6OTPDx1bp4K7S9knAE/V3IiWRMcMotJMRgb6Z98bif14zge5FO+UyToBJOl3UTQQGhced4Q7XjIIYWkKo5vavmPaJJhRss3lbgj9/8iKpnRb9UrF0d1YoX83qyKFDdIROkI/OURndoAqqIoqe0SsaoXfnxXlzPpzP6eiSM8scoD9wvn8Ah8ml4A==</latexit>

y0
g1→↑ · · · gL1→→↑ yL1

<latexit sha1_base64="NtcvbDZeWva6TY8/Mw3MIBWK6P4=">AAACVXicbZHNT8IwGMa7iYj4AerRSyMx8UQ2NOiR6MWDB0zkIwGydF0HDd26tO9UsvBPcjH+J15M7ICDgm/S5Mnv6ZO2T/1EcA2O82nZO4Xd4l5pv3xweHRcqZ6cdrVMFWUdKoVUfZ9oJnjMOsBBsH6iGIl8wXr+9CH3e69MaS7jF5glbBSRccxDTgkY5FUFxjPPwcN3xccTIErJt2zsuXNDXbyJGzlubOHrOTaMBhL0ppU9mVCeWgqvWnPqznLwtnDXoobW0/aqi2EgaRqxGKggWg9cJ4FRRhRwKti8PEw1SwidkjEbGBmTiOlRtmxlji8NCXAolVkx4CX9nchIpPUs8s3OiMBEb3o5/M8bpBDejTIeJymwmK4OClOBQeK8YhxwxSiImRGEKm7uiumEKELBfETZlOBuPnlbdBt1t1lvPt/UWvfrOkroHF2gK+SiW9RCj6iNOoiiBfqyLMu2Pqxvu2AXV1tta505Q3/GrvwAS6uzyw==</latexit>

y0
g1→↑ y1

g2→↑ y2
g3→↑ · · · gL2→→↑ yL2

<latexit sha1_base64="WPnc9E7MayGIEvqXPSJ2upCiL7w="></latexit>

y0
g1→↑ y1

g2→↑ y2
g3→↑ y3

g4→↑ y4
g5→↑ · · · gLK→→→↑ yLK

<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...
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Jmix,R = EL∼Unif(LR)[JL(θ)]



Learning behavior at different difficulty ratios

Relay

R = 3: a smoother difficulty
spectrum facilitates relay
dynamics across horizons.

Grokking

R = 7: a larger difficulty ratio
yields a prolonged plateau at

longer horizons.

The shared reasoning pattern generalizes across horizons through
an implicit curriculum provided by the data mix.
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Grokking under large difficulty ratio

Stopping times: define the following stopping times for

• Visible return: Tvis,L ∶=mint{J (t)L ≥ 0.01};
• Mastery : Tmas,L ∶=mint{J (t)L ≥ 0.99}.

Theorem (Grokking)

Suppose L1 ≤ CB , and R ≥ ω(1), then during training, for each
k ∈ [1,K − 2]:
● (Long plateaus) Before the next horizon Lk+1 sees visible returns,
there is a long plateau: Tvis,k+1 − Tmas,k ≳ Lmax

η
⋅ dCB−1.

● (Phase transitions) Once horizon Lk+1 reaches visible return, it
arrives at mastery time quickly: Tmas,k − Tvis,k ≲ Lmax

η
⋅Lk+1.

23



Relay under moderate difficulty ratios

Theorem (Relay)

Suppose L1 ≤ CB , and R ≤ O(1), then during training, for each
k ∈ [1,K − 2]:
● (Short plateaus) Before Lk+1 sees visible returns, the plateau

period is short: Tvis,k+1 − Tmas,k ≲ Lmax

η
⋅ dCB(1−

CB
CB+R

)−1
.

● (Phase transitions) Tmas,k − Tvis,k ≲ Lmax

η
⋅Lk+1.

Denote the first time that the longest horizon Lmax reaches mastery
state as Trelay and Tgrok, then

Trelay ≤ Õ(d−Ω(1)) ⋅ Tgrok.
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Mechanisms of RLVR dynamics

Grokking

Relay

● Grokking: shorter-horizon saturates long before longer-horizon
escapes random guessing.

● Relay: at the edge of competence, shorter-horizon still improves
while longer-horizon already escapes randomness.
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Gradient characterization

Step-wise probability margin: At each step, the policy assigns
probability to:

● pL,1: correct next state (target)

● pL,2: wrong state from context (distractor)

● pL,3: other wrong states

Define margin ∆L ∶= pL,1 − pL,3 (how much target dominates).

A key policy gradient characterization:

∇qJ̃L ∝ (∆L)L
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶

success over L steps

⋅ (1 −∆L)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

room to improve

,

where q = ⟨Qts(x), x⟩ for x ∈ X .

● ∆L small ⇒ (∆L)L exponentially suppresses gradient (cold start)

● ∆L ≈ 1 ⇒ 1 −∆L vanishes (saturated)
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Regime comparison

∇qJ̃L ∝ (∆L)L
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶

success over L steps

⋅ (1 −∆L)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

room to improve

,

where ∆L ∶= pL,1 − pL,3.

Handover between horizons happens when

(∆Lk+1
)Lk+1 ≈ 1 −∆Lk

● When R = ω(1): the happens when 1 −∆Lk
is already vanishingly

small (saturated), so that ∇qJLk+1
stays negligible over a long

plateau – grokking.

● When R ≤ O(1): this happens when 1 −∆Lk
is still away from full

saturation, so the non-zero periods of ∇qJLk
and ∇qJLk+1

overlap,
and jointly drive the process – relay.
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Fourier analysis on groups

Policy gradient requires computing

∇qJL ∝∑ ℓ∈[L] (P(uℓ = gℓ ∣ ŷL = yL) − P(uℓ = gℓ)) ,

where uℓ is the one-step group action.

The challenge: the terminal success ŷL = yL couples all L steps.

Key insight: Success probability is an L-fold convolution on group G:

P(ŷL = yL) = (µL ∗⋯ ∗ µ1)(G∗),

where G∗ = gL ○ . . . g1, and µℓ is the one-step action law of uℓ on G.

Fourier trick: Convolution
FourierÐÐÐ→ multiplication

̂µL ∗⋯ ∗ µ1 = µ̂L ⋅ µ̂L−1⋯µ̂1

⇒ Reduces L-step coupling to product of per-step operators!

28



Fourier analysis on groups

Policy gradient requires computing

∇qJL ∝∑ ℓ∈[L] (P(uℓ = gℓ ∣ ŷL = yL) − P(uℓ = gℓ)) ,
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Take-away messages

Message 1: the first end-to-end learning dynamics analysis for
outcome-based RL with transformer-based policies.

Message 2: grokking-like phase transitions and the relay effect
under mixed difficulty, explaining how RLVR learns at the edge of
competence through implicit curriculum.

Technical side: a novel Fourier analysis on groups that makes
long-horizon conditioning and compositional structure tractable.
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Thanks!

● On the Learning Dynamics of RLVR at the Edge of Competence,
arXiv 2602.14872.

https://yuejiechi.github.io
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