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Reinforcement learning (RL)

In RL, an agent learns by interacting with an unknown environment
through trial-and-error to maximize long-term total reward.
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More successes of RL since AlphaGo

robotics

strategic games

chip designs

nuclear plant control

resource management

UAV and drones
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One more: RL for foundation models

Alignment: safety, human value.. Reasoning: math, coding…
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Challenges of RL

● explore or exploit: unknown or changing environments

● credit assignment problem: delayed rewards or feedback

● enormous state and action space

This talk:
exploration with complex function approximation (like LLMs)
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Classical wisdom

Optimism via UCB in the face of uncertainty:

● explores the best optimistic estimates associated with the actions.
● a common framework: utilize upper confidence bounds (UCB)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
accounts for estimates + uncertainty level

Issue: UCB performs poorly under complex function approximation.
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This talk

Goal: theoretically-grounded and optimization-friendly exploration
scheme compatible with complex function approximation

Optimism via regularization in the face of uncertainty:

ft = argmin
f∈F

Lt(f ;Dt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

data consistency

− α V ⋆(f)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶

optimal value

● f : can be either model-based or model-free.

● The key idea is inspired by the reward-biased estimation framework
(Kumar and Lin, 1982 and follow-ups) for adaptive control, which is
further developed recently for RL.

● This talk provides new computationally tractable and provably
efficient vignettes for RLHF, RL and competitive games.
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Value-incentivized exploration in RLHF
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Language models as policies

Transformer/RNN

Given prompt x ∈ X , a language model generates an answer:

y ∼ π(⋅∣x)
²

parameterized by LLM
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Reinforcement learning with human feedback (RLHF)

Goal: finetune the LLM to align with human preference

Prototypical pipeline:

● Reward learning : learn a reward model from preference data;

● Policy optimization: optimize the LLM to maximize the reward.
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RLHF: reward learning

Bradly-Terry model

The probability of pairwise comparison i ≻ j is modeled by

P(i ≻ j) = exp(r⋆i )
exp(r⋆i ) + exp(r⋆j )

= σ(r⋆i − r⋆j ),

where r⋆i ∈ R is the score associated with item i.

● Reward model: r⋆ ∶ X × Y → R, evaluating the quality of a
prompt-answer pair (x, y) that aligns with human preference;

● Reward learning: Given comparison data D = {(xi, yi+, y
i
−)}Ni=1, the

MLE of the reward function is given by

rMLE = argmin
r

ℓ(r,D),

where ℓ(r,D) = −∑N
i=1 logσ(r(xi, yi+) − r(xi, yi−)).
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RLHF: policy optimization

Policy optimization via reward maximization

Find π that (approximately) maximizes the objective w.r.t. r

J(r, π) = E
x∼ρ,

y∼π(⋅∣x)
[r(x, y)] − β E

x∼ρ
[KL(π(⋅∣x) ∥πref(⋅∣x))]

● β > 0: KL regularization parameter;

● πref : a reference policy, typically the model after SFT;

● ρ ∈∆(X): prompt distribution.
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Direct Preference Optimization (DPO)

— (Rafailov et al., 2023)

1. Reward learning: r̂ ← argmin
r

ℓ(r,D)

2. Policy learning: π̂ ← argmax
π

J(r̂, π)

Observation: the optimal π w.r.t. r admits a closed-form solution

πr = argmax
π

J(r, π) ⇐⇒ πr(y∣x) =
πref(y∣x) exp(r(x, y)/β)

Z(r, x) .

● The reward function r in terms of its optimal πr is

r(x, y) = β( logπr(y∣x) − logπref(y∣x) + logZ(r, x))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶r(π)

.

● The two-step procedure is equivalent to

π̂ ← argmin
π

ℓ(r(π),D) = −
N

∑
i=1

logσ (β log
π(yi+∣xi)
πref(yi+∣xi) − β log

π(yi−∣xi)
πref(yi−∣xi)) .

Single-step and policy-only! Very popular in practice.
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Online RLHF

Leverage online data collection to improve data coverage - how do we
perform exploration in the policy space directly?

Comparison Oracle

(x, y1, y2) → (x, y+, y−)

Reward Update

r(t+1) ≈ argminr ℓ (r,D(t+1))

Policy Update

π(t+1) ≈ argmaxπ J (r(t), π)

Sample new data (x, y1, y2)
from π(t+1)

Update comparison data
D(t+1) = Dt ∪ {(x, y+, y−)}

t← t + 1
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Exploration via optimistic MLE

● Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J⋆(r) =maxπ J(r, π) by

r(t+1) ← argmin
r
{ℓ(r,D(t))−αJ⋆(r)}.

See (Kumar & Lin, 1982) and follow-ups.

● The update is not well-defined: BT model cannot distinguish
between r and r + c ⋅ 1, while

J⋆(r + c ⋅ 1) = J⋆(r) + c.

● We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R = {r ∶ E
x∼ρ,y∼πcal(⋅∣x)

[r(x, y)] = 0}.

Can we avoid solving a bilevel optimization problem?
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Exploiting the structure of J(r, π)

● The optimal policy admits the following closed-form solution:

πr = argmax
π

J(r, π) ⇐⇒ πr(y∣x) =
πref(y∣x) exp(r(x, y)/β)

Z(r, x) .

● We can write the J⋆(r) as

J⋆(r) = E
x∼ρ,y∼πr(⋅∣x)

[r(x, y) − β log
πr(y∣x)
πref(y∣x)

]

= E
x∼ρ,y∼πr(⋅∣x)

[logZ(r, x)]
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Value-incentivized preference optimization (VPO)

π(t+1) ← argmin
π
{ℓ(r(π),D(t)) − αJ⋆(r(π))}.

● The negative log-likelihood term reformulates into DPO loss:

ℓ(r(π),D(t))

= − ∑
(x,y+,y−)∈D(t)

logσ(β( log π(y+∣x)
πref(y+∣x)

− log π(y−∣x)
πref(y−∣x)

)).

● The reward bias term can be written as:

J⋆(r(π)) = −β E
x∼ρ,y∼πcal(⋅∣x)

[logπ(y∣x) − logπref(y∣x)] ,

which is essentially becomes a reverse-KL regularization that
maximizes KL(πcal(⋅∣x) ∥π(⋅∣x)).
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Main results - online VPO

Theorem (Cen et al., ICLR 2025)

Assume that reward estimates ∥r(t)∥∞ ≤ B and ∥r⋆∥∞ ≤ B for some
B > 0. With high probability we have

T

∑
t=1
[J⋆(r⋆) − J(r⋆, π(t))] ≤ Õ(

√
T ).

● We can obtain similar regret bounds under general function
approximation of the reward model.

● Consistent with the Õ(
√
T ) regret for online RL with UCB-type

bonus.

● Offline RL: flipping the sign of α leads to a pessimistic algorithm.
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Toy experiments on LLM
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Left: Win rate of VPO and Online DPO against the SFT baseline on
TL;DR task.

Right: Win/tie/loss rate of VPO with different exploration rate
α = {0.01,0.1}, directly against Online DPO.
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Finite-horizon Markov decision process (MDP)

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action
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● value and Q-functions: V π
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step

1

● H: horizon length; S: state space; A: action space

● Ph(⋅ ∣ s, a): transition probability in step h; rh(sh, ah) ∈ [0,1]:
immediate reward in step h

● π = {πh}1≤h≤H : policy

● value and Q-functions: V π
h (s) = E [∑

H
t=h rt(st, at) ∣ sh = s] and

Qπ
h(s, a) = E [∑

H
t=h rt(st, at) ∣ sh = s, ah = a].
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Online episodic RL

Sequentially execute MDP for K episodes, each consisting of H steps

... ... ...

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>
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Goal: given initial states sk1 ∼ ρ, minimize

Regret(T ) ∶=
K

∑
k=1
(V ⋆1 (ρ) − V πk

1 (ρ)) .
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Online episodic RL

Sequentially execute MDP for K episodes, each consisting of H steps

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>
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Goal: given initial states sk1 ∼ ρ, minimize

Regret(T ) ∶=
K

∑
k=1
(V ⋆1 (ρ) − V πk

1 (ρ)) .
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Online episodic RL

Sequentially execute MDP for K episodes, each consisting of H steps

... ... ...

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>

⌧K = {sK
h , aK

h , rK
h }H

h=1
<latexit sha1_base64="hELCjZODuUFghtqVvcZyHIAqPcM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm4K3VSwD2jSMJlOmqGTBzMToYT8gRt/xY0LRdy6deffOG2z0NYDczmccy937nFjRoU0jG+tsLa+sblV3C7t7O7tH+iHR10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLScye3M7/3QLigUXgvpzGxAzQOqUcxkkpy9HNLosRpwTq0UuH4w9Ylmlc+q1bmpH7dzIZNRy8bFWMOuErMnJRBjrajf1mjCCcBCSVmSIiBacTSThGXFDOSlaxEkBjhCRqTgaIhCoiw0/k9GTxTygh6EVcvlHCu/p5IUSDENHBVZ4CkL5a9mfifN0ikV7NTGsaJJCFeLPISBmUEZ+HAEeUESzZVBGFO1V8h9hFHWKoISyoEc/nkVdKtVsyrSvXuutyo5XEUwQk4BRfABDegAZqgDToAg0fwDF7Bm/akvWjv2seitaDlM8fgD7TPHwmkm18=</latexit>
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Goal: given initial states sk1 ∼ ρ, minimize

Regret(T ) ∶=
K
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(V ⋆1 (ρ) − V πk

1 (ρ)) .
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Online episodic RL

Sequentially execute MDP for K episodes, each consisting of H steps

... ... ...

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>

⌧K = {sK
h , aK

h , rK
h }H

h=1
<latexit sha1_base64="hELCjZODuUFghtqVvcZyHIAqPcM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm4K3VSwD2jSMJlOmqGTBzMToYT8gRt/xY0LRdy6deffOG2z0NYDczmccy937nFjRoU0jG+tsLa+sblV3C7t7O7tH+iHR10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLScye3M7/3QLigUXgvpzGxAzQOqUcxkkpy9HNLosRpwTq0UuH4w9Ylmlc+q1bmpH7dzIZNRy8bFWMOuErMnJRBjrajf1mjCCcBCSVmSIiBacTSThGXFDOSlaxEkBjhCRqTgaIhCoiw0/k9GTxTygh6EVcvlHCu/p5IUSDENHBVZ4CkL5a9mfifN0ikV7NTGsaJJCFeLPISBmUEZ+HAEeUESzZVBGFO1V8h9hFHWKoISyoEc/nkVdKtVsyrSvXuutyo5XEUwQk4BRfABDegAZqgDToAg0fwDF7Bm/akvWjv2seitaDlM8fgD7TPHwmkm18=</latexit>

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

1

Goal: given initial states sk1 ∼ ρ, minimize

Regret(T ) ∶=
K

∑
k=1
(V ⋆1 (ρ) − V πk

1 (ρ)) .
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Optimistic regularization via MEX

MEX (maximize to explore) (Liu et al, 2024) optimizes f ∶= Qf via

ft = arg sup
f∈Q

Es1∼ρ[max
a∈A

Qf,1(s1, a)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

optimal value

− α Lt(f)
²

data consistency

.

● Lt(f) is the data consistency term that minimizes the Bellman error
using the collected data {Dt−1,h}Hh=1:

Lt(f) =
H

∑

h=1

⎡
⎢
⎢
⎢
⎢
⎣

∑

ξh∈Dt−1,h

(rh(sh, ah) +max
a∈A

Qf,h+1(sh+1, a) −Qf,h(sh, ah))
2

− inf
gh∈Qh

∑

ξh∈Dt−1,h

(rh(sh, ah) +max
a∈A

Qf,h+1(sh+1, a) − gh(sh, ah))
2
⎤
⎥
⎥
⎥
⎥
⎦

,

where ξh = (sh, ah, sh+1) is the transition tuple.

✓ Near-optimal regret without explicit uncertainty estimation
✗ The optimization is intractable.
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A primal-dual perspective of MEX

How do we understand MEX? Introducing the primal problem:

sup
f∈Q

Es1∼ρ[max
a∈A

Qf,1(s1, a)]

s.t. Qf,h(s, a) = rh(s, a) +Es′∼Ph(⋅∣s,a)[max
a∈A

Qf,h+1(s′, a)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Bellman’s optimality equation

∀(s, a, h).

● With the dual variables {λh}h∈[H], its regularized Lagrangian can be
written as

sup
f∈Q

inf
{λh}h∈[H]

Es1∼ρ[max
a∈A

Qf,1(s1, a)]

+

H

∑

h=1
E(s,a,s′)∼Dh

{λh(s, a)(rh(s, a) +max
a∈A

Qf,h+1(s
′, a) −Qf,h(s, a)) +

β

2
λh(s, a)

2
},

where β > 0 is the regularization parameter of the dual variable.

● Reparameterizing λh ∶= (Qf,h − gh)/β leads to (population) of MEX.
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An exploratory actor-critic framework

Actor-critic framework: introduce an equivalent primal problem that
jointly optimizes over both the Q-function and the policy π:

sup
f∈Q, π∈P

Es1∼ρ, a1∼π1(⋅∣s1)[Qf,1(s1, a1)]

s.t. Qf,h(s, a) = rh(s, a) +E s′∼Ph(⋅∣s,a)

a′∼πh+1(⋅∣s
′
)

[Qf,h+1(s′, a′)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Bellman’s consistency equation

, ∀ (s, a, h).

Following similar arguments gives rise to a (population-level) actor-critic
method that optimizes jointly over the Q-function Qf and policy π:

sup
f,π∈P

{Es∼ρ,a∼π1(⋅∣s) [Qf,1(s, a)]

−

H

∑

h=1

1

2β
sup

gh∈Qh

E(s,a,s′)∼Dh
Ea′∼πh+1(⋅∣s′)[(rh(s, a) +Qf,h+1(s

′, a′) −Qf,h(s, a))
2

− (rh(s, a) +Qf,h+1(s
′, a′) − gh(s, a))

2
]}.
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An exploratory actor-critic framework

Actor-critic framework: introduce an equivalent primal problem that
jointly optimizes over both the Q-function and the policy π:

sup
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a′∼πh+1(⋅∣s
′
)

[Qf,h+1(s′, a′)]
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Following similar arguments gives rise to a (population-level) actor-critic
method that optimizes jointly over the Q-function Qf and policy π:

sup
f,π∈P

{Es∼ρ,a∼π1(⋅∣s) [Qf,1(s, a)]

−

H

∑

h=1

1

2β
sup

gh∈Qh

E(s,a,s′)∼Dh
Ea′∼πh+1(⋅∣s′)[(rh(s, a) +Qf,h+1(s

′, a′) −Qf,h(s, a))
2

− (rh(s, a) +Qf,h+1(s
′, a′) − gh(s, a))

2
]}.
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Value-incentivized actor-critic method

Value-incentivized actor-critic (VAC) method

For t = 1,⋯, T ,
1. Update Q-function estimation and policy:

(ft, πt) ← arg sup
f∈Q,π∈P

{ V π
f (ρ)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶

value incentive

−α Lt(f, π)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶

data consistency

}.

2. Data collection: run πt to obtain a trajectory {st,h, at,h}Hh=1, and
update the dataset Dt,h = Dt−1,h ∪ {(st,h, at,h, st,h+1)}, ∀h ∈ [H].

● V π
f (ρ) = Es∼ρ,a∼π1(⋅∣s) [Qf,1(s, a)] is the optimistic regularization;

● Lt(f, π) is the data consistency term

Lt(f, π) =
H

∑

h=1
{ ∑

ξh∈Dt−1,h

Ea′∼πh+1(⋅∣sh+1)(rh(sh, ah) +Qf,h+1(sh+1, a′) −Qf,h(sh, ah))
2

− inf
gh∈Qh

∑

ξh∈Dt−1,h

Ea′∼πh+1(⋅∣sh+1)(rh(sh, ah) +Qf,h+1(sh+1, a′) − gh(sh, ah))
2
},

where ξh = (sh, ah, sh+1) is the transition tuple.
26



Theoretical guarantees

Theorem (Yang et al, 2025)

Under the linear MDP model, with linear function approximation on the
Q function and the policy class, with high probability, the regret of VAC
is bounded by

Õ (dH2
√
T) ,

where d is the dimension of the linear MDP.

● The regret bound is near-optimal for linear MDP up to a factor of√
H, matching UCB-type guarantees.

● We also achieve comparable statistical guarantees as MEX in the
more general function approximation setting.

An optimization-friendly actor-critic framework with provably-efficient
exploration without explicit uncertainty estimation!
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Value-incentivized exploration for competitive games

Tong Yang Bo Dai Lin Xiao
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Zero-sum two-player matrix game

0 -1 1

1 0 -1

-1 1 0

Zero-sum two-player matrix game

max
µ∈∆(A)

min
ν∈∆(B)

µ⊺Aν − βKL(µ ∥µref) + βKL(ν ∥νref)

● A, B: action space of the two players;

● µ ∈∆(A), ν ∈∆(B): policies of the two players;

● µref ∈∆(A), νref ∈∆(B): reference policies of the two players;

● A ∈ R∣A∣×∣B∣: payoff matrix.

29



Motivation: game-theoretic view of RLHF

RLHF suffers from reward hacking. Call for a game-theoretic
view!(Swamy et al., 2023, Munos et al., 2023, Gui et al., 2024)

● Given a policy pair π,π′, the win rate of π over π′ is given as

P (π ≻ π′) ∶= E
x∼ρ,y∼π(⋅∣x),

y′∼π′(⋅∣x)

Px(y, y′) = Ex∼ρ π⊺(⋅∣x)Px(⋅, ⋅)π′(⋅∣x)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

bilinear

.

where Px ∶ Y × Y is a symmetric payoff matrix between (y, y′) for
prompt x.

● Consider the two-player win-rate game:

max
π

min
π′

P (π ≻ π′) − βKL(π ∥πref) + βKL(π′ ∥πref)

which is an KL-regularized matrix game.
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Motivation: game-theoretic view of RLHF

RLHF suffers from reward hacking. Call for a game-theoretic
view!(Swamy et al., 2023, Munos et al., 2023, Gui et al., 2024)
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Self-play and win rate dominance

Theorem (Yang et al., AISTATS 2025)

The Nash equilibrium of the win-rate game (π⋆β , π⋆β) exists. Moreover,
when β > 0, (π⋆β , π⋆β) is the unique Nash equilibrium. We have

π⋆β ∈ argmax
π

P (π ≻ π⋆β) − βKL(π ∥πref)

Win rate dominance: the fixed-point equation identifies a policy with a
higher winning probability against any other policy. When β = 0,

π⋆0 ∈ argmax
π

P (π ≻ π⋆0) Ô⇒ P (π ≻ π⋆0) ≤ 1/2 ∀π.

NE of win rate matrix game = win rate dominance policy
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Value-incentivized matrix game with bandit feedback

How do we optimistically optimize the payoff matrix
with bandit feedback?

Value-incentivized model update:

ωt = argmin
ω∈Ω

∑
(i,j,Â(i,j))∈Dt−1

(Aω(i, j) − Â(i, j))
2 −αf⋆,νt(Aω) + αfµt,⋆(Aω)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

duality gap

,

where (µt, νt) is the NE of the matrix game with the param. ωt−1.

Computational tractability: the regularization term can be computed
in closed form:

−β
⎡⎢⎢⎢⎢⎣
log(

n

∑
i=1

µref,i exp(
Aω(i, ∶)νt

β
)) + log

⎛
⎝

m

∑
j=1

νref,j exp(−
µ⊺tAω(∶, j)

β
)
⎞
⎠

⎤⎥⎥⎥⎥⎦
+C,

allowing single-loop gradient-based updates on the model parameter.
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Regret for value-incentivized matrix game

regret(T ) ∶=
T

∑
t=1

Dualgap(µt, νt)

=
T

∑
t=1
(f⋆,νt(A) − f⋆(A))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
regret for min-player

+
T

∑
t=1
(f⋆(A) − fµt,⋆(A))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
regret for max-player

Theorem (Yang et al., ICML 2025)

Under the linear function approximation of dimension d and realizability
assumption, with high probability, the regret is on the order of

Õ(d
√
T ).

● near-optimal regret as it matches with the Ω(d
√
T ) lower bound.

33



Value-incentivized exploration for Markov games

● The algorithm can be generalized to the Markov game setting for
finding both NE and CCEs:

ft = argmin
f∈F
Lt(f) − α

N

∑
n=1

V
⋆,π−nt

f,n (ρ)

Here, n is the number of agents,

● Lt(f), is the negative log-likehood of sample transitions,

● V
⋆,π−nt
f,n (ρ) is the best-response values of each agent when other

agents’ policies are fixed.

● Achieves near-optimal regret, and much easier to implement than
using the optimal game value as in previous work (Liu et al., 2024).
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Summary

Optimism via regularization in the face of uncertainty:

ft = argmin
f∈F

Lt(f ;Dt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

data consistency

− α V ⋆(f)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶

optimal value

What makes it tractable: smoothing and actor-critic frameworks.

Theoretically-principled and practically-performant exploration via
optimistic regularization under complex function approximation

Future work:

● Break the curse of multi-agency in the game setting.

● Applications to finetuning LLMs.
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Thanks!
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