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Reinforcement learning (RL)

In RL, an agent learns by interacting with an unknown environment
through trial-and-error to maximize long-term total reward.
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More successes of RL since AlphaGo

robotics

strategic games

chip designs

nuclear plant control

resource management

UAV and drones
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One more: RL for foundation models

Alignment: safety, human value.. Reasoning: math, coding…
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Challenges of RL

• explore or exploit: unknown or changing environments

• credit assignment problem: delayed rewards or feedback

• enormous state and action space
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Data efficiency

Data collection might be expensive, time-consuming, or high-stakes

clinical trials self-driving cars

Calls for design of sample-efficient RL algorithms!
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Computational efficiency

Running RL algorithms might take a long time . . .

• enormous state-action space
• nonconvexity

Calls for computationally efficient RL algorithms!
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Understanding efficiency of contemporary RL requires a modern suite
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Sample complexity issues that permeate
state-of-the-art RL theory
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5/ 51

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis 1989 1991 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

2020

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

Understanding e�ciency of contemporary RL requires a modern suite
of non-asymptotic analysis
high-dimensional statistics large-sample theory

5/ 51

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis 1989 1991 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

2020

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

Understanding e�ciency of contemporary RL requires a modern suite
of non-asymptotic analysis
high-dimensional statistics large-sample theory

5/ 51

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis 1989 1991 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

1

2020

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

1

�2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

� =
1�

1 � �
� =

1

1 � �
� = 1

asymptotic analysis

finite-time & finite-sample analysis

1

Understanding e�ciency of contemporary RL requires a modern suite
of non-asymptotic analysis
high-dimensional statistics large-sample theory

5/ 51

• generative model / simulator
• online RL
• offline RL
• . . .
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Sample complexity issues that permeate
state-of-the-art RL theory
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A common sample complexity issue in
state-of-the-art RL theory

regret or other metrics

A fundamental lower bound (Domingues et al., 2021):
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H2SAT

Can we achieve minimal regret with low memory complexity?
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Sample complexity issues that permeate
state-of-the-art RL theory

A fundamental lower bound (Domingues et al., 2021):
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Sample complexity issues that permeate
state-of-the-art RL theory

A fundamental lower bound (Domingues et al., 2021):

Regret(T ) &
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nonconvex optimization(large-scale) optimization (high-dimensional) statistics

1

(large-scale) optimization (high-dimensional) statistics

1

A taste of recent advances in understanding and designing sample-
and computationally-efficient RL algorithms

1. Sample complexity of Q-Learning

2. Offline RL

3. Robust RL

4. RLHF (time permitting)
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Markov decision process (MDP)

• S = {1, . . . , S}: state space (containing S states)
• A = {1, . . . , A}: action space (containing A actions)

• r(s, a) ∈ [0, 1]: immediate reward
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Discounted infinite-horizon MDPs

• S = {1, . . . , S}: state space (containing S states)
• A = {1, . . . , A}: action space (containing A actions)
• r(s, a) ∈ [0, 1]: immediate reward
• π(·|s): policy (or action selection rule)

• P (·|s, a): unknown transition probabilities
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Value function

Value of policy π: cumulative discounted reward

∀s ∈ S : V π(s) := E
[ ∞∑

t=0
γtr(st, at)

∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor
◦ take γ → 1 to approximate long-horizon MDPs
◦ effective horizon: 1

1−γ
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Q-function (action-value function)

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E
[ ∞∑

t=0
γtrt

∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): induced by policy π
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Optimal policy and optimal value

• optimal policy π⋆: maximizing value function maxπ V π

Theorem (Puterman’94)
For infinite horizon discounted MDP, there always exists a
deterministic policy π⋆, such that

V π⋆(s) ≥ V π(s), ∀s, and π.

• optimal value / Q function: V ⋆ := V π⋆ , Q⋆ := Qπ⋆

• A question to keep in mind: how to find optimal π⋆?
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RL: when the model is unknown . . .

Need to learn optimal policy from samples w/o model specification
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RL: when the model is unknown . . .

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

1

"2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

" =
1p

1 � �
" =

1

1 � �
" = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

Suppose tmix = 1. Then Qu’s learning rate reads

⌘t =

1
µmin(1��)

t + max
n

1
µmin(1��) , tmix

o =
1

µmin(1 � �)t + 1
.

Take t = T0 = 1
µmin(1��)5"2 , then

⌘T0
=

1
1

(1��)4"2 + 1
⇡ (1 � �)4"2.

Then taking t = 2T0 yields

⌘2T0
=

1
2

(1��)4"2 + 1
⇡ 1

2
(1 � �)4"2.

In other words, within t = [T0, 2T0], the stepsize coincides with ours. And note
that T0 is our sample complexity. P

1

Need to learn optimal policy from samples w/o model specification
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Two approaches

Model-based approach (“plug-in”)
1. build an empirical estimate P̂ for P

2. planning based on the empirical P̂

Model-free approach
— learning w/o estimating the model explicitly
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Sampling mechanisms

1. RL w/ a generative model (a.k.a. simulator)
◦ can query arbitrary state-action pairs to draw samples

2. online RL
◦ execute MDP in real time to obtain sample trajectories

3. offline RL
◦ use pre-collected historical data

Question: how many samples are sufficient to
learn an ε-optimal policy︸ ︷︷ ︸

V π̂ ≥V ⋆−ε

?
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Exploration vs exploitation

Exploration
Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix
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Sample Complexity of Q-Learning



Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro, 1951

for solving the Bellman equation

T (Q)−Q = 0
where

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]
.
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Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation T (Q)−Q = 0

Qt+1(s, a) = Qt(s, a) + ηt
(Tt(Qt)(s, a)−Qt(s, a)

)
︸ ︷︷ ︸

sample transition (s,a,s′)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γ max
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max

a′
Q(s′, a′)

]
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A generative model / simulator

— Kearns, Singh, 1999

Each iteration, draw an independent sample (s, a, s′) for given (s, a)
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Synchronous Q-learning

Chris Watkins Peter Dayan

for t = 0, 1, . . . , T

for each (s, a) ∈ S ×A
draw a sample (s, a, s′), run

Qt+1(s, a) = (1− ηt)Qt(s, a) + ηt

{
r(s, a) + γ max

a′
Qt(s′, a′)

}

synchronous: all state-action pairs are updated simultaneously

• total sample size: TSA
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ℓ∞-sample complexity: how many samples are required to
learn an ε-optimal policy︸ ︷︷ ︸

∀s: V π̂(s)≥V ⋆(s)−ε

?



Minimax lower bound

Theorem (minimax lower bound; Azar et al., 2013)
For all ε ∈ [0, 1

1−γ ), there exists some MDP such that the total
number of samples need to be at least

Ω̃
(

SA

(1− γ)3ε2

)

to achieve V ⋆ − V π̂ ≤ ε, where π̂ is the output of any RL algorithm.

• holds for both finding the optimal Q-function and the optimal
policy over the entire range of ε

• much smaller than the model dimension S2A
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Sample complexity of synchronous Q-learning

Theorem (Li, Cai, Chen, Wei, Chi ’21, OR’24)

For any 0 < ε ≤ 1, synchronous Q-learning yields ∥Q̂−Q⋆∥∞ ≤ ε
with high prob. and E[∥Q̂−Q⋆∥∞] ≤ ε, with sample size at most





Õ
(

SA
(1−γ)4ε2

)
if A ≥ 2

(?)

Õ
(

S
(1−γ)3ε2

)
if A = 1 (TD learning)

• Covers both constant and rescaled linear learning rates:

ηt ≡
1

1 + c1(1−γ)T
log2 T

or ηt = 1
1 + c2(1−γ)t

log2 T

other papers sample complexity

Even-Dar & Mansour, 2003 2
1

1−γ SA
(1−γ)4ε2

Beck, Srikant, 2012 S2A2
(1−γ)5ε2

Wainwright, 2019 SA
(1−γ)5ε2

Chen, Maguluri, Shakkottai, Shanmugam, 2020 SA
(1−γ)5ε2
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All this requires sample size at least SA
(1−γ)4ε2 (A ≥ 2) . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Takeaway message

Prior art for asynchronous Q-learning
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All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require a sample size of at least tmix|S|2|A|2!
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



All this requires sample size at least SA
(1−γ)4ε2 (A ≥ 2) . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
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if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(1≠“)3Á2 (Azar et al ’13)
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



A numerical example: SA
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p = 4γ − 1
3γ

r(0, 1) = 0, r(1, 1) = r(1, 2) = 1

31/ 70



Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi ’21, OR’24)
For any 0 < ε ≤ 1, there exists an MDP with A ≥ 2 such that to
achieve ∥Q̂−Q⋆∥∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
(

SA

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi ’21, OR’24)
For any 0 < ε ≤ 1, there exists an MDP with A ≥ 2 such that to
achieve ∥Q̂−Q⋆∥∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
(

SA

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi ’21, OR’24)
For any 0 < ε ≤ 1, there exists an MDP with A ≥ 2 such that to
achieve ∥Q̂−Q⋆∥∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
(

SA

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Why is Q-learning sub-optimal?

Over-estimation of Q-functions (Thrun & Schwartz ’93; Hasselt ’10)

• maxa∈A E[X(a)] tends to be
over-estimated (high positive
bias) when E[X(a)] is replaced
by its empirical estimates using a
small sample size

• often gets worse with a large
number of actions (Hasselt, Guez,
Silver ’15)

A provable improvement: Q-learning with variance reduction
(Wainwright 2019)
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Offline RL



Offline/batch RL

• Collecting new data might be costly, unsafe, unethical, or
time-consuming

• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Question: can we learn based solely on historical data
w/o active exploration?
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A mathematical model of offline data

transition kernel
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arbitrary!

behavior policyinitial distribution

fib(·|s)

historical dataset D =
)
(s(i), a(i), sÕ(i))

*
: N independent copies of

s ≥ fl, a ≥ fib(· | s), sÕ ≥ P (· | s, a)

for some initial state distribution fl and behavior policy fib

Goal: given some test distribution fl and accuracy level Á, find ‚fi s.t.

V ı(fl) ≠ V ‚fi(fl) = E
s≥fl

#
V ı(s)

$ ≠ E
s≥fl

#
V ‚fi(s)

$ Æ Á

— in a sample-e�cient manner
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historical dataset D =
{
(s(i), a(i), s′(i))

}
: N independent copies of

s ∼ ρ, a ∼ πb(· | s), s′ ∼ P (· | s, a)

• ρ: initial state distribution; πb: behavior policy

Goal: given a target accuracy level ε ∈ (0, 1
1−γ ], find π̂ s.t.

V ⋆(ρ)− V π̂(ρ) := E
s∼ρ

[
V ⋆(s)

]− E
s∼ρ

[
V π̂(s)

] ≤ ε

— in a sample-efficient manner
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P (·|s, a)
<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s�

No longer 
arbitrary!

behavior policyinitial distribution

fib(·|s)

historical dataset D =
)
(s(i), a(i), sÕ(i))

*
: N independent copies of

s ≥ fl, a ≥ fib(· | s), sÕ ≥ P (· | s, a)

for some initial state distribution fl and behavior policy fib

Goal: given some test distribution fl and accuracy level Á, find ‚fi s.t.

V ı(fl) ≠ V ‚fi(fl) = E
s≥fl

#
V ı(s)

$ ≠ E
s≥fl

#
V ‚fi(s)

$ Æ Á

— in a sample-e�cient manner

18/ 41

historical dataset D =
{
(s(i), a(i), s′(i))

}
: N independent copies of

s ∼ ρ, a ∼ πb(· | s), s′ ∼ P (· | s, a)

• ρ: initial state distribution; πb: behavior policy

Goal: given a target accuracy level ε ∈ (0, 1
1−γ ], find π̂ s.t.

V ⋆(ρ)− V π̂(ρ) := E
s∼ρ

[
V ⋆(s)

]− E
s∼ρ

[
V π̂(s)

] ≤ ε

— in a sample-efficient manner
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Challenges of offline RL

• Distribution shift:

distribution(D) ̸= target distribution under optimal π⋆

Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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• Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
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Challenges of offline RL

• Distribution shift:

distribution(D) ̸= target distribution under optimal π⋆

Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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• Partial coverage of state-action space:

⇡1
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<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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Challenges of offline RL

• Distribution shift:

distribution(D) ̸= target distribution under optimal π⋆

Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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Challenges of o�ine RL

distance(fib, fiı)
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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partial coverage (inadequately explored)
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Challenges of o�ine RL

easier harder
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1
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Challenges of o�ine RL

easier harder
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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• Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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1
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Practically,

1
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidineiad et al. ’21)

C⋆ := max
s,a

dπ⋆(s, a)
dπb(s, a)

=
∥∥∥∥

occupancy distribution of π⋆

occupancy distribution of πb

∥∥∥∥
∞
≥ 1

• captures distributional shift

• allows for partial coverage
◦ as long as it covers the part

reachable by π⋆

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡?
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>
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Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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How to quantify quality of historical dataset D (induced by fib)?

Single-policy concentrability coe�cient (Rashidineiad et al. ’21)

Cı := max
s,a

dfiı(s, a)
dfib(s, a)

=
....
occupancy distribution of fiı

occupancy distribution of fib

....
Œ

Ø 1

where dfi(s, a) = (1 ≠ “)
qŒ

t=0 “tP
!
(st, at) = (s, a) | fi

"

Cı = 1 large Cı

• captures distributional shift
• allows for partial coverage

¶ as long as it covers the part
reachable by fiı
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C? = O(1)

1
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidineiad et al. ’21)

C⋆ := max
s,a

dπ⋆(s, a)
dπb(s, a)

=
∥∥∥∥

occupancy distribution of π⋆

occupancy distribution of πb

∥∥∥∥
∞
≥ 1

• captures distributional shift

• allows for partial coverage
◦ as long as it covers the part

reachable by π⋆

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡?
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? < 1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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How to quantify quality of historical dataset D (induced by fib)?

Single-policy concentrability coe�cient (Rashidineiad et al. ’21)

Cı := max
s,a

dfiı(s, a)
dfib(s, a)

=
....
occupancy distribution of fiı

occupancy distribution of fib

....
Œ

Ø 1

where dfi(s, a) = (1 ≠ “)
qŒ

t=0 “tP
!
(st, at) = (s, a) | fi

"

Cı = 1 large Cı

• captures distributional shift
• allows for partial coverage

¶ as long as it covers the part
reachable by fiı
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidineiad et al. ’21)

C⋆ := max
s,a

dπ⋆(s, a)
dπb(s, a)

=
∥∥∥∥

occupancy distribution of π⋆

occupancy distribution of πb

∥∥∥∥
∞
≥ 1

• captures distributional shift

• allows for partial coverage
◦ as long as it covers the part

reachable by π⋆
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Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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How to quantify quality of historical dataset D (induced by fib)?

Single-policy concentrability coe�cient (Rashidineiad et al. ’21)

Cı := max
s,a

dfiı(s, a)
dfib(s, a)

=
....
occupancy distribution of fiı

occupancy distribution of fib

....
Œ

Ø 1

where dfi(s, a) = (1 ≠ “)
qŒ

t=0 “tP
!
(st, at) = (s, a) | fi

"

Cı = 1 large Cı

• captures distributional shift
• allows for partial coverage

¶ as long as it covers the part
reachable by fiı
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C? = O(1)

1

38/ 70



How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidineiad et al. ’21)

C⋆ := max
s,a

dπ⋆(s, a)
dπb(s, a)

=
∥∥∥∥

occupancy distribution of π⋆

occupancy distribution of πb

∥∥∥∥
∞
≥ 1

• captures distributional shift

• allows for partial coverage
◦ as long as it covers the part

reachable by π⋆
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Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:
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How to quantify quality of historical dataset D (induced by fib)?

Single-policy concentrability coe�cient (Rashidineiad et al. ’21)

Cı := max
s,a

dfiı(s, a)
dfib(s, a)

=
....
occupancy distribution of fiı

occupancy distribution of fib

....
Œ

Ø 1

where dfi(s, a) = (1 ≠ “)
qŒ

t=0 “tP
!
(st, at) = (s, a) | fi

"

Cı = 1 large Cı

• captures distributional shift
• allows for partial coverage

¶ as long as it covers the part
reachable by fiı
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C� < �
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1
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C? = O(1)

1
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidineiad et al. ’21)

C⋆ := max
s,a

dπ⋆(s, a)
dπb(s, a)

=
∥∥∥∥

occupancy distribution of π⋆

occupancy distribution of πb

∥∥∥∥
∞
≥ 1

• captures distributional shift
• allows for partial coverage

◦ as long as it covers the part
reachable by π⋆

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡?
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? < 1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

Challenges of o�ine RL

expert data
• Distribution shift:

distribution(D) ”= target distribution under optimal fiı

• Partial coverage of state-action space:

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1
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How to quantify quality of historical dataset D (induced by fib)?

Single-policy concentrability coe�cient (Rashidineiad et al. ’21)

Cı := max
s,a

dfiı(s, a)
dfib(s, a)

=
....
occupancy distribution of fiı

occupancy distribution of fib

....
Œ

Ø 1

where dfi(s, a) = (1 ≠ “)
qŒ

t=0 “tP
!
(st, at) = (s, a) | fi

"

Cı = 1 large Cı

• captures distributional shift
• allows for partial coverage

¶ as long as it covers the part
reachable by fiı

�1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

�2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

��
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C� < �
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1
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C? = O(1)

1
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Model-based (“plug-in”) approach?

1. construct empirical model P̂ :

P̂ (s′ | s, a) = 1
N

N∑

i=1
1{s′(i) = s′}

︸ ︷︷ ︸
empirical frequency

2. planning (e.g. value iteration) based on empirical MDP
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Issues & challenges in the sample-starved regime

truth: P ∈ RSA×S empirical P̂ (simulator)

empirical P̂ (offline)

• can’t recover P faithfully if sample size ≪ S2A

• (possibly) insufficient coverage under offline data

40/ 70
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Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited
— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{

r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉

, 0
}

− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}

where V̂ (s) = maxa Q̂(s, a).
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<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{

r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉
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}

− b(s, a; V̂ )︸ ︷︷ ︸
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}

where V̂ (s) = maxa Q̂(s, a).
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Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{

r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉
, 0
}

− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}

where V̂ (s) = maxa Q̂(s, a).
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Sample complexity of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’24)
For any 0 < ε ≤ 1

1−γ , the policy π̂ returned by VI-LCB using a
Bernstein-style penalty term achieves

V ⋆(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC⋆

(1− γ)3ε2

)

• depends on distribution shift (as reflected by C⋆)

• achieves minimax optimality

• full ε-range (no burn-in cost)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)
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Model-based offline RL is minimax optimal with no burn-in cost!



Robust RL



Safety and robustness in RL

(Zhou et al., 2021; Panaganti and Kalathil, 2022; Yang et al., 2022;)

Training environment ̸= Test environment

Sim2Real Gap: Can we learn optimal policies that are robust
to model perturbations?
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Modeling environment uncertainty

Uncertainty set of the nominal transition kernel P o:

Uσ(P o) =
{
P : ρ

(
P, P o) ≤ σ

}

P o
<latexit sha1_base64="W1cOfpEvMtOw6xtBxa5KpBX0fLM=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBT1JwIvHCOYByRpmJ51kyOyDmV4xLAv+ihcPinj1O7z5N042OWhiQUNR1T09XX4shUbH+baWlldW19YLG8XNre2dXXtvv6GjRHGo80hGquUzDVKEUEeBElqxAhb4Epr+6HriNx9AaRGFdziOwQvYIBR9wRkaqWsf0g7CI+YPpQp6WVq7j7KuXXLKTg66SNwZKZEZal37q9OLeBJAiFwyrduuE6OXMoWCS8iKnURDzPiIDaBtaMgC0F6ab83oiVF6tB8pUyHSXP09kbJA63Hgm86A4VDPexPxP6+dYP/SS0UYJwghny7qJ5JiRCdZ0J5QwFGODWFcCfNXyodMMY4msaIJwZ0/eZE0KmX3rFy5PS9Vr2ZxFMgROSanxCUXpEpuSI3UCScpeSav5M16sl6sd+tj2rpkzWYOyB9Ynz//B5Yl</latexit>

P o
<latexit sha1_base64="W1cOfpEvMtOw6xtBxa5KpBX0fLM=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBT1JwIvHCOYByRpmJ51kyOyDmV4xLAv+ihcPinj1O7z5N042OWhiQUNR1T09XX4shUbH+baWlldW19YLG8XNre2dXXtvv6GjRHGo80hGquUzDVKEUEeBElqxAhb4Epr+6HriNx9AaRGFdziOwQvYIBR9wRkaqWsf0g7CI+YPpQp6WVq7j7KuXXLKTg66SNwZKZEZal37q9OLeBJAiFwyrduuE6OXMoWCS8iKnURDzPiIDaBtaMgC0F6ab83oiVF6tB8pUyHSXP09kbJA63Hgm86A4VDPexPxP6+dYP/SS0UYJwghny7qJ5JiRCdZ0J5QwFGODWFcCfNXyodMMY4msaIJwZ0/eZE0KmX3rFy5PS9Vr2ZxFMgROSanxCUXpEpuSI3UCScpeSav5M16sl6sd+tj2rpkzWYOyB9Ynz//B5Yl</latexit>

• Examples of ρ: f-divergence (TV, χ2, KL...)
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• Examples of ρ: f-divergence (TV, χ2, KL...)
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Modeling environment uncertainty

Uncertainty set of the nominal transition kernel P o:

Uσ(P o) =
{
P : ρ

(
P, P o) ≤ σ

}

�
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Robust value/Q function

Robust value/Q function of policy π:

∀s ∈ S : V π,σ(s) := inf
P ∈Uσ(P o)

Eπ,P

[ ∞∑

t=0
γtrt

∣∣ s0 = s

]

∀(s, a) ∈ S ×A : Qπ,σ(s, a) := inf
P ∈Uσ(P o)

Eπ,P

[ ∞∑

t=0
γtrt

∣∣ s0 = s, a0 = a

]

Measures the worst-case performance of the policy in the uncertainty
set.
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Distributionally robust MDP

Robust MDP
Find the policy π⋆ that maximizes V π,σ

(Iyengar. ’05, Nilim and El Ghaoui. ’05)

Robust Bellman’s optimality equation: the optimal robust policy
π⋆ and optimal robust value V ⋆,σ := V π⋆,σ satisfy

Q⋆,σ(s, a) = r(s, a) + γ inf
Ps,a∈Uσ(P o

s,a)
⟨Ps,a, V ⋆,σ⟩ ,

V ⋆,σ(s) = max
a

Q⋆,σ(s, a)

Distributionally robust value iteration (DRVI):
Q(s, a)← r(s, a) + γ inf

Ps,a∈Uσ(P o
s,a)
⟨Ps,a, V ⟩,

where V (s) = maxa Q(s, a).
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Learning distributionally robust MDPs

Nominal Transition 
kernel

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0P o(·|s, a)
<latexit sha1_base64="DvOoLsl3GotrsAEJDKH+HcfdCLs="></latexit>

Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix

15/ 25

arbitrary

Goal of robust RL: given D := {(si, ai, s′i)}Ni=1 from the nominal
environment P 0, find an ε-optimal robust policy π̂ obeying

V ⋆,σ − V π̂,σ ≤ ε

— in a sample-efficient manner
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Model-based RL: empirical MDP + planning

Planning by distributionally robust value iteration (DRVI):
Q̂(s, a)← r(s, a) + γ inf

Ps,a∈Uσ
(

P̂ o
s,a

)⟨Ps,a, V̂ ⟩,

where V̂ (s) = maxa Q̂(s, a).
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Duality for scalability

Dual problem can be solved efficiently (w.r.t. a scalar)

(Iyengar. ’05, Nilim and El Ghaoui. ’05)

TV uncertainty: divergence function ρ = total variation
Q̂(s, a) ← r(s, a)

+ γ max
λ∈
[

mins V̂ (s),maxs V̂ (s)
]
{

P̂ o
s,a

[
V̂
]

λ
− σ

(
λ−min

s′

[
V̂
]

λ
(s′)
)}

,

where [V̂ ]λ(s) := λ if V̂ (s) > λ, otherwise [V̂ ]λ(s) = V̂ (s).

χ2 uncertainty: divergence function ρ = χ2

Q̂(s, a) ← r(s, a)

+ γ max
λ∈
[

mins V̂ (s),maxs V̂ (s)
]
{

P̂ o
s,a

[
V̂
]

λ
−
√

λVar
P̂ o

s,a

([
V̂
]

λ

)}
.
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A curious question

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

original MDP empirical MDP perturbed empirical MDP
18/ 34

Learn the robust policy 
around the nominal MDP?

Learn the optimal policy of 
the nominal MDP?

Robustness-statistical trade-off? Is there a statistical premium
that one needs to pay in quest of additional robustness?
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Sample complexity under TV uncertainty

Theorem (Shi et al., 2023)
Assume the uncertainty set is measured via the TV distance with
radius σ ∈ [0, 1). For sufficiently small ε > 0, DRVI outputs a policy
π̂ that satisfies V ⋆,σ − V π̂,σ ≤ ε with sample complexity at most

Õ

(
SA

(1− γ)2 max{1− γ, σ}ε2

)

ignoring logarithmic factors. In addition, no algorithm can succeed if
the sample size is below

Ω̃
(

SA

(1− γ)2 max{1− γ, σ}ε2

)
.

• Establish the minimax optimality of DRVI for RMDP under the
TV uncertainty set over the full range of σ.
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When the uncertainty set is TV

Upper & minimax lower bound
(this work)

0
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<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Standard MDPs
upper & minimax lower bound

Sample complexity

SA

(1 � �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1 � �)2"2
<latexit sha1_base64="Cfmxvc91Cz2VgHX3RpVjogO67Hg=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbRREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FAqe5CYn59ybe+/xI0aVdpxvK7W0vLK6ll7PbGxube9kd/eqKowlJhUcslDWfVCEUUEqmmpG6pEkwH1Gan7/ZuzXBkQqGooHPYxIk0NX0IBi0EZqZ4+8QAJO7q9GSd499brAOZy0it4AJIkUZaFoFUftbM4pOBPYi8SdkRyaodzOfnmdEMecCI0ZKNVwnUg3E5CaYkZGGS9WJALchy5pGCqAE9VMJt+M7GOjdOwglKaEtifq74kEuFJD7ptODrqn5r2x+J/XiHVw2UyoiGJNBJ4uCmJm69AeR2N3qCRYs6EhgCU1t9q4ByYebQLMmBDc+ZcXSbVYcM8KxbvzXOl6FkcaHaBDlEcuukAldIvKqIIwekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5A8Rxm2A=</latexit>

SA(1 � �)

"2
<latexit sha1_base64="UGsWZXxryTW2MB/f2AKkIsGR5ho=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3WXBO/G7wDkcj1J/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCFqpq8</latexit>

Lower bound [Yang et al.]

SA

(1 � �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Upper bound [Clavier et al.]

SA(1 � �)

�4"2
<latexit sha1_base64="qdMcaYtxdW+rygPqQ5a2mnz0QsU=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAoYtiNgh6jXjxGNImQXUPvZDYOmZldZmaFsOQjvPgrXjwo4tWDN//GyePgq6ChqOqmuytKOdPG8z6dqemZ2bn5wkJxcWl5ZdVdW2/oJFOE1knCE3UdgaacSVo3zHB6nSoKIuK0GfXOhn7zjirNEnll+ikNBXQlixkBY6W2uxfECkh+ebLj7wddEAJ2B3mgWVfAzWFwB4qmmvFE3lTwoO2WvLI3Av5L/AkpoQlqbfcj6CQkE1QawkHrlu+lJsxBGUY4HRSDTNMUSA+6tGWpBEF1mI+eGuBtq3RwnChb0uCR+n0iB6F1X0S2U4C51b+9ofif18pMfBzmTKaZoZKMF8UZxybBw4RwhylKDO9bAkQxeysmt2BTMjbHog3B//3yX9KolP2DcuXisFQ9ncRRQJtoC+0gHx2hKjpHNVRHBN2jR/SMXpwH58l5dd7GrVPOZGYD/YDz/gUNv541</latexit>

SA

(1 � �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

O(1 � �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

RMDPs are easier to learn than standard MDPs.
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When the uncertainty set is TV

Upper & minimax lower bound
(this work)

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> O(1)

<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Standard MDPs
upper & minimax lower bound

Sample complexity

SA

(1 � �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1 � �)2"2
<latexit sha1_base64="Cfmxvc91Cz2VgHX3RpVjogO67Hg=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbRREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FAqe5CYn59ybe+/xI0aVdpxvK7W0vLK6ll7PbGxube9kd/eqKowlJhUcslDWfVCEUUEqmmpG6pEkwH1Gan7/ZuzXBkQqGooHPYxIk0NX0IBi0EZqZ4+8QAJO7q9GSd499brAOZy0it4AJIkUZaFoFUftbM4pOBPYi8SdkRyaodzOfnmdEMecCI0ZKNVwnUg3E5CaYkZGGS9WJALchy5pGCqAE9VMJt+M7GOjdOwglKaEtifq74kEuFJD7ptODrqn5r2x+J/XiHVw2UyoiGJNBJ4uCmJm69AeR2N3qCRYs6EhgCU1t9q4ByYebQLMmBDc+ZcXSbVYcM8KxbvzXOl6FkcaHaBDlEcuukAldIvKqIIwekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5A8Rxm2A=</latexit>

SA(1 � �)

"2
<latexit sha1_base64="UGsWZXxryTW2MB/f2AKkIsGR5ho=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3WXBO/G7wDkcj1J/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCFqpq8</latexit>

Lower bound [Yang et al.]

SA

(1 � �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Upper bound [Clavier et al.]

SA(1 � �)

�4"2
<latexit sha1_base64="qdMcaYtxdW+rygPqQ5a2mnz0QsU=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAoYtiNgh6jXjxGNImQXUPvZDYOmZldZmaFsOQjvPgrXjwo4tWDN//GyePgq6ChqOqmuytKOdPG8z6dqemZ2bn5wkJxcWl5ZdVdW2/oJFOE1knCE3UdgaacSVo3zHB6nSoKIuK0GfXOhn7zjirNEnll+ikNBXQlixkBY6W2uxfECkh+ebLj7wddEAJ2B3mgWVfAzWFwB4qmmvFE3lTwoO2WvLI3Av5L/AkpoQlqbfcj6CQkE1QawkHrlu+lJsxBGUY4HRSDTNMUSA+6tGWpBEF1mI+eGuBtq3RwnChb0uCR+n0iB6F1X0S2U4C51b+9ofif18pMfBzmTKaZoZKMF8UZxybBw4RwhylKDO9bAkQxeysmt2BTMjbHog3B//3yX9KolP2DcuXisFQ9ncRRQJtoC+0gHx2hKjpHNVRHBN2jR/SMXpwH58l5dd7GrVPOZGYD/YDz/gUNv541</latexit>

SA

(1 � �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>
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RMDPs are easier to learn than standard MDPs.
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Sample complexity theorem under χ2 uncertainty

Theorem (Shi et al., 2025)
Assume the uncertainty set is measured via the χ2 divergence with
radius σ ∈ [0,∞). For sufficiently small ε > 0, DRVI outputs a policy
π̂ that satisfies V ⋆,σ − V π̂,σ ≤ ε with sample complexity at most

Õ

(
SA

(1− γ)3ε2

(
1 +
√

σ + σ

1− γ

))

ignoring logarithmic factors. In addition, no algorithm can succeed if
the sample size is below

Ω̃
(

SA

(1− γ)3ε2

(
1 + σ

1− γ

))

• Establish the minimax optimality of DRVI for RMDP under the
TV uncertainty set over the full range of σ.
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When the uncertainty set is χ2 divergence

RMDPs are harder to learn than standard MDPs.
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A crumb of RLHF



Language models as policies

Transformer/RNN

Given prompt x ∈ X , a language model generates an answer:
y ∼ π(·|x)︸ ︷︷ ︸

parameterized by LLM
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RL with human feedback (RLHF)

Goal: finetune the LLM to align with human preference

Prototypical pipeline:
• Reward learning : learn a reward model from preference data;
• Policy optimization: optimize the LLM to maximize the reward.
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RLHF: reward learning

Bradly-Terry model
The probability of pairwise comparison i ≻ j is modeled by

P(i ≻ j) = exp(r⋆
i )

exp(r⋆
i ) + exp(r⋆

j ) = σ(r⋆
i − r⋆

j ),

where r⋆
i ∈ R is the score associated with item i.

• Reward model: r⋆ : X × Y → R, evaluating the quality of a
prompt-answer pair (x, y) that aligns with human preference;

• Reward learning: Given comparison data D = {(xi, yi
+, yi

−)}Ni=1,
the MLE of the reward function is given by

rMLE = argminrℓ(r,D),

where ℓ(r,D) = −∑N
i=1 log σ(r(xi, yi

+)− r(xi, yi
−)).
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RLHF: policy optimization

Policy optimization via reward maximization
Find π that (approximately) maximizes the objective w.r.t. r

J(r, π) = E
x∼ρ,

y∼π(·|x)

[r(x, y)]− β E
x∼ρ

[
KL
(
π(·|x) ∥πref(·|x)

)]

• β > 0: KL regularization parameter;

• πref : a reference policy, typically the model after SFT;

• ρ ∈ ∆(X ): prompt distribution.
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Direct Preference Optimization (DPO)
— (Rafailov et al., 2023)

1. Reward learning: r̂ ← argminrℓ(r,D)
2. Policy learning: π̂ ← argmaxπJ(r̂, π)

• The reward function r in terms of its optimal πr is
r(x, y) = β

(
log πr(y|x)− log πref(y|x) + log Z(r, x)

)
︸ ︷︷ ︸

=:r(π)

.

• The two-step procedure is equivalent to
π̂ ← argminπℓ(r(π),D)

= −
N∑

i=1
log σ

(
β log π(yi

+|xi)
πref(yi

+|xi) − β log π(yi
−|xi)

πref(yi
−|xi)

)
.

Single-step and policy-only! Very popular in practice.
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Online RLHF

Leverage online data collection to improve data coverage - how do
we perform exploration in the policy space directly?

Comparison Oracle
(x, y1, y2)→ (x, y+, y−)

Reward Update

r(t+1) ≈ argminrℓ
(
r,D(t+1)

)

Policy Update

π(t+1) ≈ argmaxπJ
(
r(t), π

)

Sample new data (x, y1, y2)
from π(t+1)

Update comparison data
D(t+1) = Dt ∪ {(x, y+, y−)}

t← t + 1
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Exploration via optimistic MLE
Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J⋆(r) = maxπ J(r, π) by

r(t+1) ← argminr{ℓ(r,D(t))−αJ⋆(r)}.

• Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + c · 1, while

J⋆(r + c · 1) = J⋆(r) + c.

• We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R =
{

r : E
x∼ρ,y∼πcal(·|x)

[r(x, y)] = 0
}

.

Can we avoid solving a bilevel optimization problem?

64/ 70



Exploration via optimistic MLE
Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J⋆(r) = maxπ J(r, π) by

r(t+1) ← argminr{ℓ(r,D(t))−αJ⋆(r)}.

• Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + c · 1, while

J⋆(r + c · 1) = J⋆(r) + c.

• We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R =
{

r : E
x∼ρ,y∼πcal(·|x)

[r(x, y)] = 0
}

.

Can we avoid solving a bilevel optimization problem?

64/ 70



Exploration via optimistic MLE
Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J⋆(r) = maxπ J(r, π) by

r(t+1) ← argminr∈R{ℓ(r,D(t))−αJ⋆(r)}.

• Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + c · 1, while

J⋆(r + c · 1) = J⋆(r) + c.

• We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R =
{

r : E
x∼ρ,y∼πcal(·|x)

[r(x, y)] = 0
}

.

Can we avoid solving a bilevel optimization problem?

64/ 70



Exploration via optimistic MLE
Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J⋆(r) = maxπ J(r, π) by

r(t+1) ← argminr∈R{ℓ(r,D(t))−αJ⋆(r)}.

• Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + c · 1, while

J⋆(r + c · 1) = J⋆(r) + c.

• We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R =
{

r : E
x∼ρ,y∼πcal(·|x)

[r(x, y)] = 0
}

.

Can we avoid solving a bilevel optimization problem?

64/ 70



Exploiting the structure of J(r, π)

• The optimal policy admits the following closed-form solution:

πr = argmaxπJ(r, π) ⇐⇒ πr(y|x) = πref(y|x) exp(r(x, y)/β)
Z(r, x) .

• We can write the J⋆(r) as

J⋆(r) = E
x∼ρ,y∼πr(·|x)

[
r(x, y)− β log πr(y|x)

πref(y|x)

]

= E
x∼ρ,y∼πr(·|x)

[log Z(r, x)]
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Value-incentivized preference optimization (VPO)

π(t+1) ← argminπ{ℓ(r(π),D(t))− αJ⋆(r(π))}.

• The negative log-likelihood term reformulates into DPO loss:

ℓ(r(π),D(t))

= −
∑

(x,y+,y−)∈D(t)

log σ

(
β
(

log π(y+|x)
πref(y+|x) − log π(y−|x)

πref(y−|x)
))

.

• The reward bias term can be written as:

J⋆(r(π)) = −β E
x∼ρ,y∼πcal(·|x)

[log π(y|x)− log πref(y|x)] ,

which is essentially becomes a reverse-KL regularization that
maximizes KL

(
πcal(·|x) ∥π(·|x)

)
.
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Main results - online VPO

Theorem (Cen et al., ICLR 2025)
Assume that reward estimates ∥r(t)∥∞ ≤ B and ∥r⋆∥∞ ≤ B for some
B > 0. With high probability we have

T∑

t=1

[
J⋆(r⋆)− J(r⋆, π(t))

] ≤ Õ
(√

T
)
.

• We can obtain similar regret bounds under general function
approximation of the reward model.

• Consistent with the Õ(
√

T ) regret for online RL with UCB bonus.

• Offline RL: flipping the sign of α leads to a pessimistic algorithm.
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Concluding remarks

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

Understanding non-asymptotic performances of RL algorithms is a
fruitful playground!

Promising directions:

• function approximation
• multi-agent RL

• RL for foundation models
• many more...
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Thank you!

70/ 70


	Offline RL
	Robust RL
	RLHF

