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Announcement

® First milestone due this Sunday.
® Discuss what you have done, what remaining, disclosure of Al usage.

® Please don't hesitate to schedule meetings with me if you have any
challenges questions, or just want to discuss!



QOutline

Background: a primer on matrix and Markov games

Statistical perspective: sample complexity

Optimization perspective: last-iterate convergence



Multi-agent reinforcement learning (MARL)

To collaborate or to compete, that is the question.



Why multi-agent?

® To decompose a large problem into smaller pieces
® Decentralized decision making across distributed agents

® Multiple agents in a strategic environment
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MARL = Game theory + RL
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Challenges in MARL: nonstationarity
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From a single-agent perspective:
the environment is time-varying and nonstationary!




Challenges in MARL: curse of multiple agents
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Statistical versus optimization perspectives

(s,a,b,h)

generative model

Statistical perspective

Optimization perspective
sample efficiency

computational efficiency

This lecture addresses both perspectives for two-player zero-sum games. )




Background:
a primer on matrix and Markov games



Competitive game

Noise v.s. Neural Net

Black v.s. White

Adversarial Training

Go Generator v.s. Discriminator

Generative Adversarial Networks
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Zero-sum two-player matrix game

When the max player takes action ¢, and the min player takes action j, the
payoff received by both players are

7/'ma,x(iaj) = Mi,ja 7ﬂmin(i»j) = 7Mi,j7
which satisfies

V(Z,J) : 7'max(iaj) + 7)min(iaj) =0.

Zero-sum two-player matrix game

max min u' My
wEA(A) veA(B)

® A, B: action space of the two players;

® u, v: strategy of the two players; can be pure/mixed.
A(A), A(B): set of probability distribution over A, B;
M elAIXIBl: payoff matrix.
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Best response

Against a fixed opponent’s strategy, a best response maximizes a player's
own expected payoff.

Max player: given v € A(B), the set of best responses is

BRuax () = argmax ' M.
HEA(A)

Min player: given p € A(A), the set of best responses is

BRumin (1) = argmin g M.
VEA(B)

Best responses need not be unique: any mixture supported on best-response
actions is also a best response.
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Solution concept: Nash equilibrium

John von Neumann John Nash
Theorem 1 (Neumann’s Minimax Theorem)

max min pu' My = min max pu' My
nEA(A) veA(B) veA(B) neA(A)

A Nash Equilibrium pair (u*, v*) satisifies:
p Myt < pt T Myt < pt T Mo,
for all (u,v) € A(A) x A(B).

® At a Nash equilibrium, both players are best responding to each other.
13



Nash equilibrium

John von Neumann
Theorem 2 (Neumann’s Minimax Theorem)

max min p' My = min max p' My
HEA(A) vEA(B) vEA(B) pEA(A)

An e-Nash Equilibrium pair (4*, 0*) satisfies:
p! M* —e < p* T Mo < p* T Mv 4 e,
for all (u,v) € A(A) x A(B). The Nash gap is defined as

NE-gap(ji*, 0*) = max p' M&* — min g* " Mv
o v
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Solution concept: regret

Repeat the game for T" rounds with the sequence of actions
(at, bt)
The max-player’s payoff is r, = M,,», and the min-player’s payoff is —r;.

External regret: compare with the best fixed action in hindsight, against the
opponent's recorded actions.

max / .
R = I;leaj‘( E My, — E T,
t t

R7™ = E r; — min E Me,p-
p beB 7

No-regret play:

Rg_‘lax
T

Rmin
L_ 0, T — 0.

— 0,

Implication: No player can obtain a positive long-run average improvement
by switching to one fixed action.
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How does no regret relate to equilibrium?

Let zir and v be the empirical action frequencies:
ir(a) = o S Hac=a),  or(b) = 7 S I{b = b)
a) = = ar = a 1% = — = .
KT T f t ) T T t t
Two-player zero-sum games: the actual payoffs cancel, giving

B B Rmax + Rmin
max p' Mip — mlnu;MU = %
1 v

Nash gap

If both regrets are at most €T'/2, the averaged pair (ji7,vr) is an e-NE.

Beyond two-player zero-sum games: No-regret learning need not yield an
NE in general-sum games.



Example: rock-paper-scissors
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Two-player zero-sum Markov games (finite-horizon)

state sp

. action
_statesh T (- | sn)
— il
I reward 7, ]
! action |
1
1

bh ~ Vh(< ‘ Sh)

Liemmm 4=
&
<

l environment ‘4— -

next state

Sht1 ~ Pu(- | sn,an, bn)
e S: shared state space e A = [A]: action space of max-player
® H: horizon e 3 =[B]: action space of min-player
® immediate reward: max-player 7,(s, a,b) € [0, 1]

min-player —r,(s, a,b)

w={pn}: policy of max-player; v = {v,}: policy of min-player
Py(-|s,a,b): unknown transition probabilities



Value function

state ‘sh action ah
max player
Fmm————
reward 7},
»| min-player
:_ \ah ,’ \(lh+l, ‘ah+2, an
I . b by bh+2 by
L---<4=~ environment |{ — —J h o

Sh1 ~ Pu(- | shyan, bp)

Th Th+1 Th+2

action th p
— s;, —|—> h+1 Sht ces
| =

state sp,

1 reward -rp,

b

Value function of policy pair (u, v):

H
VY (s) Z st,at,bt)‘sh:s
H
Q’“’(sab Z st,at,bt)’stzs,at:a,bt:b
t=h

® {(at, by, s¢41)}: generated when max-player and min-player execute
policies . and v independently (i.e. no coordination)
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Nash equilibrium (NE)

John von Neumann John Nash
An NE policy pair (u*, v*) obeys

* * * *
max V*Y =VH* Y =minVH* ¥
n v
® no unilateral deviation is beneficial

® no coordination between two agents (they act independently)
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Nash value iteration (finite-horizon)

Nash value iteration: for h = H,...,1

Qnls,a,b) ¢—ri(s,ab)+ B | maxminp(s) Qnar(s)(s) |,
s'~Pp(:|s,a,b) | n(s) v(s)

matrix game

where Q. (s) = [Qn(s, -, )] € RAXE.

® The matrix game can be solved efficiently (we'll return to this later in
this lecture).

® Requires knowledge of the transition kernel Py (:|s, a,b).
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Aside: infinite-horizon discounted setting

Value function of policy pair (p, v):

o0
Z’Yt'r‘t(shahbt) S0 = 5]
t=0

> 4 (se an, by)

t=0

Vv (s) = E

Q"7 (s,a,b) :=FE

SQS,(LQ(L,be]

where «y € [0, 1) is the discount factor.

Nash value iteration:

Q(s,a,b) «—rn(s,a,b) + 5 max minu(s')Tms’)u(s’)] ,

E
s'~P(:|s,a,b) | w(s) v(s)

matrix game

where Q(s) = [Q(s, -, )] € RA*B,
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Statistical perspective: sample complexity



A teaser: standard model-based approach

— [Zhang et al., 2020]

for each (a,b)

planning
oracle

empirical
model P

’_’ _____________________ . call generative modlel
N times
for any (s, h)

1. for each (s,a,b, h), call generative models N times, i.e., sample
/ ind.

sty ~ Pu(s'|s,a,0), i=1,...,N

2. build empirical model P, and run “plug-in" methods (e.g., Nash VI)
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Question: how many samples are sufficient to learn an
e-Nash policy pair ?

max,, VH ¥ —e<Vi ?<min, VA V+te

® [Zhang et al., 2020] establishes a sample complexity of

H*SAB
g2

which suffers the curse of multiagents!

® Namely, the sample complexity scales with the size of the joint action
space AB, rather than max{A, B} or A+ B.

Can we overcome the curse of multi-agents? J
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Warm-up: matrix game with bandit feedback

Let M € [0,1]** P be the payoff of the matrix game, that is unknown.

Online matrix game learning: in each round,

® Both players play actions according to their current policy
ag ~ pg, b~y

and observe the payoff r; = M,,5,. The max-player receives r; the
min-player can use reward 1 — ry.

® Update the policies of both players.
® important distinction: centralized versus independent.

Can the players learn the Nash equilibrium efficiently? )
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First attempt: matrix UCB

— [O'Donoghue et al., 2021]
Observation: view this as a bandit problem over the joint action space

Step 1: build an optimistic estimate of each entry:

21og(2ABT?)

D= M b DL S
Uila.b) = Mila.b) +4\ 50N ao)
| —

empirical mean
uncertainty bonus

where Ny (a,b) counts previous plays of (a,b).

Step 2: compute a Nash pair for the optimistic matrix game:

: T
,V¢) € arg max min U
(pet, vt) gﬂeA(A)yeA(B)/«L t

Draw a; ~ p; and b; ~ v; independently; observe r; and update (a¢, bt).



Theory of matrix UCB

The game value v* = max, min, u' Mv is the payoff that a Nash strategy
guarantees against any opponent.

Theorem 3 ([O’Donoghue et al., 2021])

Matrix UCB has expected regret from the game value

T
Z(v* —7)

t=1

E gé(\/ﬁ).

® estimates ADB entries

® require centralized coordinate and knowing the opponent’s action

Can we instead run one ordinary UCB algorithm per player?
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Second attempt: independent UCB

Natural idea: each player treats her own actions as arms, and modeling the
projected environment by the other player’s strategy.

For the max-player,

c 3,(a) + 2logt
a arg max a .
t g a gt Nt(a)

Here G,(a) averages the rewards observed when playing a, where the
expected reward of arm a in round ¢ is

gi(a) = Z v (b)Mgp = (M),
b

® Reward nonstationarity: M, is fixed, but the opponent’s policy vy
changes: different arms may be sampled against different v

® Doesn't converge to NE in general.
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Fix: an adversarial bandit perspective

Each player faces an adversarial bandit:
® an arm'’s reward can change arbitrarily over time
® only the selected arm’s reward is observed

® simultaneous independent draws prevent the opponent from reacting to
our current sampled action

Idea: each player runs her own EXP3-type algorithm [Auer et al., 2002]!
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Independent EXP3-I1X

The opponent’s sampled action defines each player’s loss vector:
g;‘ﬂax(a) =1- Ma,b” Eimn(b) = Mllf,,b'

Initialize p1 uniformly. Draw I; ~ p; and observe ¢;(I;): 1 — r; for the
max-player, or r; for the min-player.

Step 1: estimate the loss vector by importance weighting:

iy = b =i}
="

The extra v > 0 limits large estimates when an action is rarely sampled. This
is EXP3-I1X (EXP3 with a bit exploration) [Neu, 2015].

Step 2: update the distribution by exponential weights:
pre1(i) o< peli) exp (—nfa(i)) -

Choose n = 2y = /2logd/(dT), with d = A or B.
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Theory of independent EXP3-1X

Theorem 4 (Corollary of [Neu, 2015], Theorem 1)
With simultaneous independent EXP3-1X learners, with high probability,

Rp™ < O(VAT),  Ry™< O(VBT).

Apply the regret-to-equilibrium identity:

RP™ + R <5( A+B>
1< :

Gap(jir, vr) = T

Thus an e-NE can be learned in

~(A+ B
T= O( J; ) rounds of play.
€

® each learner uses only its own action and reward

® return empirical action frequencies; current policies may still cycle
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V-learning: generalizing to MDPs

Recall: in UCB-VI, we maintain an optimistic estimation of the Q-function,
and derive a greedy policy from the Q-function.

V-learning: maintains a separate policy using bandit feedback based on the
value function estimate.

At each (s, h), maintain a value Vj,(s) and a policy 4 (- | s). On its tth visit:
Q sample a; ~ (- | 8); observe r; and s}
@ evaluate the sampled action using the continuation value:

Yt = Tt + Viga(sy)

instantaneous reward  next-step value

@ use y; to update the value, and feed (a;, (H — y:)/H) to the bandit
learner to update the policy

The bandit feedback changes as V},41 is learned.
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V-learning: updating the value

— [Jin et al., 2021]

Initialization: V},(s) = Vi(s) = H —h+1, m,(a | s) = 1/A, and Vi1 = 0.

On the tth visit to (s, ), use the sampled return
Yr = 1e + Vit (sy)-
Optimistic (monotonic) value update:

Vi(s) = (1 — ) Vin(s) + lye + B |,

bonus

Vi(s) + min{H— h+1, Vi(s), Vh(s)}7

where
_H+1 H3A

H+ta 615’\ n -

Qi
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V-learning: updating the policy

— [Jin et al., 2021]
Fix (s,h). Let m; be its policy on visit ¢ and initialize Lo(a) = 0.

Step 1: estimate the loss from the sampled return:

~ H-y -~ 0 {a, = a}
e = = y € = .
’ H t(a) mi(a) + 7

Step 2: accumulate the estimated losses with the same «a; as the value:
Li(a) = (1 — a))Li_1(a) + a;li(a).
Step 3: update the policy by exponential weights:

Hlog A
T41(a) oc exp (—ZfLAa)) ) Ui A;g .
t
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V-learning in Markov games

Two-player zero-sum game: each player runs independently weighted
adversarial bandit learning described above.

Max-player: A actions Min-player: B actions
ar ~ pun(- | s), be ~ vn(- | s),
Y =+ ViE(s)). G = 1= VR (s)).

® each player updates its own value and policy at (s, h)

® each player only observes the state, its own action and reward, and the
next state, not the action of the opponent

® no joint-action value table Qy (s, a,b) is needed
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Theory of V-learning for Markov games

Theorem 5 ([Jin et al., 2021])

For a two-player zero-sum Markov game, monotonic V-learning returns
Markov policies (fi, V) (defined suitably via mixing past policies) satisfying,
with probability at least 1 — 9,

s VI (1) — min VI (1) < 5( HSIHM{AB})

B K

after K episodes from initial state si.

To learn an e-NE, it suffices to use

6<H Sma;({A’B}) episodes.
5

® uses trajectories; no generative model is required

® depends on the larger individual action set, rather than AB
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Policy optimization for two-player zero-sum
matrix game



Entropy regularization and QRE

Quantal response equilibrium @ m

([McKelvey and Palfrey, 1995])

QUANTAL
max  min ' Mv+7H(u) — 7H(v) RESPONSE
HEA(A) vEA(B) EQUILIBRIUM

® Unlike NE, QRE assumes bounded rationality: action probability follows
the logit function. The unique QRE (& = (uX, v}) satisfying

pr(a) x exp([MvE]a/7), Yae A
VE(b) o exp(—[M T i2lu/7), Vb e B

are the best responses in the presence of Gumbel noises.

Translating to an e-NE: setting 7 < O (e).
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Multiplicative weights update methods

q T
max min f(u,v):=p Mv+7H(p) — 7H(v
o . (b, v) = p (1) v)

® Multiplicative Weights Update (MWU):

pl 8 (a) oc p (@)= exp (n[MvW]a)
v (b) oc O (b)) =17 exp (—n[M T u®],)

® 7> 0: step size;

40



Linear convergence of MWU

Theorem 6 ([Sokota et al., 2023])

Let ¢ = (u®,v®) and 7 > 0. Suppose that the initial policies have full
support and

-
O<n< —r——.
M

Then, for all t > 0, regularized MWU satisfies

KL(G1C™) < (1 —nr) KL(¢E )1 ¢,

where KL (¢ || ¢®) = KL (g || p®) + KL (v || v®).

® | ast-iterate convergence to QRE with a sufficiently small step size.

e Choosing 1 = 7/(||M||%, + 72) gives O(1 + || M||2,/72) iterations to
reach e-accuracy.
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Oscillation with larger learning rates

How do we fix the oscillation?
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Motivation: an implicit update method

Implicit update (IU) method
Fort=0,1,---,

nt

u(tJrl) o [‘u(t)]lfn'r exp ([MV(L+1)]/7_)777'
p D) [V(t)]lfn'r exp (*[MT,u(tJrl)]/’r)

Let ¢ = (u®, ™). This gives
(log ("1 — (1 =) log ¢\ — prlog ¢r, (Y — ¢7) =0,
which is equivalent to

(1 —nm)KL(CE 1 ¢M) = KL(¢ 1¢MY) +prKL(CUT D |1 ¢F)
+ (L= )KL [ ¢®)
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Linear convergence of 1U

For sufficiently small learning rate 7, we have

(1= nr)KL(¢H[1¢) = KL(GE ¢ + nrKLEHE2ET)

+(1 = ¢

Theorem 7 ([Cen et al., 2021])
Suppose that 0 < n < 1/7, then for all t > 0,

KL(G1C™) < (1 =) KL(¢ )1 ¢,

where KL (¢ || ¢®) = KL (p||u®) + KL(vx[|v®).

Can we make this practical?
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The PU method

Predictive update (PU) method
Fort=0,1,---,
Q extrapolate/predict:

Al oc [t exp ([My O] /7)™
D(L+1) x [V(t)]lfm- exp (—[MT,U,(t)]/T)nT

Q update:

,u(t'H) o [M(t)]l—n-r exp ([MD“"‘”]/T)"T
p(t+1) o [V(t)]l—m— exp (_[MTﬂ(tH)]/T)nT
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The OMWU method

Optimistic multiplicative weights update (OMWU) method
Fort=0,1,---,
Q extrapolate/predict:

A o (O] exp (Mo 0] 7)™
I;(Hrl) o [V(t)}lfm- exp (—[MTﬁ<L)]/T)nT

Q update:

,u(t'H) o [M(t)]l—n-r exp ([Mﬂ(t'*‘l)]/T)"T
V(t+1) o [V(t)]l—n‘r exp (_[MTﬂ(f,J,-l)]/T)n'r

These methods belong to the class of so-called extragradient methods
[Korpelevich, 1976].
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Linear convergence of PU/OMWU

o Let () = (u(t)’y(t)) and ¢ = (ﬂ(t)ﬂ;(t))_
Theorem 8 ([Cen et al., 2021])
Suppose that the learning rates of PU and OMWU satisfy

1 1
Py

, and nomwu < min {

1
< T allaArn )
T T2 Ml 27+ 2[M|los ™ 4[| M][o

Both methods achieve convergence in
* KL distance KL(C || () < e
* Entrywise distance of log-policies ||log () —log (¥ || < €,
* Optimality gap | f(u', v ) — f-(ux,v5)| <,

® Duality ga (! v® (), ) <
u Iygp#/renAa@)f(u vi) — /renAlr(le(u V) <€

within 5(717 log 1) iterations.

b
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Last-iterate convergence

PU allows twice as large learning rates than OMWU, at a price of requiring
double gradient evaluation per iteration.

® Entropy-regularized matrix game: To get an e-optimal solution to the
regularized problem (e-QRE), the iteration complexity is at most

(LIS

® Unregularized matrix game: To get an e-optimal solution to the
unregularized problem (e-NE), the iteration complexity is at most

o (1M1=,

No need to assume unique Nash equilibrium!
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Entropy regularization leads to linear convergence

10*
10
107!
10°%
1079
1077

107

M € RY00X100 with M, , ~ U([-1,1]) and n = 0.1

S——
XKL ls®)
DualGap, (")) \
*  OptGap, (")
<« log¢/¢YIE
— PU
---- OMWU

0 1000 2000 3000 4000 5000
Iteration Count ¢

7 =20.01

10*
10?
10
1072
10~
1076
1078
1[]71[]

12

X KL(GIE™)

+  DualGap, (")

*  OptGap,(¢")

<« [log G /¢W3
— PU
---- OMWU

0.00 0.02 0.04 0.06 0.08 0.10
Regularization Parameter 7

#iterations = 1000
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Policy optimization for two-player zero-sum
Markov game



Entropy regularization in MARL

state Sh lth Sh)
......
r reward 7, Th Thel Th2 TH
1 tate s action
1 state Sp by, ~ vp(- shI I I
. .S ses S
1 - — h+1 TL" 5 |
I 1 '\—’ !
I \flh / \“h+1/ h+2/ \an /!
e by brn bh+2 by
H pn(anlsn)?
" next state v (br|sk)

Sh1 ~ Pu(- | sn, an, bn)

Promote the stochasticity of the policy pair using the “soft” value function:

H

VEY(s):=FE Z (rt + TH (e (¢]se) — TH(Vt('|Sz)>

h=1

So =S|,
where H is the Shannon entropy, and 7 > 0 is the reg. parameter.

max min  VH¥(p) J
peEA(A)ISIveA(B)ISI
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Quantal response equilibrium (QRE)

Quantal response equilibrium
([McKelvey and Palfrey, 1995])

The quantal response equilibrium (QRE) is the policy
pair (ux,vy¥) that is the unique solution to

max min V" (p).
HEA(A)ISI veA(B)IS]

Translating to an e-NE: setting

T=0(e/H).

QUANTAL
RESPONSE
EQUILIBRIUM
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h = H,... 1

Qn(s,a,b) <rn(s,a,b)+

. E [maxminu(s’mﬂ(s’)u(s’)+TH<u<s’>>ﬂ(u(s’)),
s/ ~Py, (+|s,a,b) 1 v

Entropy-regularized matrix game

where Q. (s) = [Qn(s, -, )] € RAXE.

Nested-loop approach: (/,LE:), Z/,(lt)) +— OMWU(Qr)
[Periodic value update ]" Policy update via
OMWU

Qn < SVI(Qn+1)
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Convergence of the nested-loop approach

Theorem 9 ([Cen et al., 2021])
PU/OMWU with value iteration takes no more than

~ [ H3
0] () iterations
€

to find an e-approximate NE of the unregularized MG.

® Dimension-free, last-iterate convergence.

® However, might not be easy to implement in practical online setting.
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A two-timescale single-loop approach?

Soft value iteration: for h = H,... 1

@n(s,a,b) <rn(s; a,b)+

r e lmf" min pu(s') " Quaa () (s") + TH(u(s)) — m@(s'))] :

Entropy-regularized matrix game
where Q1,(s) = [Qn(s, -, )] € RA*E,

Single-loop, two-timescale approach:

_________ \J
> Smooth value update Policy update via %f
L - oMwWU N

QMY «+ (1 - a)Q® + a-lookahead (p®D Dy oMy (Q®)
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Sublinear convergence in the episodic setting

Theorem 10 ([Cen et al., 2022])

The last-iterate of the two-timescale single-loop algorithm finds an e-QRE in

_ 2
o (H log 1>
T €

iterations, corresponding to O (HT) iterations for finding an e-NE.

® First last-iterate convergence result for the episodic setting.

® Almost dimension-free: independent of the size of the state-action
space.
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Aside: convergence in the discounted setting

Theorem 11 ([Cen et al., 2022])

For the infinite-horizon ~-discounted setting, the last-iterate of the
single-loop algorithm finds an e-QRE in

o= s)

iterations, and in O ((1_7“2)56) iterations for finding an e-NE.

® The analysis is much more involved for the discounted setting.

® Open problem to further fasten the sample complexity especially
regarding the size of the state space S.
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