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Humungous state space
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Exploiting low-complexity model is essential for efficient RL!
® Save computation/space/data
® Generalize across state or states and actions



Function approximation

Function approximation

The object of interest possesses some low-dimensional representation.

e value function ® Parametric:
e Q-function ® Linear combinations of features
. ® Neural networks
® transition kernel )
® Nonparametric:
® reward

® Decision trees
® policy ® Nearest neighbors



Policy evaluation with linear function
approximation



Linear V/Q function approximation

The value/Q function is a linear combination of features:
V(s;w) = ¢(s) ",
Q(s,a;w) = (s, a) "v,
where
® ¢(s) maps the state space S to R%;

® 9(s,a) maps the state-action space S x A to R%;

® w,v are the low-dimensional embeddings we wish to learn.

Typically, the number of features is much smaller than the dimension, i.e.
dy < |S], do < |S]]Al.

We assume the feature maps are known.



Feature selection

When the states/actions are numbers, function approximation for value
functions bears familiarity with that of interpolation and regression in

supervised learning.

Value function

Example features:

State/action (velocity, position, etc....)

polynomials, Fourier basis, radial basis functions,...



Incremental update with true value

Objective function:

J(w) = 1]Esrvclﬁ (V™ (s) — V(S;w))ﬂ =

; SEaar [(V7() — 6(9)Tw)?]

2

=:J(s;w)

which is quadratic w.r.t. w.

® Given access to V™ (s), the stochastic gradient is evaluated as

Vaud (s;w) = = (V7 (s) = o(s) "w) b(s).

approx. error

® Update the weight w via
w—w—aVyJ(s;w) =w+a (V”(s) — q[)(s)Tw) &(s),

where « is the learning rate.



Incremental update with target value

However, in reality, we do not have access to V™ (s) (otherwise we won't
need to learn!).

Instead: replace V™ (s) by its target V] ,..(s) from MC or TD.

Tw) = SEpmr [ (Vi) = 9(5) )’

=:J(s;w)
Update the weight w via
w = w = aVyd(siw) = w+ a (Vigals) — o(s) Tw) é(s),

where « is the learning rate.



Examples of different targets

® |[n MC, use the return Gy

w—w+ o (Gt — ¢(5)Tw) o(s)

® In TD(0), use the TD target 7 + 7V (st41,w) = 1 + YP(s¢41) Tw

w = w+a(re+70(si1) w—@(se) " w) dls)

® In TD()), use the A-return G}

w < w+a (G — ¢(s) w) ¢(s)

These are “semi-gradient” methods, since we only consider the gradient of
the function approximator, not the target.



Beyond linear function approximation

Objective function:

Jw) = SEenar [(V7(5) = Vissw))?].

=:J(s;w)
where V (s; w) is a differentiable function approximator.
® Given access to V™ (s), the stochastic gradient is evaluated as

Vud(s;w) = (V™ (s) = V(s;w)) Vi, V(s;w).

approx. error

® Update the weight w via
w<—w—aVyJ(siw) =w+ a(VT(s) = V(s;w)) Vi,V (s;w),

where « is the learning rate.
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TD-Gammon

— [Tesauro, 1995]
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® Value network: three-layer neural network
® Self-play: millions of games played against itself

® Beat the best human player of backgammon at the time
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Online RL with ¢-greedy exploration
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Online RL
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Exploration under an adaptive policy:

® trial-and-error
® sequential and online

® using samples

“Recalculating ... recalculating ...”
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Model-free policy iteration?

Policy iteration

(0) Can we run policy iteration using
g samples?

® We can perform the step of policy

(1) evaluation via Monte Carlo or
Q TD-learning.
) e However, when () is deterministic,
T

can only evaluate Q’T(t)(s, a) for
a = 7" (s) following policy 7(*).

Q* ® Need to perform exploration!
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e-greedy exploration

e With probability 1 — € choose the greedy action
® With probability € choose an action at random

[ €/JAl+1—€ if a* =argmaxeea Q(s,a)
m(als) = { /| Al otherwise

Theorem 1

For any e-greedy policy 7, the e-greedy policy ©' with respect to Q™ is an
improvement, i.e. V7 (s) > V7™(s), Vs € S.

® assumes exact policy evaluation

15



Proof of greedy policy improvement

Proof: Let m = |A|.

acA
= > Q7 (s.a)+(1—¢) max Q" (s, a)
a€A

> C S Qs+ (10 Y T M gy g

= m(als)Q™ (s,a) = V7 (s).

acA

Therefore, by the policy improvement lemma, V™ (s) > V7(s).

16



Generalized policy iteration

Policy iteration Greedy policy iteration

2(0)

()

e)

Does greedy policy iteration converge to the optimal Q-function/policy,
particularly when using samples? J

17



Monte Carlo, Sarsa and Q-learning with GLIE
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Greedy in the Limit with Infinite Exploration (GLIE)

Definition 2 (GLIE)

® [nfinite exploration. All state-action pairs are explored infinitely many
times,

lim Ng(s,a) = oo
k—oo

® Greedy in the limit. The policy converges on a greedy policy,

lim 7 (als) = I(a = argmax Q(s,a’))
k— o0 a'€A

® c-greedy is GLIE with ¢, = 1/k.

* Boltzmann exploration is GLIE: 7 (a|s) o e#()@Qk(s:4) for appropriate
choice of S (s) [Singh et al., 2000].
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GLIE Monte-Carlo control

Monte-Carlo control requires episodic environment (since it works only with
complete sequences).

@ Sample a new episode using T;
@ Update the Q-estimate using Monte-Carlo;
@ Update policy 7 using @, e.g., e-greedy.

Theorem 3
GLIE Monte-Carlo control converges to the optimal Q-function:

Q(s,a) — Q*(s,a).

20



Using bootstrapping for policy evaluation

TD has several advantages over Monte-Carlo (MC):

® | ower variance
® Online

® |ncomplete sequences

Natural idea: use TD instead of MC for policy evaluation
® apply TD to Q(s,a)
® use e-greedy policy improvement

® update every time step (we don't need to wait for TD to converge)

21



Sarsa for on-policy Q-update

On-policy Q-update:

Qs,0) «— Qs,a) + o 7(s,0) + Q5. a') ~Q(s,0))

target

® The name comes from updating using a 5-tuple: (s, a,r,s’,a’).

® The method is an on-policy method because it tries to learn about
policy 7 from experience sampled from 7.

® Can combine TD(A) in Sarsa for the target part.

22



Sarsa for on-policy control

@ Initial phase: initialization Q(s,a) arbitrarily. Set Q(s,-) =0if sis a
terminal state. Initial state s and initial policy 7 (e.g., uniform).

@ Foreachroundt=1,2,...:
® Choose a ~ 7(:|s) for the current state s;

® Take action a, observe r = 7(s,a) and next state s’;

® Choose a’ ~ 7(+|s") from the next state s’ and update the Q-value
Q(s.0) — Q(5,0) + at (r(5,0) +7Q(s',a') — Q(s,a))

e s+ s a+ad.

® Update policy 7 using @, e.g., e-greedy.

Repeat this for every episode if in an episodic environment.
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SARSA with linear function approximation

® Approximate the on-policy Q-function with

Q(s,a;w) = ¥(s,a) v,

® Policy evaluation: apply TD(0) to update the weight

Vi1 & U+ @ (‘T't + YU (s141, ae1)  ve — (st at)Tvt) Y(se, at)

® Policy improvement: e-greedy policy improvement.
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Q-learning for off-policy Q-update

max Q(s’,a’)

Q(S,a) a’€A
r(s,a) \/\

Off-policy Q-update:

Qls,0) «— Q(s,a) + (5. 0) + Y max Q(s', @) ~Q(s, a))

target

® The method is an off-policy method because it tries to learn about an
improved policy from experience sampled from 7.
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Q-learning for off-policy control

@ |Initial phase: initialization Q(s,a) arbitrarily. Set Q(s,-) =0if sis a
terminal state. Initial state s and initial policy 7 (e.g., uniform).

@ Foreachroundt=1,2,...:
® Choose a ~ 7(:|s) for the current state s;

® Take action a, observe r = r(s,a) and next state s’;

® Update the Q-value
Q(s,0) < Q(s,0) +ar (7(s,0) + 7 max Q(s',a) - Qs,0))
a’e
e s s
® Update policy 7 using Q, e.g., e-greedy.

Repeat this for every episode if in an episodic environment.
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Q-learning with linear function approximation

® Approximate the off-policy Q-function with

Q(s,a3w) = ¥(s,a) v,

® Policy evaluation: using Q-learning target to update the weight

Viy1 < v + @ (rt + max W(Sp41, a,)Tvt — (s, at)va) Y(sg,ar)

® Policy improvement: e-greedy policy improvement

27



Convergence of Sarsa/Q-learning with GLIE

Theorem 4 ([Singh et al., 2000])

Sarsa/Q-learning converges to the optimal action-value function,
Q(s,a) = Q*(s,a), under the following conditions:

® GLIE sequence of policies m(als);
® Robbins-Monro sequence of learning-rates

o0 oo
g o = 00, E a? < oo
t=1 t=1

® Due to GLIE, the policy will also converge to the optimal policy.

28



Case study: Q-learning versus Sarsa

R=-1

Safer path

Optimal path |
S|  The cClitf

R=-100

Figure credit: Sutton and Barto
Cliff walking:

® undiscounted, episodic task, with start and goal states, and the usual
actions causing movement up, down, right, and left.

® Reward is —1 on all transitions except “The Cliff". Stepping into this
region incurs a reward of —100 and sends the agent instantly back to
the start.

29



Case study: Q-learning versus Sarsa

Both are executed with e-greedy policy, € = 0.1.

Sarsa
254
Sum of -504
rewards Q-learning
during
episode __ |
-100 T T T T 1
0 100 200 300 400 500
Episodes

® Q-learning learns the optimal policy but results in its occasionally falling
off the cliff because of the “e-greedy” action selection.

® Sarsa takes the action selection into account and learns the longer but
safer path through the upper part of the grid.
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Double Q-learning with GLIE

@ Initial phase: initialization )1, Q2 arbitrarily. Initial state s and initial
policy 7 (e.g., uniform).

@ Foreachroundt=1,2,...:
® Choose a ~ 7(:|s) for the current state s;

® Take action a, observe 7 = r(s,a) and next state s’;
® Update the Q-value using one of the following randomly
Q' (5,0) < Q' (5,0) + (( 0) +7Q* (s, argmax Q' (s', @) — Q1 (s, )
acA
or

Q*(s,0) + Q*(s,a) + <T(S> a) +7Q' (s, argmax Q*(s', a)) — Q*(s, a)

acA
® s+ g,
® Update policy 7 using (Q' + Q?%)/2, e.g., e-greedy.

Repeat this for every episode if in an episodic environment.

)

I

)
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Mitigating overestimation via double Q-learning

100%

~ N(-0.1,1)
N ,_2_@_2_.5
75%t | \ ’ left right
% left ;’
actions 5o Q-learning
fromA Double \
259% Q-learning N~
B e
BOYp—m —m—mmmmmm e ——— — — ——— ST optimal
0 1 100 200 300
Episodes

® Q-learning initially learns to take the left action much more often than
the right action,and always takes it significantly more often than the 5%
minimum probability enforced by e-greedy action selection with € = 0.1.

® Double Q-learning is essentially unaffected by the overestimation bias.
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The deadly triad



Off-policy evaluation

Sometimes we are interested in evaluating policy 7 different from behavior
policy p.
® |earn from observing humans or
other agents

® Re-use experience generated from
old policies

® Learn about optimal policy while
following exploratory policy

® | earn about multiple policies
while following one policy

Can we adapt our ideas so far to off-policy evaluation? )

34



Importance sampling

Evaluate an expectation using samples from another distribution. Assume
Q(z) > 0 whenever P(x) > 0.

Ex~p[f(X)] =) PX)f(X)

= 3 g )

P(X)
Q(X)
® For policy evaluation, P and @ describe trajectories under 7 and .

® The importance weights:

35



Importance sampling for off-policy Monte Carlo

Multiply corrections through the last action before terminal state sy:

G
M(at|5t) M(at+1|8t+1) M(GT—l\ST—l) ‘

GTr/,u - 7r(at|8t) 7T(at+1|8t+1) 7T(GT71|ST71)
=

Update value towards corrected return:
Vise) ¢ Vi) +a (67" = Vis)

® High variance when ZEZB is large

® Requires p(als) > 0 whenever m(a|s) > 0 on target-policy trajectories.
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Importance sampling for off-policy TD

® Weight TD target by importance sampling [Precup et al., 2001]

m(a|st)

plag|st)

Vise) ¢— Visi) +af (re 49V (s141)) = V(s1))

® Uses a single-step ratio, which can reduce variance relative to
full-episode weighting.

37



Off-policy TD(0) with function approximation

Tw) = S Baar [(V7(5) = V(5:0))?] = SBanar [(V7(5) — 0(5) Tw)?]

=:J(s;w)

e Using the TD target r; + 7V (s¢41,w) = r¢ + 70(5:41) " w, the
semi-gradient is evaluated as

Vud (sw) = = (re +70(se1) 'w — ¢(sy) " w) (sy).

TD error &

® Update the weight w via

m(alst)

Vi (se;w) = wy + oy prdrd(sy).
TI'b(Cltlst)
—_———

Wiyl = Wt — Q¢
=Pt

38



Off-policy TD(0) might diverge

Intuition: only one action is available, and it results deterministically in a
transition to the second state with a reward of 0 [Sutton and Barto, 2018]:

(—@)

® The linear function approximation assumes the value takes the form
[w, 2w] with  ¢(left) = 1, ¢(right) = 2.
® For one transition from left state to right state, we have
0r = ry + vV (right) — V(left) = y2wy — wy = (27 — 1wy,
pt = 1.
® The off-policy TD(0) updates
Wir1 = Wy + agpidrd(left) = (1 + (27 — 1)) wy.

Diverges whenever v > 1/2 for any «; > 0 if we do this over and over!
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Baird’s example

=y e e

\ m(solid|-) =1

. b(dashed|-) = 6/7
Y b(solid|-) = 1/7
\\ e v =0.99

Figure 11.1: Baird’s counterexample. The approximate state-value function for this Markov
process is of the form shown by the linear expressions inside each state. The solid action usually
results in the seventh state, and the dashed action usually results in one of the other six states,
each with equal probability. The reward is always zero.

Figure source: [Sutton and Barto, 2018]
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Baird’s example explained

7 states, feature dimension = 8!!!
The set of features is linearly independent, e.g.

¢(1) =[2,0,0,0,0,0,0,1]"

The true value function is

V7™(s) =0, which can be exactly approximated by w = 0.

The behavior policy 7, offers a path to skip the absorbing state 8 of =,
creating a path mimicking our intuition earlier (focusing on wg).

We will be okay with on-policy evaluation.
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Numerical divergence on Baird’s example

Semi-gradient Off-policy TD

300

200}

W1~ We
100}

Wy

0 Steps 1000

Semi-gradient DP

0 1000

Sweeps

Figure 11.2: Demonstration of instability on Baird’s counterexample. Shown are the evolution
of the components of the parameter vector w of the two semi-gradient algorithms. The step size
was a = 0.01, and the initial weights were w = (1,1,1,1,1,1, 10, l)T.

Figure source: [Sutton and Barto, 2018]
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The deadly triad

«
. . . . ! b
The risk of divergence arises whenever we combine: ’ g
“w b

Richard Sutton

® Function approximation:
significantly generalizing from large numbers of examples

® Bootstrapping;:
learning value estimates from other value estimates, as in dynamic
programming and temporal-difference learning

* Off-policy learning:
learning about a policy from data not due to that policy, as in

Q-learning, where we learn about the greedy policy from data with a
necessarily more exploratory policy

Any two without the third is okay.
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Possible remedies

® More careful algorithm designs [Sutton et al., 2009]:
® Gradient TD (GTD)

® TD with gradient correction (TDC)
® Emphatic TD [Sutton et al., 2016], etc...

® Using a target network [Mnih et al., 2015, Zhang et al., 2021]:

1 2
f(St, at?”) = ) (Tt + ’ymgx Qtarget(st+1a a; 7/’) - Q(St, at;v))

® Target network Qtarget: periodically synced by the value network.
® Value network Q): updated via gradient methods.

A key ingredients in (double) deep Q-learning (DQN).
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Online RL with UCB-based exploration
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Finite-horizon nonstationary MDPs

action
ap ~ mh(-|sn)

reward

Th = 1(Sh, an I
“===~1 environment (¢ — -

next state
Shy1 ~ Pu(:|sn,an)

H': horizon length

S: state space with size S e A: action space with size A
rh(sh,an) € [0, 1]: immediate reward in step h

= {Wh}thl: policy (or action selection rule)

Py, (-|s,a): transition probabilities in step h

46



Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

LT execute 7t
episode 1 |::>
= s execute 7>
kg
episode 2 ::>
| 1 L‘H—T execute 7€
episode K 5 |:>

— sample size: T = KH

{shah i

{siv a}zu r}%}ﬁ:l

K K  K\H
{sn a5 7 Yhet

exploration (exploring unknowns) vs. exploitation (exploiting learned info) )
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Regret: gap between learned policy & optimal policy

adversary learner

initial state execute |n|t|aI state execute
st : P S => | policy 7

episode 1 episode K

Performance metric: given initial states {5}/ |, define

chosen by nature/adversary

K
Regret(T Z (VI sM) (s’f))

k=1
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Regret lower bounds

Theorem 5 ([Domingues et al., 2021])

For any algorithm, there exists an episodic MDP M. whose transitions
depend on the stage h, such that for T > H?SA,

1
E[Regret(T)] > ——VH2SAT.
[Regret( )]*48\/6

® |gnoring other factors, the regret is at least

® The bound also reflects the impact of horizon length H and size of the
state-action space SA. Note that the value function is on the order of

H, so the “normalized” regret scales as

E[Regret(T)]
H

> /SAT = VSAHK.

49



Construction of hard MDP

® Recall that the regret lower bound for an n-arm bandit (with normalized

reward) is Q(v/nT).

® [t amounts to find a hard MDP that operates like a HS A-arm bandit

(with reward ~ H).

llustration of the hard MDP when S = 4. Taking H = O(H).

action = ay,

waiting

° state

action # ay,

gate state

1 -y good action at a
2" specific step

s
SN
RN _
rn(sp.a) =0 ‘ N R ‘@ rh(sg.a) = 1{h > T +2}
bad state: good state: collecting
no reward reward after certain step

1 1
— Figure credit: [Domingues et al

., 2021]

50



Can we design algorithms that achieve near-optimal regret?



Model-based RL with UCB exploration
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Online RL with model-based approach

execute 7’

I

{shsah T}

[ empirical MDP
H N
|
||
||
n
||
|

planning

oracle

3N

[.

—

execute 7(2

n=- —lmmnma)
l,

® Use all the previous data to estimate transitions (empirical frequencies)

® Apply planning (e.g., value iteration) on the estimated model to learn an
updated policy for the next episode

How to balance exploration and exploitation in this framework?
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UCB-VI: ideas

Motivated by the bandit UCB algorithm, [Azar et al., 2017] introduced upper
confidence bound (UCB) into value iteration (VI).

® Original VI: Backtrack h=H,H —1,...,1:
Qn(s,a) < ri(snan) + PhsaVist s
— ——

immediate reward next step’s value

‘/},(5) <~ Igleaj( Qh(sa a)7

where Ey/op, (.|s,a)Vat1(5") = Ph,s,aVhy1 and Ish,s,a is the empirical
estimate of P, s 4.

® Exploitation, but no exploration.
® Adding the UCB to Qp(s,a) similar to the bandit UCB algorithm.
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UCB-VI: uncertainty quantification

Uncertainty in the next-step value ﬁh,s,thH! recall that by Hoeffding's
inequality and union bound, with probability at least 1 — 6,

H2,

P Prsa)Vita| 5y 22
H( h,s,a h,s,a) h+1 o N}L(S,a)v

where N}, (s,a) is number of visits in (s,a) at step h.
Optimistic VI: run VI using rewards {r(sp, an) + bn(sp,an)}

Qn(s,a) < min {H —h+1, rp(sp,an) + ﬁh,s,th-i-l + bh(3h7ah)}a
—_——— —— —_———

immediate reward  next step’s value bonus

Vi(s) + Igleaj{ Qn(s,a),

where the bonus is by, (sp, an) < ,/N}hz?a).
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UCB-VI: algorithm

For each episode k:

@ Backtrack h = H, H — 1,...,1: run optimistic value iteration

Qn(s,a) < min {H —h+1, rn(sh,an) + ﬁh7s,th+1 + bh(sh;ah)}7
—_——— —_——  —

immediate reward  next step’s value bonus
Vi(s) < max Qn (s, a),
acA

@ Forward h =1,..., H: take action according to the greedy policy

mh(8) + argmax Qp(s,a)
acA

and collect {sp, ap, rh}thl.
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Optimism in the face of uncertainty

Lemma 6 (Optimism)
With probability at least 1 — 6, it follows

Qh(s,a) > Qh(s,a),  Vii(s) = Vi (s)

for all (k,h,s,a).

Optimism in the face of uncertainty:
acting according to Q% (s, a), which is an
upper bound of the true Q7 (s,a).
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Regret bound of UCB-VI with Hoeffding bonus

Theorem 7 ([Azar et al., 2017])

Let § € (0,1). With probability at least 1 — 0, the regret of UCB-VI with
Hoeffding bonus satisfies

Regret(T) < VH3SAT. + H3S? Al3,
where 1 = log(HS AT /).

® The regret bound scales as
VH3SAT as soon as T > H3S3A .
S——

burn-in cost

which is sub-optimal by a factor of v/ H.

® By the optimism principle, the regret is bounded by
K k K k
Regret(T) = > (Vi'(sh) = Vi (s5)) < > (ViF(sh) = v D)) -
k=1 k=1
Tighter UCB leads to smaller regret.
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Q-learning with UCB exploration

UCB-Q [Jin et al., 2018] modifies classical Q-learning with exploration bonus:
at the transition (sp, an, Sp+1)

Qn(snyan) + (1 —a)Qn(sn,an) + ar (r(snyan) + Vig1(sn+1))

classical Q-learning

+ atbh (Sh,: (J,},)
———
bonus
® Using Hoeffding-type bonus to ensure the optimism property:
H3,

bh(s, a) = m

Large variability in stochastic update rules.

® Rescaled linear learning rates:

O H+1

t = N,
Hit n(s,0)

Qi
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UCB-Q: algorithm with Hoeffding bonus

For each episode k:
Q@ Forh=1,... H:
@ Take action according to the greedy policy 71, (s) = argmax, . 4 Qn(s, a)
and observe sp+1;
@ Update the count t = Ny (sp,an) < Nin(sh,an) + 1;
© Compute the bonus by (sh,an);
@ Update the visited entry of Q-function:

Qn(sn,an) < (1 — ot)Qn(sn,an) + at (r(sn,an) + Vat1(Sh+1))

classical Q-learning
+ oubn(sn, an)
———
bonus

@ Update value function:

Vi(sn) < min{H — h + 1, max Qn(sn,a)}.
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Regret bound of UCB-Q with Hoeffding bonus

Theorem 8 ([Jin et al., 2018])

Let § € (0,1). With probability at least 1 — 0, the regret of UCB-Q with
Hoeffding bonus satisfies

Regret(T) < VHAS AT,

where . = log(HSAT/$).

® The regret bound

VHASAT

is sub-optimal by a factor of H. No burn-in cost!

e Can be improved to vV H3SAT by using variance-aware concentration
bounds (i.e., Bernstein inequality) to construct the UCB.
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