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Project schedule

It is not too early to start thinking about the project!

The proposal stage: the proposal sets you ready for the actual research:
well-defined problem, well-calibrated baseline, well-planned action items...

Timeline:
• Week of Sep. 22: project proposal, first draft
• Week of Oct. 6: project proposal, second draft
• Week of Oct. 13: midterm presentation draft
• Week of Oct. 20: midterm presentation and peer feedback
• Week of Oct. 27: project proposal, final version
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Project proposal: first draft

What do we expect from the first draft? brainstorming! come talk to me!
• what?
• why?
• how?
• backup plan?

Page limit for first draft: 2 (additional contents can be included in the
appendix that doesn’t count toward the page limit). No smaller than 10 pt
font, 1-in margin.

Due date: Sunday, Sep. 27, submission on Gradescope.

The project should be independent work. But, a group of two is allowed,
where the amount of work should be commensurate with the group size.
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Cluster access

• We have setup account for you to access the YCRC Bouchet cluster.

• Course accounts take the form of sds6190_netid. The course web
portal (Open OnDemand) is accessible via sds6190.ycrc.yale.edu.

• More information found on
• Bouchet Rules of Behavior:

https://docs.ycrc.yale.edu/clusters/bouchet-rob/
• Cluster course documentation:

https://docs.ycrc.yale.edu/clusters-at-yale/access/courses/

Think about scoping your project within the compute resources we have.
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Introduction to adversarial bandits
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Limitations of stochastic bandits

In stochastic bandits, the reward distributions of the arms do not depend on
past rewards or actions, and the draws are i.i.d. over time.

This can be too restrictive, and unrealistic in practice.
• Is there a reward distribution?
• Are the rewards i.i.d.?
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Adversarial bandits

Idea: make minimal assumptions about reward generation, and compete with
the best action in hindsight.

For an n-arm adversarial bandit,
• the rewards are in the interval [0, 1]
• in each round t, the reward vector

rt = [ri,t]1≤i≤n is an arbitrary sequence
• all rewards are determined before action

is taken
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Example

Let n = 3, consider the following arbitrary rewards ...

k t = 1 t = 2 t = 3 t = 4 . . .
1 0.1 0.7 0.4 0.3
2 0.5 0.1 0.6 0.1
3 0.8 0.4 0.4 0.8

• If action = arm 1,
∑4

t=1 r1,t = 0.1 + 0.7 + 0.4 + 0.3 = 1.5;
• If action = arm 2,

∑4
t=1 r2,t = 0.5 + 0.1 + 0.6 + 0.1 = 1.4;

• If action = arm 3,
∑4

t=1 r3,t = 0.8 + 0.4 + 0.4 + 0.8 = 2.4;
• The best arm is arm 3.
• The best arm might change with the rewards.

Can we compete with the best arm no matter what the rewards are?
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Performance metric: regret

Definition 1 (Expected regret)
The expected regret over T rounds for an action selection rule is defined as

RT (r) = max
1≤i≤n

T∑
t=1

ri,t −
T∑

t=1
E [rit,t] ,

where the expectation is over the randomness of the learner’s actions, and
r := {rt}T

t=1 is the reward. The worst-case regret over all rewards is

R⋆
T = sup

r∈[0,1]T ×n

RT (r).

• Minimizing the regret has a “min-max” flavor.

Goal: achieve sublinear regret R⋆
T = o(T ).
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Algorithms: from full-information to bandits
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The power of randomization

• Exploration vs exploitation remains an important issue.
• Exploitation appears to be even more dangerous.

• adversary can “exploit our exploitation”.

Example: Let n = 3, the selection of the learner is given in red.

k t = 1 t = 2 t = 3 t = 4 . . .
1 0.1 0.7 0 0
2 0 0.1 0.6 0.1
3 0.8 0 0.4 0.8

• For learner,
∑4

t=1 r′
it,t = 0 + 0 + 0 + 0 = 0.

• R4(r′) = maxi=1,2,3
∑4

t=1 r′
i,t = 2. High regret!
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The power of randomization

Without randomization in actions, the regret can be linear.

A construction: for any deterministic sequence of actions {it}T
t=1, we can

construct a reward sequence such that

∀t : ri,t =
{

0 i = it

1 otherwise

By construction,

n∑
i=1

T∑
t=1

ri,t = (n − 1)T =⇒ max
1≤i≤n

4∑
t=1

ri,t ≥ (n − 1)T
n

.

=⇒ Rn(r) = max
1≤i≤n

T∑
t=1

ri,t −
T∑

i=1
rit,t︸ ︷︷ ︸

=0

≥ (n − 1)T
n

!
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Detour: bandits with full information

Randomization: Let pt = [pi,t] be the
probability of choosing different arms in round t.

How to design/update pt?

Detour: Let’s visit the bandit problem with full information, where we
observe the entire reward vector

rt = [r1,t, r2,t, . . . , rn,t].

This is also known as online learning with expert advice, often formulated
with losses rather than rewards. A huge field!
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Exponential weight algorithm
Recall the regret

RT (r) = max
1≤i≤n

T∑
t=1

(ri,t − Eit∼pt
[rit,t]) .

Exponential-weight algorithm: assign a higher probability to arms with
better performance according to exponential weights
[Vovk, 1990, Littlestone and Warmuth, 1994]:

pi,t+1 ∝ exp
(

η

t∑
ℓ=1

ri,ℓ

)
=

exp
(
η
∑t

ℓ=1 ri,ℓ

)∑n
i=1 exp

(
η
∑t

ℓ=1 ri,ℓ

) , 1 ≤ i ≤ n

where η > 0 is some parameter.
• The randomness ensures exploration: even arms with 0 cumulative

rewards so far get chances
• Higher weights encourage exploitation: η controls the trade-off

exploitation and exploration
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A bit more discussion

Incremental update:

pi,t+1 ∝ exp
(

η

t∑
ℓ=1

ri,ℓ

)
∝ pi,t · eηri,t

• A multiplicative combination of history information and new information

This algorithm has many names, e.g. multiplicative weight updates (MWU)
method, Hedge, and was rediscovered many times in different contexts; see
[Arora et al., 2012] for more information.
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Exponential weight algorithm with full information

1 Initialization: set p1 as a uniform distribution over [n]; set Si,0 = 0 for
i ∈ [n]; parameter η > 0.

2 For each round t = 1, 2, . . . , T :
• Observe the reward ri,t for i ∈ [n], and update the cumulative reward

Si,t = Si,t−1 + ri,t.

• Update the sampling probability over arms

pi,t+1 ∝ exp
(
ηSi,t

)
.

What is the regret of exponential weight algorithm?

RT (r) = max
1≤i≤n

T∑
t=1

(ri,t − E [rit,t]) = max
1≤i≤n

T∑
t=1

ri,t −
T∑

t=1

n∑
i=1

pi,tri,t.
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Regret of exponential weight algorithm

Theorem 2 (Regret under full information)
The exponential weights algorithm with parameter η > 0 incurs regret

R⋆
T = sup

r∈[0,1]T ×n

RT (r) ≤ Tη + log n

η
.

Choosing η =
√

log n/T gives

R⋆
T ≤ 2

√
T log n.

sublinear regret!

Can we translate this back to the bandit setting?
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Back to bandits

In bandits, we only observe rit,t for the pulled arm it!

A general recipe:
• Step 1: estimate the entire reward vector
• Step 2: plug this into the full-information algorithm

Importance-sampling estimator:

r̃i,t = ri,t

pi,t
Iit=i =

{ rit,t

pit,t
i = it

0 otherwise

or equivalently

r̃t =
[
0, . . . ,

rit,t

pit,t
, . . . , 0

]
.

This is an unbiased estimate of the reward vector: E[r̃i,t] = ri,t.
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EXP3 for adversarial bandits

[Auer et al., 2002b]: EXP3 = Exponential-weight algorithm for Exploration
and Exploitation

1 Initialization: set p1 as a uniform distribution over [n]; set S̃i,0 = 0 for
i ∈ [n]; parameter η > 0.

2 For each round t = 1, 2, . . . , T :
• Draw an arm it from the distribution pt;
• For each arm i ∈ [n], compute the estimated reward

r̃i,t = ri,t

pi,t
Iit=i

and update the cumulative reward S̃i,t = S̃i,t−1 + r̃i,t.
• Update the sampling probability over arms

pi,t+1 ∝ exp
(
ηS̃i,t

)
.
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Regret of EXP3

Theorem 3 (Regret of EXP3)
The EXP3 algorithm with parameter η > 0 incurs regret

R⋆
T ≤ nTη + log n

η
.

• The first term is worse by a factor of n compared with the
full-information case;

• Choosing η =
√

log n/(nT ) gives

R⋆
T ≤ 2

√
nT log n.

• Adversarial bandits are not harder than stochastic bandits: matches the
worst-case regret bound Õ(

√
nT ) of UCB for stochastic bandits.
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Analysis
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Roadmap

• We will first prove the regret bound for the full-information setting.

• We then adapt it to the bandit setting.
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Proof of Theorem 2 (full information)

Step 1: introduce the “magic” measure of progress (log-sum-exp):

Φt = 1
η

log
(

n∑
i=1

exp(ηSi,t)
)

Recall that pi,t+1 = exp
(

ηSi,t

)∑n

i=1
exp
(

ηSi,t

) .

Basic facts:
• Φ0 = 1

η log n.
• ΦT = 1

η log (
∑n

i=1 exp(ηSi,T )) ≥ 1
η log (exp(ηSi,T )) = Si,T , for i ∈ [n];

in other words, ΦT upper bounds the performance of individual arms,
the first term in the regret.
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Proof of Theorem 2 (full information)

Step 2: understand the temporal difference of Φt.

Φt − Φt−1 = 1
η

log
(

n∑
i=1

eηSi,t

)
− 1

η
log
(

n∑
i=1

eηSi,t−1

)

= 1
η

log
∑n

i=1 eηSi,t−1eηri,t∑n
i=1 eηSi,t−1

= 1
η

log
n∑

i=1

eηSi,t−1∑n
i=1 eηSi,t−1

eηri,t

= 1
η

log
n∑

i=1
pi,te

ηri,t ,

which is linked to the sampling probabilities.
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Proof of Theorem 2 (full information)

Step 2 - continued: deconstructing the log-sum, using basic facts:

Φt − Φt−1 = 1
η

log
n∑

i=1
pi,te

ηri,t

≤ 1
η

log
n∑

i=1
pi,t

(
1 + ηri,t + η2r2

i,t

)
(ex ≤ 1 + x + x2)

≤ 1
η

log
(

1 + η

n∑
i=1

pi,tri,t + η2
n∑

i=1
pi,tr

2
i,t

)

≤
n∑

i=1
pi,tri,t + η

n∑
i=1

pi,tr
2
i,t (log(1 + x) ≤ x)

• ∀x : log(1 + x) ≤ x

• For x ≤ 1 : ex ≤ 1 + x + x2
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Proof of Theorem 2 (full information)
Step 3: by telescoping

ΦT − Φ0 =
T∑

t=1
(Φt − Φt−1) ≤

T∑
t=1

n∑
i=1

pi,tri,t + η

T∑
t=1

n∑
i=1

pi,tr
2
i,t.

Therefore,

RT (r) = max
1≤i≤n

Si,T −
T∑

t=1

n∑
i=1

pi,tri,t ≤ ΦT −
T∑

t=1

n∑
i=1

pi,tri,t (Si,T ≤ ΦT )

≤ Φ0 + η

T∑
t=1

n∑
i=1

pi,tr
2
i,t

≤ 1
η

log n + η

T∑
t=1

n∑
i=1

pi,t (Φ0 ≤ 1
η

log n)

≤ log n

η
+ ηT.

(∑
i

pi,t = 1
)
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Proof of Theorem 3 (bandit)

We highlight the differences from the full-information case.

Step 1: introduce a measure of progress (log-sum-exp)

Φt = 1
η

log
(

n∑
i=1

exp(ηS̃i,t)
)

Basic facts:
• Φ0 = 1

η log n.

• ΦT = 1
η log

(∑n
i=1 exp(ηS̃i,T )

)
≥ S̃i,T , i ∈ [n]

• E[ΦT ] ≥ E[S̃i,T ] = Si,T .
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Proof of Theorem 3 (bandit)
Step 2: understand the temporal difference of Φt.

Φt − Φt−1 = 1
η

log
(

n∑
i=1

eηS̃i,t

)
− 1

η
log
(

n∑
i=1

eηS̃i,t−1

)

= 1
η

log
∑n

i=1 eηS̃i,t−1eηr̃i,t∑n
i=1 eηS̃i,t−1

= 1
η

log
n∑

i=1

eηS̃i,t−1∑n
i=1 eηS̃i,t−1

eηr̃i,t

= 1
η

log
n∑

i=1
pi,te

ηr̃i,t

By same arguments, we obtain

Φt − Φt−1 ≤
n∑

i=1
pi,tr̃i,t + η

n∑
i=1

pi,tr̃i,t
2.
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Proof of Theorem 3 (bandit)

Step 3: telescoping

ΦT − Φ0 ≤
T∑

t=1

n∑
i=1

pi,tr̃i,t + η

T∑
t=1

n∑
i=1

pi,tr̃i,t
2,

which leads to

E[ΦT ] − Φ0 ≤
T∑

t=1

n∑
i=1

pi,tri,t + η

T∑
t=1

n∑
i=1

r2
i,t

after taking expectations using

E[r̃i,t] = ri,t E[r̃i,t
2] =

r2
i,t

pi,t
.
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Proof of Theorem 3 (bandit)

Step 4: finishing up.

RT (r) = max
1≤i≤n

Si,T −
T∑

t=1

n∑
i=1

pi,tri,t

≤ E[ΦT ] −
T∑

t=1

n∑
i=1

pi,tri,t

≤ Φ0 + η

T∑
t=1

n∑
i=1

r2
i,t

≤ log n

η
+ ηnT.
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Lower bounds
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Motivation

So far, we have seen that for both stochastic bandits and adversarial bandits,
the worst-case regret bound RT scales as (ignoring logarithmic factors)

Õ
(√

T
)
.

Question
Can we improve the worst-case regret, say to Õ(T 1/4) or Õ(T 1/3)?

Two paths:
• Try hard to come up with a better algorithm.
• Develop negative results that show this is impossible. Our plan!
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Why studying lower bounds?

• Lower bounds tell us the minimal price we need to pay.

• Benchmark performance: given an upper bound for certain algorithm,
how much room can we improve?

• Matching upper and lower bounds tells us the fundamental limits.
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Warm-up: basic tools
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Which distributions do the data come from?

• Consider hypothesis testing.

• Under different hypotheses, we postulate the collected data with
different distributions

• The (in)ability to distinguish these distributions becomes the key

Question: how do we measure the distance between distributions?
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Distance of distributions

Definition 4 (TV distance)
For two probabilities p, q over Ω, the total variation distance is given by

dTV(p, q) = sup
A⊆Ω

p(A) − q(A) ∈ [0, 1].

Definition 5 (KL divergence)
For two probabilities p, q over Ω, the Kullback-Leibler (KL) divergence is
given by

KL(p∥q) =
∑
x∈Ω

p(x) log p(x)
q(x) .

• Note that KL(p∥q) ̸= KL(q∥p) !
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Examples of KL divergence

• Bernoulli distributions:

KL
(
Bern( 1+ϵ

2 )∥Bern( 1
2 )
)

= 1 + ϵ

2 log
(
1 + ϵ

)
+ 1 − ϵ

2 log
(
1 − ϵ

)
≤ 2ϵ2,

where the inequality follows from log(1 + x) ≤ x.

• Gaussian distributions:

KL
(
N (µ1, σ2)∥N (µ2, σ2)

)
= (µ1 − µ2)2

2σ2
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Pinsker’s inequality

Pinsker’s inequality
For two probability distributions p, q over Ω, it holds that

2dTV(p, q)2 ≤ KL(p∥q).

• By definition, for any event A ⊆ Ω,

p(A) − q(A) ≤
√

1
2KL(p∥q).

• Due to asymmetry of KL divergence, we have:

2dTV(p, q)2 ≤ min {KL(p∥q), KL(p∥q)} .

• A very useful tool!
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Toy example: binary hypothesis testing

Suppose we observe a sequence of coin flips

At
i.i.d.∼ Ber(µ), t = 1, . . . , T.

Consider two hypotheses for µ:

H0 : µ = 1
2 , H1 : µ = 1 + ϵ

2 .

We want to determine which hypothesis is true. Is the coin fair?

Question
How many samples do we need to collect in order to do so reliably?
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Step 1: KL divergence of the data

Denote the data distribution under two hypotheses respectively as

P0 := P (A1, A2 . . . , AT |H0)
P1 := P (A1, A2 . . . , AT |H1) .

Then, it is easy to see

KL(P1∥P0) =
T∑

i=1
KL (P(Ai|H1)∥P(Ai|H0))

= T · KL
(
Bern( 1+ϵ

2 )∥Bern( 1
2 )
)

≤ 2Tϵ2.

The KL divergence scales linear in T and quadratically in ϵ.
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Step 2: determine the goal

Question: what do we mean by solving the problem “reliably”?

Answer: Maybe getting a correct answer with non-trivial probability, e.g. for
some small probability of error δ,

P (learner outputs fair|H0) ≥ 1 − δ/2.

P (learner outputs unfair|H1) ≥ 1 − δ/2.

Let us call the event A = {learner outputs fair}, then the above leads to

P0(A) ≥ 1 − δ/2, P1(A) ≤ δ/2

=⇒ P0(A) − P1(A) ≥ 1 − δ.
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Step 3: applying Pinsker

By Pinsker’s inequality, we know

2(P0(A) − P1(A))2 ≤ KL(P1∥P2) ≤ 2Tϵ2.

Hence,

T ≥ (P0(A) − P1(A))2

ϵ2

≥ (1 − δ)2

ϵ2 .

The sample size T needs to be at least

T ≳
1
ϵ2 !
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Examine the upper bound

The scaling T ≳ 1
ϵ2 turns out to be sufficient too!

By Hoeffding’s inequality, we know∣∣∣∣∣ 1n
T∑

t=1
At − µ

∣∣∣∣∣ ≤
√

log(2/δ)
2T

with prob. 1 − δ.

By setting
√

log(2/δ)
2T ≤ ϵ

4 , or equivalently, T ≥ 8 log(2/δ)
ϵ2 , we guarantee∣∣∣∣∣ 1n

T∑
t=1

At − µ

∣∣∣∣∣ ≤ ϵ

4 with prob. 1 − δ.

The learner compares the sample mean 1
n

∑T
t=1 At with 1

2 + ϵ
4 .
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Lower bounds for multi-arm bandits
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Worst-case lower bound

For simplicity, we will assume all arms have a Gaussian reward distribution
N (µi, 1) for i ∈ [n].

Theorem 6 (minimax lower bound)
Let n > 1 and T ≥ n − 1. Then, for any algorithm π, there exists a mean
vector µ = [µi]1≤i≤n ∈ [0, 1]n such that

RT ≥ 1
27
√

(n − 1)T .

• No algorithm can obtain a regret bound better than Ω(
√

T ).
• Stochastic bandits are easier than adversarial bandits. Lower bounds for

stochastic bandits are also applicable for adversarial bandits.
• Certifies the near-optimality of

√
T regret for UCB [Auer et al., 2002a]

and EXP3 [Auer et al., 2002b].
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Instance-dependent lower bound

[Lai and Robbins, 1985]: we might be able to say something less pessimistic
in an instance-dependent manner.

Theorem 7 (Instance-dependent lower bound)
Consider a strategy that satisfies E[RT ] = o(T α) for any set of reward
distributions {Pi}1≤i≤n indexed by a single real parameter, any arm i with
sub-optimality gap ∆i > 0, and any α > 0. Then, the following holds

lim infT →∞
RT

log T
≥

∑
i: ∆i>0

∆i

KL(Pi∥P⋆) ,

where P⋆ is the distribution of the optimal arm.

• The instance-dependent lower bound is Ω(log T ).

46



Near instance-optimality of UCB
For Gaussian bandits,

KL(µi∥µ⋆) = ∆2
i

2 ,

then it follows that

lim infT →∞
RT

log T
≥

∑
i: ∆i>0

2
∆i

,

and
RT ≳

∑
i: ∆i>0

log T

∆i
.

• This almost matches with the instance-dependent upper bound of UCB,
which says (ignoring n)

RT ≲
∑

i:∆i>0

log T

∆i
.
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Analysis
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KL Divergence between two bandits

Lemma 8 (Divergence decomposition)
• Let ν = (P1, . . . ,Pn) be the reward distributions associated with one

n-armed bandit, and let ν′ = (P′
1, . . . ,P′

n) be the reward distributions
associated with another n-armed bandit.

• Fix some algorithm π and let Pν = Pνπ and Pν′ = Pν′π be the
probability measures on the bandit model {it, rt}T

t=1 induced by the
T -round interconnection of π and ν (respectively, π and ν′).

Then,

KL(Pν∥Pν′) =
n∑

i=1
Eν [Ti,T ]KL(Pi∥P′

i),

where Ti,T =
∑T

t=1 I(it = i).
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Bretagnolle-Huber inequality

Figure credit: [Canonne, 2022].

Theorem 9 (Bretagnolle-Huber inequality)
For two probability distributions p, q over Ω, it follows that

dTV(p, q) ≤
√

1 − e−KL(p∥q) ≤ 1 − 1
2e−KL(p∥q)

• The second bound is due to [Tsybakov, 2008].
• As a consequence, for any event A ⊆ Ω,

p(Ac) + q(A) ≥ 1
2e−KL(p∥q).
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Proof of minimax lower bound
Step 1: identifying a pair of bandits. Fix an algorithm π.
Suppose we begin with a Gaussian bandit ν with unit variance Pi = N (µi, 1),
where µ⋆ = µ1 > µ2 ≥ . . . ≥ µn w.l.o.g.. Let Pν be the resulting probability
measure over T -round interconnection of π and ν.

Figure credit: [Lattimore and Szepesvári, 2020] 51



Proof of minimax lower bound

Identifying the competing bandit: in view of the divergence decomposition
lemma, let

j = arg min
i>1

Eν [Ti,T ],

the arm that has been least pulled. The second bandit ν′ is then selected as

P′
i =

{
Pi i ̸= j

N (µj + λ, 1) i = j
,

where λ > ∆j is to be selected. Arm j is optimal in the second bandit. Call
the resulting probability measure Pν′ .
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Proof of minimax lower bound

Step 2: computing the KL divergence. It is easy to observe that

KL(Pν∥Pν′) = Eν [Tj,T ]KL(Pj∥P′
j) ≤ Tλ2

2(n − 1) ,

where we used∑
i>1

Eν [Ti,T ] ≤
n∑

i=1
Eν [Ti,T ] = T =⇒ Eν [Tj,T ] ≤ T

n − 1 .

and
KL
(
N (µj , 1)∥N (µj + λ, 1)

)
= λ2

2 .
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Proof of minimax lower bound
Step 3: summing up the regrets of two bandits. By the regret
decomposition lemma,

• For the first bandit ν, since j is sub-optimal,

RT =
∑
i ̸=1

∆iEν [Ti,T ] ≥ ∆jEν [Tj,T ] ≥ T∆j

2 Pν(Tj,T ≥ T/2).

• For the second bandit, since j is optimal, for any i ̸= j, it follows
∆′

i = µj + λ − µi = λ − (µi − µj) ≥ λ − ∆j , it follows

R′
T =

∑
i ̸=j

∆′
iEν′ [Ti,T ] ≥ T (λ − ∆j)

2 Pν′(Tj,T < T/2).

Letting A = {Tj,T < T/2}, and summing these up, we have

RT + R′
T ≥ T

2 min {∆j , λ − ∆j}
[
Pν(Ac) + Pν′(A)

]
.
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Proof of minimax lower bound
Step 4: finishing up by Bretagnolle-Huber. By Bretagnolle-Huber,

Pν(Ac) + Pν′(A) ≥ 1
2e−KL(Pν ∥Pν′ ) ≥ 1

2 exp
(

− 2Tλ2

(n − 1)

)
.

=⇒ RT + R′
T ≥ T

4 min {∆j , λ − ∆j} exp
(

− Tλ2

2(n − 1)

)
.

Setting λ = 2∆j leads to

RT + R′
T ≥ T

4 ∆j exp
(

−
2T∆2

j

(n − 1)

)
.

Let µ⋆ = µ1 = ∆ and µ2, . . . , µn = 0. Set ∆j = ∆ =
√

(n − 1)/4T ≤ 1/2,
we have

RT + R′
T ≥ e−1/2

8
√

(n − 1)T =⇒ max{RT , R′
T } ≥ e−1/2

16
√

(n − 1)T .
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Proof of instance-dependent lower bound

We only consider Gaussian bandits.

In view of the regret decomposition lemma, it is sufficient to show for any
sub-optimal arm i,

liminfT →∞
Eν [Ti,T ]

log T
≥ 2

∆2
i

.

Let us fix a sub-optimal arm j ̸= i⋆.

Step 1: identify the competing bandit. Motivated to the earlier proof, we
construct second bandit ν′ is then selected as

P′
i =

{
Pi i ̸= j

N (µj + λ, 1) i = j
,

where we set λ > ∆j , and arm j is optimal in the second bandit.
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Proof of instance-dependent lower bound

Step 2: lower bound the regret via Bretagnolle-Huber. Similar to the
earlier proof, we obtain

RT + R′
T ≥ T min{∆j , λ − ∆j}

4 e−KL(Pν ∥Pν′ )

= T min{∆j , λ − ∆j}
4 e−λ2Eν [Tj,T ]/2,

which gives

Eν [Tj,T ] ≥ 2
λ2 log

(
T min{∆j , λ − ∆j}

4(RT + R′
T )

)
=⇒ λ2

2
Eν [Tj,T ]

log T
≥
[
1 + log min{∆j , λ − ∆j}

4 log T
− log(RT + R′

T )
log T

]
.

The next step is to examine the liminf of the right-hand-side.
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Proof of instance-dependent lower bound
Step 3: taking limits to finish up. Since for any α > 0, there exist some
constant Cα > 0 such that

RT + R′
T ≤ CαT α

for all T , we have

limsupT →∞
log(RT + R′

T )
log T

≤ limsupT →∞
α log T + log Cα

log T
= α.

Since this holds for any arbitrary α > 0, it follows that

limsupT →∞
log(RT + R′

T )
log T

= 0.

Consequently,

liminfT →∞
λ2

2
Eν [Tj,T ]

log T
≥ 1.

Taking the infimum of both sides over λ > ∆j thus finishes the proof.
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Further pointers

The literature on bandits is vast, and we have only scratched the surface.

Further pointers to worthy topics:
• Thompson sampling: a Bayesian approach

• Beyond EXP3: dealing with variance

Excellent reference: Bandit algorithms [Lattimore and Szepesvári, 2020].
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