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Planning: when the MDP model is known
Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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Planning: find the optimal policy π? given MDP specification
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Reinforcement learning (RL)

agent environment st at st+1 rt
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asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

Suppose tmix = 1. Then Qu’s learning rate reads

⌘t =

1
µmin(1��)

t + max
n

1
µmin(1��) , tmix

o =
1

µmin(1 � �)t + 1
.

Take t = T0 = 1
µmin(1��)5"2 , then

⌘T0
=

1
1

(1��)4"2 + 1
⇡ (1 � �)4"2.

Then taking t = 2T0 yields

⌘2T0
=

1
2

(1��)4"2 + 1
⇡ 1

2
(1 � �)4"2.

In other words, within t = [T0, 2T0], the stepsize coincides with ours. And note
that T0 is our sample complexity. P

1

Learning: learn a desired policy from samples w/o model specification
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Two approaches to RL

Model-based approach (“plug-in”)
1. build an empirical estimate P̂ for P
2. planning based on empirical P̂

Model-free approach
— learning w/o constructing model explicitly
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A taxonomy of RL approaches

—Credit: David Silver’s slide
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RL with a generative model
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Motivation: study sample efficiency

Collecting data samples might be expensive or time-consuming

clinical trials autonomous driving online ads

Understand and design of sample-efficient RL algorithms!
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Data source in RL

Exploration
Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix
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generative modelonline RLoffline RL

The capability of exploration increases from left to right.

This lecture: generative model / simulator
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RL with a generative model / simulator

— [Kearns and Singh, 1999]

Protocol: for any state-action pair (s, a), we can probe the simulator to
output the next state s′.

We focus on the transition kernel and assume the reward is known or fixed,
since the transition kernel captures the harder aspect of the problem.
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RL with a generative model / simulator
— [Kearns and Singh, 1999]

For each state-action pair (s, a), collect N samples

{(s, a, s′(i))}1≤i≤N

Question: How many samples are necessary and sufficient to solve the RL
problem without worrying about exploration?
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Model estimation under the generative model

For each (s, a), collect N independent samples {(s, a, s′(i))}1≤i≤N

Empirical estimates: estimate P̂ (s′|s, a) by 1
N

N∑

i=1
1{s′(i) = s′}

︸ ︷︷ ︸
empirical frequency
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Model-based (plug-in) estimator

— [Azar et al., 2013, Pananjady and Wainwright, 2020, Agarwal et al., 2020]
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Run planning algorithms based on the empirical MDP
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Questions

`∞-sample complexity: how many samples are required for
1) evaluate an ε-accurate policy︸ ︷︷ ︸

∀s: |V̂ π(s)−V π(s)|≤ε

?

2) learn an ε-optimal policy︸ ︷︷ ︸
∀s: V π̂(s)≥V ?(s)−ε

?
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Model-based policy evaluation
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Minimax lower bound

Theorem 1 (minimax lower bound; [Pananjady and Wainwright, 2020])
Fix a policy π. For all ε ∈ [0, 1

1−γ ), there exists some MDP such that the
total number of samples need to be at least

Ω̃
( |S||A|

(1− γ)3ε2

)

to achieve ‖Q̂−Qπ‖∞ ≤ ε, where Q̂ is the output of any RL algorithm.

• Consider the relative accuracy εrel by setting ε := εrel
1−γ , the lower bound

can be equivalently expressed as

Ω̃
( |S||A|

(1− γ)ε2
rel

)
.

• much smaller than the model dimension |S|2|A| — hint at the
possibility of evaluating the policy without estimating the model reliably!
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Challenges in the sample-starved regime

truth: P ∈ R|S||A|×|S| empirical estimate: P̂

• Can’t recover P faithfully if sample size � |S|2|A|!

• Can we trust our policy estimate when reliable model estimation is
infeasible?

16



Recall: Bellman’s consistency equation

• V π /Qπ: value / action-value function under policy π

Bellman’s consistency equation

V π(s) = Ea∼π(·|s)
[
Qπ(s, a)

]

Qπ(s, a) = r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
V π(s′)︸ ︷︷ ︸

next state’s value

]

The value/Q function can be decomposed into two
parts:

• immediate reward E [r(s, a)]
• discounted value of at the successor state
γEs′∼P (·|s,a)V (s′)

Richard Bellman
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Policy evaluation for state-action function

Matrix-vector representation:

Qπ(s, a) = r(s, a) + γ E
s′∼P (·|s,a),a′∼π(·|s′)

[Qπ(s′, a′)]

m
Qπ = r + γPπQπ

m
Qπ = (I − γPπ)−1r

• Here, Pπ is the state-action transition matrix induced by π, namely,

Pπ(s′, a′|s, a) = P (s′|s, a)π(a′|s′).

18



Sample complexity for plug-in policy evaluation

Model-based plug-in estimate:

Q̂π = (I − γP̂π)−1r

Theorem 2 ([Pananjady and Wainwright, 2020])

Fix any policy π. For 0 < ε ≤ 1√
1−γ , the plug-in estimator Q̂π obeys

‖Q̂π −Qπ‖∞ ≤ ε

with sample complexity at most

Õ
( |S||A|

(1− γ)3ε2

)
.
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A sample size barrier
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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• A sample size barrier |S||A|(1−γ)2 appeared in prior works
[Azar et al., 2013, Pananjady and Wainwright, 2020]
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Refined analysis

Model-based plug-in estimate:

Q̂π = (I − γP̂π)−1r

Theorem 3 ([Li et al., 2020])

Fix any policy π. For 0 < ε ≤ 1
1−γ , the plug-in estimator Q̂π obeys

‖Q̂π −Qπ‖∞ ≤ ε

with sample complexity at most

Õ
( |S||A|

(1− γ)3ε2

)

• Minimax optimal for all ε [Azar et al., 2013, Pananjady and Wainwright, 2020].
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Analysis: crude idea

• We’ll demonstrate a crude version based on Hoeffding’s inequality.

Qπ = (I − γPπ)−1r, Q̂π = (I − γP̂π)−1r

Useful expansion:

Q̂π −Qπ = (I − γP̂π)−1r − (I − γPπ)−1r

= (I − γP̂π)−1
(

(I − γPπ)− (I − γP̂π)
)
Qπ

= γ
(
I − γP̂π

)−1(
P̂π − Pπ

)
Qπ

= γ
(
I − γP̂π

)−1(
P̂ − P

)
V π.

22



Analysis: Hoeffding’s inequality

By Hoeffding’s inequality and union bound, with probability at least 1− δ,

∥∥∥
(
P̂ − P

)
V π
∥∥∥
∞
≤
√

2 log(2|S||A|/δ)
N(1− γ)2 .

Then, using
(
I − γP̂π

)−1 =
∑∞
i=0 γ

i
(
P̂π
)i,

∥∥∥γ
(
I − γP̂π

)−1(
P̂ − P

)
V π
∥∥∥
∞
≤ γ

∞∑

i=0
γi
∥∥∥
(
P̂π
)i(
P̂ − P

)
V π
∥∥∥
∞

≤ γ
∞∑

i=0
γi
∥∥∥
(
P̂ − P

)
V π
∥∥∥
∞

≤ γ

1− γ
∥∥∥
(
P̂ − P

)
V π
∥∥∥
∞
≤ γ

√
2 log(2|S||A|/δ)
N(1− γ)4 .
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Analysis: variance control + a peeling argument

• Better concentration with variance control: Bernstein’s inequality
• Going beyond the 1st-order error expansion

Q̂π −Qπ = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
Q̂π

Instead: higher-order expansion −→ tighter control

Q̂π −Qπ = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
Qπ+

+ γ2
(

(I − γPπ
)−1(

P̂π − Pπ)
)2
Qπ

+ γ3
(

(I − γPπ
)−1(

P̂π − Pπ)
)3
Qπ

+ . . .
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Model-based policy learning
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Minimax lower bound

Theorem 4 (minimax lower bound; [Azar et al., 2013])
For all ε ∈ [0, 1

1−γ ), there exists some MDP such that the total number of
samples need to be at least

Ω̃
( |S||A|

(1− γ)3ε2

)

to achieve ‖Q̂−Q?‖∞ ≤ ε, where Q̂ is the output of any RL algorithm.

• holds for both value-based and policy-based algorithms.
• much smaller than the model dimension |S|2|A| — hint at the

possibility of solving RL without estimating the model reliably!
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Sample complexity for learning Q?

Theorem 5 ([Azar et al., 2013])

For any 0 < ε ≤ 1, the optimal Q-function Q̂ of the empirical MDP achieves

‖Q̂−Q?‖∞ ≤ ε

with sample complexity at most Õ
(
|S||A|

(1−γ)3ε2

)
.

• matches with the minimax lower bound whenever ε ∈ (0, 1].

• Question: Does it imply a near minimax-optimal policy π̂?

27



From Q-function to policy

Lemma 6 ([Singh and Yee, 1994])

Let the greedy policy w.r.t. Q̂ be π̂, then

V ? − V π̂ ≤ 2
1− γ ‖Q

? − Q̂‖∞.

<latexit sha1_base64="MhtkYrLh586dO/nOj5yZEfpbxp4=">AAACGnicbVDLSgMxFM34tr6qLt0Ei+DGMiOiLotuXFqwKjS1ZNI7bWgmMyZ3lDLtd7jxV9y4UMSduPFvTGsXvg4EDufcw809YaqkRd//8CYmp6ZnZufmCwuLS8srxdW1c5tkRkBNJCoxlyG3oKSGGkpUcJka4HGo4CLsHg/9ixswVib6DHspNGLe1jKSgqOTmsWA9Sm7lS3ocMyrA7pDq1c5s8jNgPWbTOoIe5QpuKYMUivVMFPyy/4I9C8JxqRExjhtFt9YKxFZDBqF4tbWAz/FRs4NSqFgUGCZhZSLLm9D3VHNY7CNfHTagG45pUWjxLinkY7U74mcx9b24tBNxhw79rc3FP/z6hlGh41c6jRD0OJrUZQpigkd9kRb0oBA1XOECyPdX6nocMMFujYLroTg98l/yfluOdgv+9W9UuVoXMcc2SCbZJsE5IBUyAk5JTUiyB15IE/k2bv3Hr0X7/VrdMIbZ9bJD3jvn5H7oTg=</latexit>

k bQ � Q?k1  ✏

<latexit sha1_base64="WSfoqsZ9l7Np2in8sVaMElbJPbc=">AAACFXicbVDJSgNBEO2JW4zbqEcvjUGIIGFGRL0IQQ96TMAskAmhp6cmadKz0N2jhGF+wou/4sWDIl4Fb/6NnQXRxAcFj/eqqKrnxpxJZVlfRm5hcWl5Jb9aWFvf2Nwyt3caMkoEhTqNeCRaLpHAWQh1xRSHViyABC6Hpju4GvnNOxCSReGtGsbQCUgvZD6jRGmpax4598yDPlGpE7MMX2AnIKov/fRaAHjDrPTj17LDrlm0ytYYeJ7YU1JEU1S75qfjRTQJIFSUEynbthWrTkqEYpRDVnASCTGhA9KDtqYhCUB20vFXGT7Qiof9SOgKFR6rvydSEkg5DFzdOb551huJ/3ntRPnnnZSFcaIgpJNFfsKxivAoIuwxAVTxoSaECqZvxbRPBKFKB1nQIdizL8+TxnHZPi1btZNi5XIaRx7toX1UQjY6QxV0g6qojih6QE/oBb0aj8az8Wa8T1pzxnRmF/2B8fENGbqfZw==</latexit>

b⇡ = Greedy( bQ) <latexit sha1_base64="wT0Cm4BGC/QxiDieY1qqyRHFix4="></latexit>

V ? � V b⇡  ✏

1 � �

This error amplification has consequences in sample complexities.
• To reach ε-optimality, the greedy policy of a minimax-optimal

Q-function estimator needs

Õ

( |S||A|
(1− γ)5ε2

)

samples invoking the above naive argument. Need refined arguments!
28



Theory of model-based policy learning

Theorem 7 ([Agarwal et al., 2020])
For any 0 < ε ≤ 1√

1−γ , the optimal policy π̂? of the empirical MDP achieves

‖V π̂? − V ?‖∞ ≤ ε

with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• Matches with the lower bound Ω̃( |S||A|
(1−γ)3ε2 ) [Azar et al., 2013] when

ε ∈ (0, 1√
1−γ ].
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A sample complexity barrier

All prior theory requires sample size >
|S||A|

(1− γ)2
︸ ︷︷ ︸

sample size barrier 30



Is it possible to close the gap?



Model-based plug-in estimator + perturbation

— [Li et al., 2020]
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e.g. policy iteration
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MDP specification

rewards perturb

1

Planning based on the empirical MDP with slightly perturbed rewards
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Refined theory of model-based policy learning

Theorem 8 ([Li et al., 2020])
For any 0 < ε ≤ 1

1−γ , the optimal policy π̂?p of the perturbed empirical MDP
achieves

‖V π̂?
p − V ?‖∞ ≤ ε

with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• π̂?p: obtained by empirical VI or PI within Õ
( 1

1−γ
)

iterations

• Minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) [Azar et al., 2013]
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Model-based RL is nearly minimax optimal!
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Notation and Bellman equation

• V π: true value function under policy π
• Bellman equation: V π = (I − γPπ)−1r

• V̂ π: estimate of value function under policy π
• Bellman equation: V̂ π = (I − γP̂π)−1r

• π?: optimal policy w.r.t. true value function

• π̂?: optimal policy w.r.t. empirical value function

• V ? := V π
? : optimal values under true models

• V̂ ? := V̂ π̂
? : optimal values under empirical models
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Proof ideas

Elementary decomposition:

V ? − V π̂?

=
(
V ? − V̂ π?)

+
(
V̂ π

? − V̂ π̂?)
+
(
V̂ π̂

? − V π̂?)

≤
(
V π

? − V̂ π?)
+ 0 +

(
V̂ π̂

? − V π̂?)

• Step 1: control V π − V̂ π for a fixed π
(Bernstein inequality + high-order decomposition)

• Step 2: extend it to control V̂ π̂
?

− V π̂? (π̂? depends on samples)
(decouple statistical dependency via leave-one-out

analysis and reward perturbation)
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