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Policy optimization for zero-sum two-player matrix game

Policy optimization for zero-sum two-player Markov game



Two-player zero-sum Markov games (finite-horizon)

state sp, action

N (- | sn)
__________ max-player —_— _I

reward 7}, ]
action |
state sp, b ~ (- | sn)

e ———— ==
4

l environment ‘4— -

next state
Snt1 ~ Pu(- | snyan, by)

S: shared state space e A = [A]: action space of max-player
e 3 =[B]: action space of min-player
immediate reward: max-player 7,(s, a,b) € [0, 1]
min-player —r,(s, a,b)

w={pn}: policy of max-player; v = {v,}: policy of min-player
Py(-|s,a,b): unknown transition probabilities



Value function
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Value function of policy pair (u, v):

H
VMV : Z st,at,bt)‘st =S
H
Q’“’(sab Z st,at,bt)’stzs,at:a,bt:b
t=h

® {(at, by, s¢41)}: generated when max-player and min-player execute
policies . and v independently (i.e. no coordination)



Nash value iteration (finite-horizon)

Nash value iteration: for h = H,...,1

Qn(s,a,b) «—rn(s,a,b) + E max min pu(s") " Qny1(s")(s") |,
s'~Py, (|s,a,b) u(s) v(s)

matrix game

where Q. (s) = [Qn(s,-,-)] € RAXE.

® The matrix game can be solved efficiently (see next lecture).

® Requires knowledge of the transition kernel Py (:|s,a,b).



Policy optimization: saddle-point optimization

Zero-sum two-player Markov game

Given an initial state distribution s ~ p, find policy  such that

. v e M,V
#GIAH(%\S\ uegl(ll’ﬁ’n)lm VITH(p) 1= Eonp [V (5)]

Can we design a policy optimization method that guarantees fast
last-iterate convergence?




Policy optimization for two-player zero-sum
matrix game



Competitive game

Noise v.s. Neural Net

Black v.s. White

Adversarial Training

Go Generator v.s. Discriminator

Generative Adversarial Networks

Can we bring some understanding to them?



Zero-sum two-player matrix game
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Zero-sum two-player matrix game

max

@® o

@®
®
S

TAv

REA(A) veA(B)

0 -1 1
1 0 -1
-1 1 0

e A, B: action space of the two players;
° A(A), A(B): set of probability distribution over A, B;

o A clAIXIBI: payoff matrix.



Nash equilibrium

John von Neumann John Nash

Theorem 1 (Neumann’s Minimax Theorem)

max min pu' Av= min max p' Av
HLEA(A) vEA(B) vEA(B) neA(A)

A Nash Equilibrium pair (u*, v*) satisifies:
pl A<t T A <t A,

for all (u,v) € A(A) x A(B).



Nash equilibrium

John von Neumann John Nash
Theorem 2 (Neumann’s Minimax Theorem)

max min pu' Av= min max pu' Av
LEA(A) vEA(B) vEA(B) peA(A)

An e-Nash Equilibrium pair (4*, 0*) satisifies:
Pl AV —e < pFTAD* < p* T Av + ¢,
for all (u,v) € A(A) x A(B).
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Entropy regularization and QRE

Quantal response equilibrium @ m

([McKelvey and Palfrey, 1995])

max  min u' Av +7H(u) — TH(V) RESPONSE
HEA(A) vEA(B) EQUILIBRIUM

® Unlike NE, QRE assumes bounded rationality: action probability follows
the logit function. The unique QRE (& = (uX, v}) satisfying

pr(a) ocexp([Avi]a/7),  Va € A(A)
vE(b) o exp(—[ATvE]y/7), Vb e A(B)

are the best responses in the presence of Gumbel noises.

Translating to an e-NE: setting 7 < O (e).
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Multiplicative weights update methods

g T
(p,v) i=p Av+ T7H(p) — 7H
Mlelf(ﬁ)ygﬁ?s)f (1v) == p Av+7H(p) — 7H()

® Multiplicative Weights Update (MWU):

Ve /,r—\‘* ’u(t+1)(a) x u(t)(a)lfn-r exp (ﬁ[AV(t)}a)
EH0) 0400 exp ([ 44
e & ® 1> 0: step size;
<

® The trajectory may cycle/diverge!

How to avoid this?



Motivation: an implicit update method

Implicit update (IU) method
Fort=0,1,---,

‘u(t+1) o [Iu(t)]lfn‘r exp ([AV(L+1)]/T)WT
p D [V(t)]lfm— exp (*[AT,LL(HI)]/T)W—

This gives
(log ("1 — (1 =) log ¢\ — prlog ¢r, (Y — ¢7) =0,
which is equivalent to

(1 —nm)KL(CE 1 ¢M) = KL(¢ 1¢MY) +prKL(CUT D |1 ¢F)
+ (L= )KL [ ¢®)
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Linear convergence of 1U

For sufficiently small learning rate 7, we have

(1= nr)KL(¢H[1¢) = KL(GE ¢ + nrKLEHE2ET)

+(1 = ¢

Theorem 3 ([Cen et al., 2021])
Suppose that 0 < n < 1/7, then for all t > 0,

KL(G1C™) < (1 =) KL(¢ )1 ¢,

where KL (¢ || ¢®) = KL (p||u®) + KL(vx[|v®).

Can we make this practical?
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The PU method

Predictive update (PU) method
Fort=0,1,---,
@ extrapolate/predict:

/j(t+1) x [M(t)]l—”]T exp ([Ay(t)]/T)ﬂr
D(t+1) o [V(t)}l—nT exp (—[ATM(t)]/T) nt

Q update:
M(t+1) x [M(t)]l—m— exp ([AD(t+1>]/T)"T
p 1) [V(t)]lfn'r exp (—[AT/Z(HI)]/T)"T
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The OMWU method

Optimistic multiplicative weights update (OMWU) method
Fort=0,1,---,
@ extrapolate/predict:

D o [uM=17 exp ([Aﬁm]/T)m
S o [V(t)P—nT exp <_[ATﬁ(t)]/7-)nT

Q update:

pH o [0 exp (AR /)"
v o [T exp (_[ATp/(thl)]/T)UT

These methods belong to the class of so-called extragradient methods
[Korpelevich, 1976].
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Linear convergence of PU/OMWU

o Let ¢ = (u® M) and (O = (z®), o).
Theorem 4 ([Cen et al., 2021])
Suppose that the learning rates of PU and OMWU satisfy

1 1
Py

, and nomwu < min{

<
T 7424l 27+ 2[|Alloc " 4[| Alloo

Both methods achieve convergence in
* KL distance KL(C || (D) < e
* Entrywise distance of log-policies ||log (") —log (¥ || < €,
* Optimality gap | f-(u, ) — f-(ux,v5)| <,

® Duality ga (!, v® (), ) <
u Iygp#/reng&)f(u v) — /renAlr(le(u V) <e

within 5(717 log 1) iterations.

b
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Last-iterate convergence

PU allows twice as large learning rates than OMWU, at a price of requiring
double gradient evaluation per iteration.

® Entropy-regularized matrix game: To get an e-optimal solution to the
regularized problem (e-QRE), the iteration complexity is at most

(1)),

® Unregularized matrix game: To get an e-optimal solution to the
unregularized problem (e-NE), the iteration complexity is at most

o (14==).

No need to assume unique Nash equilibrium!
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Entropy regularization leads to linear convergence
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Policy optimization for two-player zero-sum
Markov game



Entropy regularization in MARL

state Sh lth Sh)
......
r reward 7, Th Thel Th2 TH
1 tate s action
1 state Sp by, ~ vp(- shI I I
. .S ses S
1 - — h+1 TL" 5 |
I 1 '\—’ !
I \flh / \“h+1/ h+2/ \an /!
e by brn bh+2 by
H pn(anlsn)?
" next state v (br|sk)

Sh1 ~ Pu(- | sn, an, bn)

Promote the stochasticity of the policy pair using the “soft” value function:

H

VEY(s):=FE Z (rt + TH (e (¢]se) — TH(Vt('|Sz)>

h=1

So =S|,
where H is the Shannon entropy, and 7 > 0 is the reg. parameter.

max min  VH¥(p) J
peEA(A)ISIveA(B)ISI
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Quantal response equilibrium (QRE)

Quantal response equilibrium
([McKelvey and Palfrey, 1995])

The quantal response equilibrium (QRE) is the policy
pair (ux,vy¥) that is the unique solution to

max min V" (p).
HEA(A)ISI veA(B)IS]

Translating to an e-NE: setting

T=0(e/H).

QUANTAL
RESPONSE
EQUILIBRIUM
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h = H,... 1

Qn(s,a,b) <rn(s,a,b)+

. E [maxminu(s’mﬂ(s’)u(s’)+TH<u<s’>>ﬂ(u(s’)),
s/ ~Py, (+|s,a,b) 1 v

Entropy-regularized matrix game

where Q. (s) = [Qn(s, -, )] € RAXE.

Nested-loop approach: (/,LE:), Z/,(lt)) +— OMWU(Qr)
[Periodic value update ]" Policy update via
OMWU

Qn < SVI(Qn+1)
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Convergence of the nested-loop approach

Theorem 5 ([Cen et al., 2021])
PU/OMWU with value iteration takes no more than

~ [ H3
0] () iterations
€

to find an e-approximate NE of the unregularized MG.

® Dimension-free, last-iterate convergence.

® However, might not be easy to implement in practical online setting.
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A two-timescale single-loop approach?

Soft value iteration: for h = H,... 1

@n(s,a,b) <rn(s; a,b)+

r e lmf" min pu(s') " Quaa () (s") + TH(u(s)) — m@(s'))] :

Entropy-regularized matrix game
where Q1,(s) = [Qn(s, -, )] € RA*E,

Single-loop, two-timescale approach:

_________ \J
> Smooth value update Policy update via %f
L - oMwWU N

QMY «+ (1 - a)Q® + a-lookahead (p®D Dy oMy (Q®)

25



Sublinear convergence in the episodic setting

Theorem 6 ([Cen et al., 2022])

The last-iterate of the two-timescale single-loop algorithm finds an e-QRE in

_ 2
o (H log 1>
T €

iterations, corresponding to O (HT) iterations for finding an e-NE.

® First last-iterate convergence result for the episodic setting.

® Almost dimension-free: independent of the size of the state-action
space.
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Aside: convergence in the discounted setting

Theorem 7 ([Cen et al., 2022])

For the infinite-horizon ~-discounted setting, the last-iterate of the
single-loop algorithm finds an e-QRE in

o= s)

iterations, and in O ((1_7“2)56) iterations for finding an e-NE.

® The analysis is much more involved for the discounted setting.

® Open problem to further fasten the sample complexity especially
regarding the size of the state space S.
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