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Outline

Policy optimization for zero-sum two-player matrix game

Policy optimization for zero-sum two-player Markov game
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Two-player zero-sum Markov games (finite-horizon)

agent environment st at st+1 rt
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agent environment st at st+1 rt+1 reward state action
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1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action
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agent environment st at st+1 rt+1 reward next state action
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• S: shared state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player
• immediate reward: max-player rh(s, a, b) ∈ [0, 1]

immediate reward:

min-player −rh(s, a, b)
• µ = {µh}: policy of max-player; ν = {νh}: policy of min-player
• Ph(· | s, a, b): unknown transition probabilities
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Value function

…
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Value function of policy pair (µ, ν):

V µ,ν
h (s) := E

[
H∑

t=h

rt(st, at, bt)
∣∣∣ st = s

]

Qµ,ν
h (s, a, b) := E

[
H∑

t=h

rt(st, at, bt)
∣∣∣ st = s, at = a, bt = b

]
• {(at, bt, st+1)}: generated when max-player and min-player execute

policies µ and ν independently (i.e. no coordination)
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Nash value iteration (finite-horizon)

Nash value iteration: for h = H, . . . , 1

Qh(s, a, b)←−rh(s, a, b) + E
s′∼Ph(·|s,a,b)

[
max
µ(s)

min
ν(s)

µ(s′)⊤Qh+1(s′)ν(s′)︸ ︷︷ ︸
matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B .

• The matrix game can be solved efficiently (see next lecture).

• Requires knowledge of the transition kernel Ph(·|s, a, b).
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Policy optimization: saddle-point optimization

Zero-sum two-player Markov game
Given an initial state distribution s ∼ ρ, find policy π such that

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
1 (ρ) := Es∼ρ[V µ,ν

1 (s)]

Can we design a policy optimization method that guarantees fast
last-iterate convergence?
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Policy optimization for two-player zero-sum
matrix game



Competitive game

Go

Black v.s. White Adversarial Training

Noise v.s. Neural Net

Generative Adversarial Networks

Generator v.s. Discriminator

Can we bring some understanding to them?
7



Zero-sum two-player matrix game

0 -1 1

1 0 -1

-1 1 0

Zero-sum two-player matrix game

max
µ∈∆(A)

min
ν∈∆(B)

µ⊤Aν

• A, B: action space of the two players;
• ∆(A), ∆(B): set of probability distribution over A, B;
• A ∈|A|×|B|: payoff matrix.
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Nash equilibrium

John von Neumann John Nash

Theorem 1 (Neumann’s Minimax Theorem)

max
µ∈∆(A)

min
ν∈∆(B)

µ⊤Aν = min
ν∈∆(B)

max
µ∈∆(A)

µ⊤Aν

A Nash Equilibrium pair (µ⋆, ν⋆) satisifies:

µ⊤Aν⋆ ≤ µ⋆⊤Aν⋆ ≤ µ⋆⊤Aν,

for all (µ, ν) ∈ ∆(A) × ∆(B).
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Nash equilibrium

John von Neumann John Nash

Theorem 2 (Neumann’s Minimax Theorem)

max
µ∈∆(A)

min
ν∈∆(B)

µ⊤Aν = min
ν∈∆(B)

max
µ∈∆(A)

µ⊤Aν

An ϵ-Nash Equilibrium pair (µ̂⋆, ν̂⋆) satisifies:

µ⊤Aν̂⋆ − ϵ ≤ µ̂⋆⊤Aν̂⋆ ≤ µ̂⋆⊤Aν + ϵ,

for all (µ, ν) ∈ ∆(A) × ∆(B).
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Entropy regularization and QRE

Quantal response equilibrium
([McKelvey and Palfrey, 1995])

max
µ∈∆(A)

min
ν∈∆(B)

µ⊤Aν + τH(µ) − τH(ν)

• Unlike NE, QRE assumes bounded rationality: action probability follows
the logit function. The unique QRE ζ⋆

τ = (µ⋆
τ , ν⋆

τ ) satisfying{
µ⋆

τ (a) ∝ exp([Aν⋆
τ ]a/τ), ∀a ∈ ∆(A)

ν⋆
τ (b) ∝ exp(−[A⊤ν⋆

τ ]b/τ), ∀b ∈ ∆(B)

are the best responses in the presence of Gumbel noises.

Translating to an ϵ-NE: setting τ ≍ Õ (ϵ).
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Multiplicative weights update methods

max
µ∈∆(A)

min
ν∈∆(B)

fτ (µ, ν) := µ⊤Aν + τH(µ) − τH(ν)

(x?, y?)

How to avoid this?

• Multiplicative Weights Update (MWU):{
µ(t+1)(a) ∝ µ(t)(a)1−ητ exp

(
η[Aν(t)]a

)
ν(t+1)(b) ∝ ν(t)(b)1−ητ exp

(
−η[Aµ(t)]b

)
• η > 0: step size;

• The trajectory may cycle/diverge!
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Motivation: an implicit update method

Implicit update (IU) method
For t = 0, 1, · · · ,{

µ(t+1) ∝ [µ(t)]1−ητ exp
(
[Aν(t+1)]/τ

)ητ

ν(t+1) ∝ [ν(t)]1−ητ exp
(
−[A⊤µ(t+1)]/τ

)ητ

This gives

⟨log ζ(t+1) − (1 − ητ) log ζ(t) − ητ log ζ⋆
τ , ζ(t+1) − ζ⋆

τ ⟩ = 0,

which is equivalent to

(1 − ητ)KL
(
ζ⋆

τ ∥ ζ(t)) = KL
(
ζ⋆

τ ∥ ζ(t+1)) + ητKL
(
ζ(t+1) ∥ ζ⋆

τ

)
+ (1 − ητ)KL

(
ζ(t+1) ∥ ζ(t))
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Linear convergence of IU

For sufficiently small learning rate η, we have

(1 − ητ)KL
(
ζ⋆

τ ∥ ζ(t)) ≥ KL
(
ζ⋆

τ ∥ ζ(t+1)) +((((((((
ητKL

(
ζ(t+1) ∥ ζ⋆

τ

)
((((((((((((
+(1 − ητ)KL

(
ζ(t+1) ∥ ζ(t))

Theorem 3 ([Cen et al., 2021])
Suppose that 0 < η ≤ 1/τ , then for all t ≥ 0,

KL
(
ζ⋆

τ ∥ ζ(t)) ≤ (1 − ητ)tKL
(
ζ⋆

τ ∥ ζ(0)),

where KL
(
ζ⋆

τ ∥ ζ(t)) = KL
(
µ⋆

τ ∥µ(t)) + KL
(
ν⋆

τ ∥ν(t)).

Can we make this practical?
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The PU method

Predictive update (PU) method
For t = 0, 1, · · · ,

1 extrapolate/predict:{
µ̄(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν(t)]/τ

)ητ

ν̄(t+1) ∝ [ν(t)]1−ητ exp
(
−[A⊤µ(t)]/τ

)ητ

2 update: {
µ(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t+1)]/τ

)ητ

ν(t+1) ∝ [ν(t)]1−ητ exp
(
−[A⊤µ̄(t+1)]/τ

)ητ
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The OMWU method

Optimistic multiplicative weights update (OMWU) method
For t = 0, 1, · · · ,

1 extrapolate/predict:{
µ̄(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t)]/τ

)ητ

ν̄(t+1) ∝ [ν(t)]1−ητ exp
(
−[A⊤µ̄(t)]/τ

)ητ

2 update: {
µ(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t+1)]/τ

)ητ

ν(t+1) ∝ [ν(t)]1−ητ exp
(
−[A⊤µ̄(t+1)]/τ

)ητ

These methods belong to the class of so-called extragradient methods
[Korpelevich, 1976].
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Linear convergence of PU/OMWU

• Let ζ(t) = (µ(t), ν(t)) and ζ̄(t) = (µ̄(t), ν̄(t)).

Theorem 4 ([Cen et al., 2021])
Suppose that the learning rates of PU and OMWU satisfy

ηPU ≤
1

τ + 2∥A∥∞
, and ηOMWU ≤ min

{
1

2τ + 2∥A∥∞
,

1
4∥A∥∞

}
.

Both methods achieve convergence in
• KL distance KL

(
ζ⋆

τ ∥ ζ(t)) ≤ ϵ,
• Entrywise distance of log-policies ∥ log ζ(t) − log ζ⋆

τ ∥∞ ≤ ϵ,
• Optimality gap

∣∣fτ (µ(t), ν(t)) − fτ (µ⋆
τ , ν⋆

τ )
∣∣ ≤ ϵ,

• Duality gap max
µ′∈∆(A)

fτ (µ′, ν(t)) − min
ν′∈∆(B)

fτ (µ(t), ν′) ≤ ϵ

within Õ( 1
ητ log 1

ϵ ) iterations.
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Last-iterate convergence

PU allows twice as large learning rates than OMWU, at a price of requiring
double gradient evaluation per iteration.

• Entropy-regularized matrix game: To get an ϵ-optimal solution to the
regularized problem (ϵ-QRE), the iteration complexity is at most

Õ

((
1 + ∥A∥∞

τ

)
log 1

ϵ

)
.

• Unregularized matrix game: To get an ϵ-optimal solution to the
unregularized problem (ϵ-NE), the iteration complexity is at most

Õ

(
∥A∥∞

ϵ

)
.

No need to assume unique Nash equilibrium!
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Entropy regularization leads to linear convergence

A ∈ R100×100 with Aa,b ∼ U([−1, 1]) and η = 0.1
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Policy optimization for two-player zero-sum
Markov game



Entropy regularization in MARL

…
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Promote the stochasticity of the policy pair using the “soft” value function:

V µ,ν
τ (s) := E

[
H∑

h=1

(
rt + τH(µt(·|st)− τH(νt(·|st)

) ∣∣∣ s0 = s

]
,

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
τ (ρ)
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Quantal response equilibrium (QRE)

Quantal response equilibrium
([McKelvey and Palfrey, 1995])
The quantal response equilibrium (QRE) is the policy
pair (µ⋆

τ , ν⋆
τ ) that is the unique solution to

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
τ (ρ).

Translating to an ϵ-NE: setting

τ ≍ Õ (ϵ/H) .
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Soft value iteration via nested-loop OMWU
Soft value iteration: for h = H, . . . , 1

Qh(s, a, b)←rh(s, a, b)+

· E
s′∼Ph(·|s,a,b)

[
max

µ
min

ν
µ(s′)⊤Qh+1(s′)ν(s′) + τH(µ(s′))− τH(ν(s′))︸ ︷︷ ︸

Entropy-regularized matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B .

Nested-loop approach:

Periodic value update Policy update via 
OMWU

<latexit sha1_base64="qBTfu2CF2Dk10/j5qyqexTS9Ur4=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4MQEcJMEPUY9KK3BM0CSRh6OpWkSc9Cd40Yhhy9+CtePCji1U/w5t/YWQ4afVDweK+KqnpeJIVG2/6yUguLS8sr6dXM2vrG5lZ2e6emw1hxqPJQhqrhMQ1SBFBFgRIakQLmexLq3uBy7NfvQGkRBrc4jKDts14guoIzNJKb3a+4fdrqAWraQrhHxOSmdj3KV9ykf+yMjtxszi7YE9C/xJmRHJmh7GY/W52Qxz4EyCXTuunYEbYTplBwCaNMK9YQMT5gPWgaGjAfdDuZPDKih0bp0G6oTAVIJ+rPiYT5Wg99z3T6DPt63huL/3nNGLvn7UQEUYwQ8OmibiwphnScCu0IBRzl0BDGlTC3Ut5ninE02WVMCM78y39JrVhwTgvFykmudDGLI032yAHJE4eckRK5ImVSJZw8kCfyQl6tR+vZerPep60pazazS37B+vgGfMiY/w==</latexit>

Qh  SVI(Qh+1)
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Convergence of the nested-loop approach

Theorem 5 ([Cen et al., 2021])
PU/OMWU with value iteration takes no more than

Õ

(
H3

ϵ

)
iterations

to find an ϵ-approximate NE of the unregularized MG.

• Dimension-free, last-iterate convergence.
• However, might not be easy to implement in practical online setting.
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A two-timescale single-loop approach?

Soft value iteration: for h = H, . . . , 1

Qh(s, a, b)←rh(s, a, b)+

· E
s′∼Ph(·|s,a,b)

[
max

µ
min

ν
µ(s′)⊤Qh+1(s′)ν(s′) + τH(µ(s′))− τH(ν(s′))︸ ︷︷ ︸

Entropy-regularized matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B .

Single-loop, two-timescale approach:

Smooth value update Policy update via 
OMWU
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Sublinear convergence in the episodic setting

Theorem 6 ([Cen et al., 2022])
The last-iterate of the two-timescale single-loop algorithm finds an ϵ-QRE in

Õ

(
H2

τ
log 1

ϵ

)
iterations, corresponding to Õ

(
H3

ϵ

)
iterations for finding an ϵ-NE.

• First last-iterate convergence result for the episodic setting.
• Almost dimension-free: independent of the size of the state-action

space.
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Aside: convergence in the discounted setting

Theorem 7 ([Cen et al., 2022])
For the infinite-horizon γ-discounted setting, the last-iterate of the
single-loop algorithm finds an ϵ-QRE in

Õ

(
S

(1 − γ)4τ
log 1

ϵ

)
iterations, and in Õ

(
S

(1−γ)5ϵ

)
iterations for finding an ϵ-NE.

• The analysis is much more involved for the discounted setting.
• Open problem to further fasten the sample complexity especially

regarding the size of the state space S.
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