
Foundations of Reinforcement Learning
Online RL: regret analysis and algorithms

Yuejie Chi

Department of Electrical and Computer Engineering

Spring 2023



Outline

Episodic MDP and regret
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Finite-horizon nonstationary MDPs
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1

agent environment st at st+1 rt+1 reward next state action

1
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sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h
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sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

Value function: V πh (s) := E

[
H∑

t=h

rh(sh, ah)
∣∣ sh = s

]

Q-function: Qπh(s, a) := E

[
H∑

t=h

rh(sh, ah)
∣∣ sh = s, ah = a

]
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Bellman’s optimality equation
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⇠ ⇠ ⇠

…
⇠

⇡2(·|s2)
<latexit sha1_base64="BUdp488Jpi0lQO5eYn/KMq7P4EE=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyUTpY9dwY3LCrYWmhAmk2k7dPJgZqKUtJ/ixoUibv0Sd/6Nk7aCih64cDjnXu69x084k8qyPozC2vrG5lZxu7Szu7d/YJYPezJOBaFdEvNY9H0sKWcR7SqmOO0nguLQ5/TWn1zm/u0dFZLF0Y2aJtQN8ShiQ0aw0pJnlp2EeXbVIUGs4Ex69plnVqyaZVkIIZgT1KhbmrRaTRs1IcotjQpYoeOZ704QkzSkkSIcSzlAVqLcDAvFCKfzkpNKmmAywSM60DTCIZVutjh9Dk+1EsBhLHRFCi7U7xMZDqWchr7uDLEay99eLv7lDVI1bLoZi5JU0YgsFw1TDlUM8xxgwAQlik81wUQwfSskYywwUTqtkg7h61P4P+nZNXRes68vKu36Ko4iOAYnoAoQaIA2uAId0AUE3IMH8ASejZnxaLwYr8vWgrGaOQI/YLx9AiUKk0A=</latexit>

⇡1(·|s1)
<latexit sha1_base64="I51hbIvsLCmUO2ncVUjBpQ0zae4=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyVTpY9dwY3LCrYWmhAmk0k7dPJgZqKUtJ/ixoUibv0Sd/6Nk7aCih64cDjnXu69x0s4k8qyPozC2vrG5lZxu7Szu7d/YJYP+zJOBaE9EvNYDDwsKWcR7SmmOB0kguLQ4/TWm1zm/u0dFZLF0Y2aJtQJ8ShiASNYack1y3bCXFS1iR8rOJMuOnPNilWzLAshBHOCmg1Lk3a7VUctiHJLowJW6Lrmu+3HJA1ppAjHUg6RlSgnw0Ixwum8ZKeSJphM8IgONY1wSKWTLU6fw1Ot+DCIha5IwYX6fSLDoZTT0NOdIVZj+dvLxb+8YaqClpOxKEkVjchyUZByqGKY5wB9JihRfKoJJoLpWyEZY4GJ0mmVdAhfn8L/Sb9eQ+e1+vVFpdNYxVEEx+AEVAECTdABV6ALeoCAe/AAnsCzMTMejRfjddlaMFYzR+AHjLdPIfWTPg==</latexit>

⇡3(·|s3)
<latexit sha1_base64="EHBDTCWE7z8Pay4IHX3jm0wQRJ8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBItQN2XSSh+7ghuXFewDOsOQyaRtaOZBklHKtJ/ixoUibv0Sd/6NmbaCih64cDjnXu69x4s5k8qyPozcxubW9k5+t7C3f3B4ZBaPezJKBKFdEvFIDDwsKWch7SqmOB3EguLA47TvTa8yv39HhWRReKtmMXUCPA7ZiBGstOSaRTtmbq1sEz9ScC7d2oVrlqyKZVkIIZgR1KhbmrRazSpqQpRZGiWwRsc1320/IklAQ0U4lnKIrFg5KRaKEU4XBTuRNMZkisd0qGmIAyqddHn6Ap5rxYejSOgKFVyq3ydSHEg5CzzdGWA1kb+9TPzLGyZq1HRSFsaJoiFZLRolHKoIZjlAnwlKFJ9pgolg+lZIJlhgonRaBR3C16fwf9KrVlCtUr25LLXr6zjy4BScgTJAoAHa4Bp0QBcQcA8ewBN4NubGo/FivK5ac8Z65gT8gPH2CSgfk0I=</latexit>

sH<latexit sha1_base64="YNI5wN7/tMVHXAZ/rpNIJve8btY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAeNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyU6jaw=</latexit>

rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>

⇡H(·|sH)
<latexit sha1_base64="YKHbTT9OSQBNt88o7UQsIvUh7Jk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Wom5Kp0seu4KbLCvYBTQiTyaQdOnkwMymU2D9x40IRt/6JO//GSVtBRQ9cOJxzL/fe4yWcSWVZH0ZhY3Nre6e4W9rbPzg8Mo9P+jJOBaE9EvNYDD0sKWcR7SmmOB0mguLQ43TgTW9yfzCjQrI4ulPzhDohHkcsYAQrLbmmaSfM7VRs4sfqXrqdS9csW1XLshBCMCeoUbc0abWaNdSEKLc0ymCNrmu+235M0pBGinAs5QhZiXIyLBQjnC5KdippgskUj+lI0wiHVDrZ8vIFvNCKD4NY6IoUXKrfJzIcSjkPPd0ZYjWRv71c/MsbpSpoOhmLklTRiKwWBSmHKoZ5DNBnghLF55pgIpi+FZIJFpgoHVZJh/D1Kfyf9GtVdFWt3V6X2/V1HEVwBs5BBSDQAG3QAV3QAwTMwAN4As9GZjwaL8brqrVgrGdOwQ8Yb58OjZNC</latexit>
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1
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1
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1

agent environment st at st+1 rt+1 reward next state action

1
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1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

Let Q?h(s, a) = maxπ Qπh(s, a) and V ?h (s) = maxπ V πh (s) .
1 Begin with the terminal step h = H + 1:

V ?H+1 = 0, Q?H+1 = 0.
2 Backtrack h = H,H − 1, . . . , 1:

Q?h(s, a) := rh(sh, ah)︸ ︷︷ ︸
immediate reward

+ Es′∼Ph(·|s,a)V
?
h+1(s′)

︸ ︷︷ ︸
next step’s value

V ?h (s) := max
a∈A

Q?h(s, a), π?h(s) = argmax
a∈A

Q?h(s, a).
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps
— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>

⌧K = {sK
h , aK

h , rK
h }H

h=1
<latexit sha1_base64="hELCjZODuUFghtqVvcZyHIAqPcM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm4K3VSwD2jSMJlOmqGTBzMToYT8gRt/xY0LRdy6deffOG2z0NYDczmccy937nFjRoU0jG+tsLa+sblV3C7t7O7tH+iHR10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLScye3M7/3QLigUXgvpzGxAzQOqUcxkkpy9HNLosRpwTq0UuH4w9Ylmlc+q1bmpH7dzIZNRy8bFWMOuErMnJRBjrajf1mjCCcBCSVmSIiBacTSThGXFDOSlaxEkBjhCRqTgaIhCoiw0/k9GTxTygh6EVcvlHCu/p5IUSDENHBVZ4CkL5a9mfifN0ikV7NTGsaJJCFeLPISBmUEZ+HAEeUESzZVBGFO1V8h9hFHWKoISyoEc/nkVdKtVsyrSvXuutyo5XEUwQk4BRfABDegAZqgDToAg0fwDF7Bm/akvWjv2seitaDlM8fgD7TPHwmkm18=</latexit>
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exploration (exploring unknowns) vs. exploitation (exploiting learned info)
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Regret: gap between learned policy & optimal policy

...
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret(T ) :=
K∑

k=1

(
V ?1 (sk1)− V πk1 (sk1)

)

6



Regret lower bounds

Theorem 1 ([Domingues et al., 2021])
For any algorithm, there exists an episodic MDP Mπ whose transitions
depend on the stage h, such that for T ≥ H2SA,

E[Regret(T )] ≥ 1
48
√

6
√
H2SAT .

• Ignoring other factors, the regret is at least

Ω
(√

T
)
.

• The bound also reflects the impact of horizon length H and size of the
state-action space SA. Note that the value function is on the order of
H, so the “normalized” regret scales as

E[Regret(T )]
H

&
√
SAT =

√
SAHK.

7



Construction of hard MDP

• Recall that the regret lower bound for an n-arm bandit (with normalized
reward) is Ω(

√
nT ).

• It amounts to find a hard MDP that operates like a HSA-arm bandit
(with reward ∼ H).

Illustration of the hard MDP when S = 4. Taking H̄ = Θ(H).

waiting 
state

good state: collecting 
reward after certain step

bad state: 
no reward

gate state

good action at a 
specific step

— Figure credit: [Domingues et al., 2021]
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Can we design algorithms that achieve near-optimal regret?



Model-based RL with UCB exploration
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Online RL with model-based approach

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

1

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

1

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

original MDP empirical MDP perturbed empirical MDP
18/ 34

⌧1 = {s1
h, a1

h, r1
h}H

h=1
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• Use all the previous data to estimate transitions (empirical frequencies)
• Apply planning (e.g., value iteration) on the estimated model to learn an

updated policy for the next episode

How to balance exploration and exploitation in this framework?
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UCB-VI: ideas

Motivated by the bandit UCB algorithm, [Azar et al., 2017] introduced upper
confidence bound (UCB) into value iteration (VI).

• Original VI: Backtrack h = H,H − 1, . . . , 1:

Qh(s, a)← rh(sh, ah)︸ ︷︷ ︸
immediate reward

+ P̂h,s,aVh+1︸ ︷︷ ︸
next step’s value

,

Vh(s)← max
a∈A

Qh(s, a),

where Es′∼Ph(·|s,a)Vh+1(s′) = Ph,s,aVh+1 and P̂h,s,a is the empirical
estimate of Ph,s,a.

• Exploitation, but no exploration.
• Adding the UCB to Qh(s, a) similar to the bandit UCB algorithm.

12



UCB-VI: uncertainty quantification

Uncertainty in the next-step value P̂h,s,aVh+1: recall that by Hoeffding’s
inequality and union bound, with probability at least 1− δ,

∥∥∥
(
P̂h,s,a − Ph,s,a

)
V ?h+1

∥∥∥
∞

.
√

H2ι

Nh(s, a) ,

where Nh(s, a) is number of visits in (s, a) at step h.

Optimistic VI: run VI using rewards {rh(sh, ah) + bh(sh, ah)}

Qh(s, a)← min
{
H − h+ 1, rh(sh, ah)︸ ︷︷ ︸

immediate reward

+ P̂h,s,aVh+1︸ ︷︷ ︸
next step’s value

+ bh(sh, ah)︸ ︷︷ ︸
bonus

}
,

Vh(s)← max
a∈A

Qh(s, a),

where the bonus is bh(sh, ah) �
√

H2ι
Nh(s,a) .

13



UCB-VI: algorithm

For each episode k:
1 Backtrack h = H,H − 1, . . . , 1: run optimistic value iteration

Qh(s, a)← min
{
H − h+ 1, rh(sh, ah)︸ ︷︷ ︸

immediate reward

+ P̂h,s,aVh+1︸ ︷︷ ︸
next step’s value

+ bh(sh, ah)︸ ︷︷ ︸
bonus

}
,

Vh(s)← max
a∈A

Qh(s, a),

2 Forward h = 1, . . . ,H: take action according to the greedy policy

πh(s)← argmax
a∈A

Qh(s, a)

and collect {sh, ah, rh}Hh=1.

14



Optimism in the face of uncertainty

Lemma 2 (Optimism)
With probability at least 1− δ, it follows

Qkh(s, a) ≥ Q?h(s, a), V kh (s) ≥ V ?h (s)

for all (k, h, s, a).

Optimism in the face of uncertainty:
acting according to Qkh(s, a), which is an
upper bound of the true Q?h(s, a).

15



Regret bound of UCB-VI with Hoeffding bonus

Theorem 3 ([Azar et al., 2017])
Let δ ∈ (0, 1). With probability at least 1− δ, the regret of UCB-VI with
Hoeffding bonus satisfies

Regret(T ) .
√
H3SATι+H3S2Aι3,

where ι = log(HSAT/δ).

• The regret bound scales as
√
H3SAT as soon as T & H3S3A︸ ︷︷ ︸

burn-in cost

.

which is sub-optimal by a factor of
√
H.

• By the optimism principle, the regret is bounded by

Regret(T ) =
K∑

k=1

(
V ?1 (sk1)− V πk1 (sk1)

)
≤

K∑

k=1

(
V k1 (sk1)− V πk1 (sk1)

)
.

Tighter UCB leads to smaller regret. 16



Near regret-optimal bound
By using tighter variance-aware concentration, [Azar et al., 2017] developed
the first method that is asymptotically regret-optimal

A fundamental lower bound (Domingues et al., 2021):

Regret(T ) &
Ô
H2SAT

Can we achieve minimal regret with low memory complexity?

huge burn-in cost!

A fundamental lower bound (Domingues et al., 2021):

Regret(T ) &
Ô
H2SAT

Can we achieve minimal regret with low memory complexity?

0
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Issues: (1) large burn-in cost; (2) large memory complexity︸ ︷︷ ︸
model-based: S2AH
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Model-free RL is often more memory-efficient

store transition kernel estimates
→ O(S2AH) memory

maintain Q-estimates
→ O(SAH) memory

Definition 4 ([Jin et al., 2018])
An RL algorithm is model-free if its space complexity is o(S2AH)
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Model-free RL with UCB exploration

19



Q-learning with UCB exploration
UCB-Q [Jin et al., 2018] modifies classical Q-learning with exploration bonus:
at the transition (sh, ah, sh+1)

Qh(sh, ah)← (1− αt)Qh(sh, ah) + αt (r(sh, ah) + Vh+1(sh+1))︸ ︷︷ ︸
classical Q-learning

+ αtbh(sh, ah)︸ ︷︷ ︸
bonus

• Using Hoeffding-type bonus to ensure the optimism property:

bh(s, a) �
√

H3ι

Nh(s, a)

Large variability in stochastic update rules.

• Rescaled linear learning rates:

αt = H + 1
H + t

, t = Nh(s, a)

20



UCB-Q: algorithm with Hoeffding bonus

For each episode k:
1 For h = 1, . . . ,H:

1 Take action according to the greedy policy πh(s) = argmaxa∈A Qh(s, a)
and observe sh+1;

2 Update the count t = Nh(sh, ah)← Nh(sh, ah) + 1;
3 Compute the bonus bh(sh, ah);
4 Update the visited entry of Q-function:

Qh(sh, ah)← (1− αt)Qh(sh, ah) + αt (r(sh, ah) + Vh+1(sh+1))︸ ︷︷ ︸
classical Q-learning

+ αtbh(sh, ah)︸ ︷︷ ︸
bonus

5 Update value function:

Vh(sh)← min{H − h+ 1, max
a

Qh(sh, a)}.
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Regret bound of UCB-Q with Hoeffding bonus

Theorem 5 ([Jin et al., 2018])
Let δ ∈ (0, 1). With probability at least 1− δ, the regret of UCB-Q with
Hoeffding bonus satisfies

Regret(T ) .
√
H4SATι,

where ι = log(HSAT/δ).

• The regret bound √
H4SAT

is sub-optimal by a factor of H. No burn-in cost!

• Can be improved to
√
H3SAT by using variance-aware concentration

bounds (i.e., Bernstein inequality) to construct the UCB.

Can we design regret-optimal model-free algorithms?
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Q-learning with UCB and variance reduction

[Zhang et al., 2020] incorporates variance reduction into UCB-Q:

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηk bh(sh, ah)︸ ︷︷ ︸
UCB bonus

+ ηk

(
Tk(Qh+1)− Tk(Qh+1)︸ ︷︷ ︸

advantage

+ T̂ (Qh+1)︸ ︷︷ ︸
reference

)
(sh, ah)

• Reference Qh+1, batch estimate T̂ : help reduce variability

UCB-Q-Advantage is asymptotically regret-optimal

Issue: high burn-in cost O(S6A4H28)
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Further developments on regret-optimal algorithms

Algorithm Regret

UCB-VI √
H2SAT +H4S2A[Azar et al., 2017]

UCB-Q-Advantage √
H2SAT +H8S2A

3
2T

1
4

[Zhang et al., 2020]
UCB-M-Q √

H2SAT +H4SA[Ménard et al., 2021]
Q-EarlySettled-Advantage √

H2SAT +H6SA[Li et al., 2021]
S6A4H28
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )

46/ 52

Model-free algorithms (Q-EarlySettled-Advantage) can simultaneously achieve

(1) regret optimality; (2) low burn-in cost; (3) memory efficiency
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From regret to sample complexity

Question: given fixed initial state s0, how many samples does it take to find
a policy π̂ such that

V ?1 (s0)− V π̂1 (s0) ≤ ε?

Note that the regret

1
K

Regret(T ) = 1
K

K∑

k=1

(
V ?1 (s0)− V πk1 (s0)

)

= V ?1 (s0)− 1
K

K∑

k=1
V π

k

1 (s0)
︸ ︷︷ ︸

=:V π̂1 (s0)

, where π̂ ∼ Unif({πk}Kk=1).

Setting 1
KRegret(T ) ≤ ε leads to V ?1 (s0)− V π̂1 (s0) ≤ ε.

Example: regret of
√
H2SAT leads to a sample size of T = KH & H4SA

ε2 .
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