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Abstract

Low-rank models are ubiquitous in a wide range of practical applications, and
low-rank matrix sensing and recovery has become a problem of great importance.
Via leveraging the low-rank structure in data representations, it is possible to faith-
fully recover the matrix of interest from incomplete observations, in both statistically
and computationally efficient manners. This dissertation investigates the fundamen-
tal problem of low-rank matrix recovery in different random measurement models,
possibly with corruptions.

We first consider recovering low-rank positive semidefinite (PSD) matrices from
random rank-one measurements, which spans numerous applications including co-
variance sketching, phase retrieval, quantum state tomography, and learning shallow
polynomial neural networks, among others. Our approach is to directly estimate
the low-rank factor by minimizing a nonconvex least-squares loss function via vanilla
gradient descent, following a tailored spectral initialization. When the true rank is
small, this algorithm is guaranteed to converge to the ground truth (up to global
ambiguity) with near-optimal sample and computational complexities with respect
to the problem size. To the best of our knowledge, this is the first guarantee that
achieves near-optimality in both metrics, without the need of sample splitting.

When the rank-one measurements are possibly corrupted by arbitrary outliers,
we propose a convex optimization algorithm that seeks the PSD matrix with the
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minimum ¢;-norm of the observation residual. The advantage of our algorithm is that
it is free of parameters, therefore eliminating the need of tuning and allowing easy
implementations. We establish that with high probability, a low-rank PSD matrix
can be exactly recovered as soon as the number of measurements is large enough,
even when a fraction of the measurements are corrupted by outliers with arbitrary
magnitudes. Moreover, the recovery is also stable against bounded noise. With the
additional information of an upper bound of the rank of the PSD matrix, we then
propose another nonconvex algorithm based on subgradient descent that exhibits
excellent empirical performance in terms of computational efficiency and accuracy.
Moreover, we work on the recovery of generic low-rank matrices from random
full-rank linear measurements in the presence of outliers, where we employ a median
truncation strategy in gradient descent to improve the robustness of recovery proce-
dure against outliers. We demonstrate that, when initialized in a basin of attraction
close to the ground truth, the proposed algorithm converges to the ground truth at
a linear rate for the Gaussian measurement model with a near-optimal number of
measurements, even when a constant fraction of the measurements are arbitrarily
corrupted. In addition, we propose a new truncated spectral method that ensures a

valid initialization in the basin of attraction at slightly higher requirements.
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Chapter 1: Introduction

1.1 Backgrounds

In applied science and engineering, there are a variety of problems that require
learning, extracting and estimating a matrix from the acquired data. One motivating
example is the famous Netflix problem in the field of recommender systems [1]|, where
one would like to estimate the whole movie rating matrix, in order to infer the prefer-
ence of each user and provide personalized recommendations, based on a few known
ratings users have submitted. Usually, the matrices of interest can be extremely large,
especially in high-dimensional problems, and the potential size will continue growing
owing to the availability of vast amounts of data created by modern sensing modalities
at an unprecedented rate due to declining cost of data acquisition. As a consequence,
it is very difficult and even infeasible to obtain the full observations of the matrix of
interest, and modern data applications often have to work with only under-sampled
measurements or partial observations (i.e. incomplete observations), the number of
which is much smaller than the ambient dimension of the data matrix of interest. Ex-
amples struggling with incomplete observations are numerous. In the recommender
systems as aforementioned Netflix problem, each user typically rates only very few

items, so the entire rating matrix is highly incomplete and needs inference. In sensor



localization, to avoid the prohibitive expense for measuring all the pairwise distances,
one may consider to measure only a few connections of sensors close enough with
each other and extrapolate the huge sensor map based on the available partial matrix
of pairwise distances. Therefore, it is of great practical importance to estimate the
full matrix of interest from incomplete observations, which, however, in general is not
always possible.

Fortunately, it is promising to exploit the intrinsic low-dimensional geometric
structure embedded in most real-world high-dimensional data to cope with the curse of
dimensionality, and make the matrix estimation problem solvable. In a wide range of
settings, the matrix one wishes to estimate can be assumed to have a low-dimensional
geometric structure in the sense that it is low-rank or approximately low-rank, which
may result from physical reasons or engineering designs. For instance, in the recom-
mender systems, the entire rating matrix can be approximated by a low-rank matrix
because it is commonly believed that the preference of each user is only determined
by a few key factors. Low-rank models are also ubiquitous in machine learning such
as feature learning [2]|, collaborative prediction [3] and natural language process-
ing [4]. This low-rank structure, which can be considered as a powerful regularization
scheme, opens the door to faithfully estimate the matrix of interest from incomplete
observations, in both statistically and computationally efficient manners, even in the
sample-starved or resource-starved environments. In fact, a considerable amount of
work has been done on low-rank matrix estimation in recent years, where it is shown
that low-rank matrices can be estimated accurately and efficiently from much fewer
observations than their ambient dimensions in a diverse set of applications [5-10].

Extensive overviews on low-rank matrix estimation can be found in [11,12].



1.2 Problem Statements

Mathematically, low-rank matrix estimation refers to estimating a rank-r matrix

M € R™*" from a group of measurements of the form
y=AM)+n+wecR" (1.1)

in different setups, where r < min{n;,ns}. The linear transformation A : R™*"2 —
R™ represents an a prior: known mapping from matrices to vectors, of which the ith
entry is defined as A;(M) = (A;, M) with the ith sensing matrix given as A; €
R™>*"2 for ¢4 = 1,--- ,m. The vector n € R™ and the vector w € R™ represent the
sparse outlier vector and the dense noise vector, respectively, which are the potential
corruptions and contaminations suffered by the measurements. It is natural to ask if
it is possible to estimate the low-rank matrix M from an information-theoretically
optimal number of measurements y in a computationally efficient manner.

In the literature, low-rank matrix estimation usually can be divided into two

categories according to the type of sensing matrices A;’s:

e Low-rank matrix recovery: Each sensing matrix A; is a dense matrix, typi-
cally randomly generated following certain distributions, and hence, each mea-

surement 4;(M) is a linear combination of the entries in M.

e Low-rank matrix completion: Each sensing matrix A; is a sparse matrix
with a single entry equaling 1, which can be interpreted as A; = e;, eg;, where
e; represents the ith standard basis vector. Hence, each measurement A;(M)
corresponds to one entry in M. Then, matrix completion aims at filling in the

missing entries of the partially observed matrix.



There is a plethora of progress in low-rank matrix estimation by searching for the
ground truth M directly in the high dimension compatible with measurement models,
with the low-rank structure motivated via nuclear norm minimization [5,9,10,13-21],
which can be regarded as the convex relaxation counterpart of ¢;-minimization in
compressed sensing [22, 23]. This convex relaxation strategy guarantees accurate
matrix estimation with (near-)optimal sample complexity under mild assumptions,
nevertheless, the involved nuclear norm minimization, often cast as the semidefinite
programming, is in general computationally expensive with large-scale data. In prac-
tice, a widely used alternative, pioneered by Burer and Monteiro [24], is to estimate
the low-rank factors X € R™*" and Y € R"?*" as a result of low-rank matrix factor-
ization as M = XY ' € R™*™_if the rank r or its upper bound is approximately
known. Since the low-rank factors have a much lower-dimensional representation,
this approach admits more computationally and memory efficient algorithms. Even
though the bilinear constraint induced by matrix factorization typically leads to a
nonconvex loss function that may be difficult to optimize globally, a growing series of
recent work is shedding new light on the power of nonconvex optimization approaches

for low-rank matrix estimation [25-30].

1.3 Contributions

This dissertation is dedicated to provide algorithms, supported with theoretical
performance guarantees, for scalable and robust low-rank matriz recovery in different
sensing models. Roughly speaking, we focus on the recovery of low-rank matrices from
measurements obtained with randomly generated sensing matrices. Furthermore, the

measurements, perhaps, are corrupted by outliers and additive noise. Via leveraging



the low-rank structure in data representations, we are capable of reducing the sample
complexity as well as computational complexity required in matrix recovery while
providing desirable, robust and stable performance, which is not only verified through
extensive numerical experiments, but also, more importantly, analytically guaranteed
by theories. In particular, our purpose is to design algorithms for low-rank matrix

recovery with three principal properties as follows:

e Provability: The performance of proposed algorithms could be rigorously ana-
lyzed, and the desirable recovery results could be theoretically guaranteed under

mild conditions.

e Robustness: The proposed algorithms could achieve robust recovery of low-
rank matrix even when the measurements are further corrupted by outliers,
possibly adversarial. This bears great importance since in real-world applica-
tions, outliers are somewhat inevitable which may be caused by sensor failures,
malicious attacks, or reading errors [31-33|, so it becomes critical to address

robust recovery of matrix of interest in the presence of outliers.

e Scalability: The proposed algorithms could handle a growing amount of data
in a computational efficient manner whose complexity scales nearly linearly with

the problem dimension.

Specifically, we first consider the low-rank matrix recovery in the rank-one sensing
model, of which each sensing matrix is generated as A; = a;a; , where a; is a random
vector with entries independently drawn from standard Gaussian distribution, for
1 = 1,---,m. In Chapter 2, we provide a refined analysis on low-rank positive
semidefinite (PSD) matrix recovery from clean rank-one measurements via gradient

5



descent, and our theoretical results significantly improve upon existing results both
statistically and computationally. To the best of our knowledge, this work is the first
nonconvex algorithm (without resampling) that achieves both near-optimal statistical
and computational guarantees with respect to the problem size.

For the rank-one sensing model, when the available measurements are further
corrupted by arbitrary outliers and additive bounded noise, in Chapter 3 we present
an algorithm based on convex optimization and establish the theoretical guarantees
to demonstrate the robust and stable performance of the proposed algorithm against
outliers and noise. The proposed convex program is free of tuning parameters and,
consequently, easy to implement. Moreover, to further reduce the computational
burden when facing large-scale problems, we also design a nonconvex algorithm based
on subgradient descent for the same corruption scenario, which exhibits excellent
empirical performance in terms of computational efficiency and accuracy.

We finally study low-rank matrix recovery in the full-rank linear sensing model,
where each sensing matrix A; is a random matrix composed of independent and iden-
tically distributed (i.i.d.) standard Gaussian entries, for i = 1,--- ,m. Furthermore,
the measurements may suffer from adversarial outliers with arbitrary amplitudes. In
Chapter 4, benefiting from an adaptive, iteration-varying truncation strategy in gradi-
ent descent to mitigate the effects of outliers, we develop a fast and robust nonconvex
algorithm consisting of spectral initialization and gradient descent update for robust
generic low-rank matrix recovery, which subsumes the low-rank PSD matrix recovery
as a special case. In particular, the proposed algorithm does not assume a priori
information regarding the outliers in terms of their fraction, distribution nor values.

The effectiveness of the developed algorithm is provably guaranteed by theoretical



analysis, and numerical examples are provided to validate the favorable performance

of the proposed algorithm as well.

1.4 Notations

We collect the notations that are frequently used throughout this dissertation here.
We use boldface lowercase (resp. uppercase) letters to represent vectors (resp. ma-
trices). In particular, we use I,, to represent an n dimensional identity matrix. We
denote by " and ||z|| , the transpose and the /,-norm of a vector , respectively, and
X" |1 X], IX|| and || X ||, the transpose, the spectral norm, the Frobenius norm
and the nuclear norm of a matrix X, respectively. We denote the kth singular value
of X by o,(X), and the kth eigenvalue by \;(X). Moreover, the inner product be-
tween two matrices X and Y is defined as (X,Y) = Tr (Y ' X)), where Tr (-) is the
trace. We also use vec(X) to denote vectorization of a matrix X in a column-major
order. The (k,t)th entry of a matrix X is denoted by X ;. For a vector , med(x)
denotes the median of the entries in @, and |x| denotes the vector that contains its
entry-wise absolute values. E [-] denotes the expectation operation with respect to an
appropriate probability distribution. The indicator function of an event £ is denoted
by I¢, which equals 1 if £ is true and 0 otherwise. The notation a < b means the
scalar a is much smaller than b, and the notation f(n) < g(n) or f(n) = O(g(n))
means that there is a universal constant ¢ > 0 such that |f(n)| < c|g(n)|. We use :=
for making definitions. In addition, we use ¢ and C' with different superscripts and
subscripts to represent positive numerical constants, whose values may change from

line to line.



Chapter 2: Nonconvex Matrix Recovery from Rank-One

Measurements

This chapter is concerned with recovering a low-rank PSD matrix from random
rank-one measurements. The results of this chapter are summarized in the paper

submission [34].
2.1 Problem Formulation

To begin with, we present the formal problem setup. Specifically, we consider
estimating a low-rank PSD matrix M* from a few rank-one measurements. Suppose

that the matrix of interest can be factorized as
Mf = X"X'T ¢ R, (2.1)

where X" € R™ " denotes the low-rank factor with r < n. We collect m measure-

ments {y;}7, about M* taking the form

where {a;}!" | represent the measurement vectors known a priori, of which a;, € R" is

the ith sensing vector composed of i.i.d. standard Gaussian entries, i.e. a; ~ N (0, I,,),

Tym

for i = 1,--- ,m. One can think of {a;a, }!", as a set of linear sensing matrices (so



that y; = (a;a; , M*)), which are all rank-one!. The underlying ground truth X°
is assumed to have full column rank but not necessarily having orthogonal columns.

Define the condition number of M* = XX as
(2.3)

Throughout this chapter, we assume the condition number is bounded by some con-
stant independent of n and 7, i.e. K = O(1). Our goal is to recover X" up to
(unrecoverable) orthonormal transformation, from the measurements y = {y;},-, in
a statistically and computationally efficient manner.

This problem spans a variety of important practical applications ranging from
the covariance sketching scheme considered in [10] to array signal processing [35] and
network traffic monitoring [36], from quantum state tomography [37| to compressive
power spectrum estimation [38], and from non-coherent direction-of-arrival estimation
based on magnitude measurements [39] to synthetic aperture radar imaging [40], with

a few examples listed below.

e Covariance sketching: Consider a zero-mean data stream {x;};c7, whose

covariance matrix M" := E[z,x,] is (approximately) low-rank. To estimate

the covariance matrix, one can collect m aggregated quadratic sketches of the

form
1
Yi = m Z(alwt)Q, (2.4)
teT
which converges to E[(a; z;)?] = a; M‘a; as the number of data instances

grows. This quadratic covariance sketching scheme can be performed under

!Given that y; is a quadratic function with respect to both X % and a;, the measurement scheme
is also referred to as quadratic sampling.



minimal storage requirement and low sketching cost. See [10] for detailed de-

scriptions.

Phase retrieval and mixed linear regression: This problem subsumes as
a special case the phase retrieval problem [25,41,42|, which aims to estimate
an unknown signal " € R" from intensity measurements (which can often be
modeled or approximated by quadratic measurements of the form y; = (a; %)?).
This problem has found numerous applications in X-ray crystallography, optical
imaging, astronomy, etc. Another related problem in machine learning is mixed
linear regression with two components, where the data one collects are generated

from one of two unknown regressors; see [43] for precise formulation.

Quantum state tomography: Estimating the density operator of a quantum
system can be formulated as a low-rank PSD matrix recovery problem using
rank-one measurements, when the density operator is almost pure [17]. A prob-
lem of similar mathematical formulation occurs in phase space tomography [44],

where the goal is to reconstruct the correlation function of a wave field.

Learning shallow polynomial neural networks: Taking {a;, y;}", as train-
ing data, our problem is equivalent to learning a one-hidden-layer fully-connected
neural network with a quadratic activation function [45-47|, where the output
of the network is expressed as y = Y, o(a’x’) with X* = [z} 2}, .- 2% e

R™*" and the activation function o(z) = 22

10



2.2 Vanilla Gradient Descent

Due to the quadratic nature of the measurements, the natural least-squares em-
pirical risk formulation is highly nonconvex and in general challenging to solve. To

be more specific, consider minimizing the squared loss:

= LS (e x 1)
_4m‘1<yz lal X11;)". (2.5)

1=

fF(X):

which aims to optimize a degree-4 polynomial in X and is NP hard in general. The
problem, however, may become tractable under certain random designs, and may
even be solvable using simple methods like gradient descent.

The algorithm studied herein is a combination of vanilla gradient descent and
a judiciously designed spectral initialization. We attempt to optimize this function

iteratively via gradient descent
Xt-‘rl:Xt_,utvf(Xt)’ t:Oa17 ) (26)

where X; denotes the estimate in the tth iteration, p, is the step size/learning rate,

and the gradient V f(X) is given by

m

Vi) = -3 ([la] X[2 - ) aa] X. 2.7)

m -
=1
For initialization, similar to [48],> we apply the spectral method, which sets the

columns of X as the top-r eigenvectors — properly scaled — of a matrix Y as

defined in (2.8). The rationale is this: the mean of Y is given by

E[Y] = %||X“HEIH+X“X”T, (2.11)

2Compared with [48], when setting the eigenvalues in (2.9), we use the sample mean \ rather
than A1 (Y) to estimate [ X %2,

11



Algorithm 1: Gradient Descent with Spectral Initialization

Input: Measurements y = {y;},",, and sensing vectors {a;},,.

Parameters: Step size puy, rank r, and number of iterations 7.

Initialization: Set X, = ZOA(l)/ 2, where the columns of Z; € R™*" contain
the normalized eigenvectors corresponding to the r largest eigenvalues of the
matrix

Y = % ; ya;a, (2.8)
and Ag is an r x r diagonal matrix, with the entries on the diagonal given as
Ao, =X(Y) =\, i=1,--- 1 (2.9)
where A = ﬁ Yoy and A (Y) is the ith largest eigenvalue of Y.
Gradient loop: Fort =0:1:7T —1, do
Xpr = X =~ il (Ja X |2~ ) aa X, (210

Output: X .

and hence the principal components of Y form a reasonable estimate of X?, pro-
vided that there are sufficiently many samples. The full algorithm is described in
Algorithm 1.

Before continuing, we demonstrate the effective and efficient performance of pro-
posed algorithm with a numerical example. For each n, we generate an n x n PSD
matrix M" with rank » = 5 and all nonzero eigenvalues are equal to one, and set
m = 6nr. Using a constant step size p; = 0.1, the normalized recovery errors
HXtXtT — M? HF / HMh HF are shown in Figure 2.1 with respect to the iteration count,
for n = 100, 200,500 and 1000, respectively. These numerical results indicate that
vanilla gradient descent (starting from an initial guess obtained by spectral method)

exhibits remarkable linear convergence with a constant step size u; = 0.1, although

12
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Figure 2.1: Normalized recovery error for low-rank PSD matrix recovery from rank-
one measurements with respect to the iteration count in different problem sizes, when
r =25, m=6nr and u; =0.1.

the dimension of ground truth is varied from n = 100 to n = 1000. For all the cases,
the normalized recovery error can be reduced to 10~® within around 250 iterations.
The convergence rate experiences only little changes even though the problem size
varies. In comparisons, a conservative step size setting inversely proportional to n* is
suggested in [48], which results in an overly pessimistic convergence rate, especially

for large matrix recovery problems.

2.3 Performance Guarantees

Before proceeding to our main results, we pause here to introduce the metric

used to assess the estimation error of the running iterates. Since (X bP) (X uP)T =

13



X"X*T" for any orthonormal matrix P € R™", X" is recoverable up to orthonormal

transforms. Hence, we define the error of the tth iterate X, as
dist (X, X*) = || X.Q, — X*||., (2.12)

where @, is given by

Q, = argminpprxr || X P — XuHF (2.13)

with O™ denoting the set of all » x r orthonormal matrices. Accordingly, we have

the following theoretical performance guarantees of Algorithm 1.

Theorem 1. Suppose that m > cnr*r®logn with some large enough constant ¢ > 0,

and that the step size obeys 0 < p; := p = Then with probability at

C4
(re+logn)202(X5) "

least 1 — O(mn™"), the iterates satisfy

t 0'3 (Xu)

dist (X, X*) < 1 (1 —0.5u02(X")) : (2.14)

for allt > 0. In addition,

2 b
s ] (3., =), < x (1~ 03009 Vg T 21
- F

holds for all 0 <t < e3n®. Here, c1,--- ,c4 are some universal positive constants.

Remark 1. The precise expression of required sample complexity in Theorem 1 can

Bl
a8 (X

be written as m > ¢ nrlog (kn) with some large enough constant ¢ > 0. By

adjusting constants, with probability at least 1 — O(mn~"), (2.15) holds for 0 < t <

O(n%) in any power ¢; > 1.

Theorem 1 has the following implications.

14



e Near-optimal sample complexity when r is fixed: Theorem 1 suggests
that spectrally-initialized vanilla gradient descent succeeds as soon as m =
O(nr*logn). When r = O(1), this leads to near-optimal sample complexity
up to logarithmic factor. In fact, once the spectral initialization is finished, a
sample complexity at m = O(nr®logn) can guarantee the linear convergence to
the global optima. To the best of our knowledge, this outperforms all perfor-
mance guarantees in the literature obtained for any nonconvex method without

requiring resampling.

e Near-optimal computational complexity: In order to achieve e-accuracy,

ie. dist (X, Xh) < €|| X ||g, it suffices to run gradient descent for
T = O (r*poly log(n) log(1/€)) (2.16)
iterations. This results in a total computational complexity of
C = O(mnr - T) = O (mnr’poly log(n) log(1/e)) . (2.17)

When r is fixed independent of m and n, the computational complexity scales
linearly with mn (up to logarithmic factors), which is proportional to the time

taken to read all data.

e Implicit regularization: Theorem 1 demonstrates that both the spectral ini-
tialization and the gradient descent updates provably control the entry-wise

and the iterates remain incoherent with

C€ITOr MaXi<i<m HalT (-XtQt - Xh)‘ 2’

respect to all the sensing vectors. In fact, the entry-wise error decreases lin-

early as well, which is not characterized in [49].
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These findings significantly improve upon existing results that require either re-
sampling (which is not sample-efficient and is not the algorithm one actually runs in
practice [47,50,51]), or high iteration complexity (which results in high computation
cost [48]), of which the statistical and computational guarantees to reach e-accuracy
are summarized in Table 2.1. We note our guarantee is the only one that achieves

simultaneous near-optimal sample complexity and computational complexity.

Algorithms with resampling \ Sample complexity \ Computational complexity
AltMin-LRROM |[50] O(nr'log” nlog (1)) O(mnrlog (1))
gFM [51] O(nr®log (1)) O(mnrlog (1))
EP-ROM [47] O(nr?log” nlog (1)) O(mn?log (%))
AP-ROM [47] O(nr’log” nlog (1)) O(mnrlognlog (<))
Algorithms without resampling ‘ Sample complexity ‘ Computational complexity
Convex [10] O(nr) O(anﬁ)
GD [48] O(nr®log® n) O(mnrlog” nlog (1))
GD (Algorithm 1, Ours) O(nrtlogn) O(mnr max{log” n, r?} log (1))

Table 2.1: Comparisons with existing results in terms of sample complexity and
computational complexity to reach e-accuracy. The top half of the table is concerned
with algorithms that require resampling, while the bottom half of the table covers
algorithms without resampling.

Theorem 1 is established using a fixed step size. According to our theoretical
analysis, the incoherence condition (2.15) has a significant impact on the convergence
rate. After a few iterations, the incoherence condition can be bounded independent of
log n, which suggests a larger step size and, therefore, faster convergence. Specifically,

we have the following corollary.
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Corollary 1. Under the same setting of Theorem 1, after T, = cg max{x?r?logn, log® n}

iterations, the step size can be relazed as 0 < pp = p = 55T, with some universal
T

(X%

constant cg, c; > 0, then the iterates satisfy

t 0'3 (Xh)

. (2.18)

dist (X, X*) < ¢; (1 - 0.5u02(X7))
for all t > T,, with probability at least 1 — O(mn~7).

Remark 2. when r = 1, Corollary 1 will degenerate to the phase retrieval case which
indicates that with sample complexity m = O(nlogn), after certain iterations, a
substantially more aggressive step size is feasible that is independent on the signal

dimension n.

2.4 Surprising Effectiveness of Gradient Descent

Recently, gradient descent has been widely employed to address various nonconvex
optimization problems due to its appealing efficiency from both statistical and com-
putational perspectives. Despite the nonconvexity of natural least-squares empirical
risk minimization
m
minimizex cgnxr  f(X) 1= — Z (yi — ||a;rXH§)2, (2.19)

i=1

[48] showed that within a local neighborhood of X*, where X satisfies

1 o? (Xh)

X - XY < =T+~
=2 = 207,

(2.20)

f(X) behaves like a strongly convex function, at least along certain descending direc-
tions. However, this region itself is not enough to guarantee computational efficiency,

and consequently, the smoothness parameter derived in [48] is as large as n? (even
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ignoring additional polynomial factors in r), leading to a step size as small as O(1/n?)
and an iteration complexity of O(n*log(1/¢)). These are fairly pessimistic.

In order to improve computational guarantees, it might be tempting to employ
appropriately designed regularization operations — such as truncation [52| and pro-
jection [53]. These explicit regularization operations are capable of stabilizing the
search direction, and make sure the whole trajectory is in a basin of attraction with
benign curvatures surrounding the ground truth. However, such explicit regulariza-
tions complicate algorithm implementations, as they typically introduce more tuning
parameters.

Our work is inspired by [49], which uncovers the “implicit regularization” phe-
nomenon of vanilla gradient descent for nonconvex estimation problems such as phase
retrieval and low-rank matrix completion. In words, even without extra regularization
operations, vanilla gradient descent always follows a path within some region around
the global optimum with nice geometric structure, at least along certain directions.
The current chapter demonstrates that a similar phenomenon persists in low-rank
matrix recovery from rank-one measurements.

To describe this phenomenon in a precise manner, we need to specify which region
enjoys the desired geometric properties. To this end, consider a local region around
X' where X is “incoherent™ with all sensing vectors in the following sense:

o? (Xh)

1
max HalT(X — Xt‘)H2 < ﬂ\/logn

1<I<m

We term the intersection of (2.20) and (2.21) the region of incoherence and contraction
(RIC). The nice feature of the RIC is this: within this region, the loss function f(X)

3This is called incoherent because if X is aligned (and hence coherent) with the sensing vectors,

|a/ (X — Xh) H2 can be O(y/n) times larger than the right-hand side of (2.21).
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enjoys a smoothness parameter that scales as O(max{r,logn}) (namely, |V?f(z)| <
max{r, logn}, which is much smaller than O(n?) provided in [48]). As is well known,
a region enjoying a smaller smoothness parameter enables more aggressive progression
of gradient descent.

A key question remains as to how to prove that the trajectory of gradient descent
never leaves the RIC. This is, unfortunately, not guaranteed by standard optimiza-
tion theory, which only ensures contraction of the Euclidean error. Rather, we need
to exploit the statistical model of data generation, taking into consideration of the
“homogeneity” of the samples together with the finite-sum form of the loss function.
To address this issue, we resort to the leave-one-out trick [49, 54, 55| that produces
auxiliary trajectories of gradient descent that use all but one sample. This allows
us to establish the incoherence condition by leveraging the statistical independence
of the leave-one-out trajectory with respect to the corresponding sensing vector that
has been left out. Our theory refines the leave-one-out argument and further estab-
lishes linear contraction in terms of the entry-wise prediction error. In sum, our work
highlights the substantial gain of jointly considering optimization and statistics in

understanding learning algorithms.

2.5 Related Work

Instead of directly estimating X, the problem of interest can be also solved by
estimating M* = X"X*" in higher dimension via nuclear norm minimization, which
requires O(nr) measurements for exact recovery [10,17,18]. See also [13,14,56-58]

for the phase retrieval problem. However, nuclear norm minimization, often cast as
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the semidefinite programming, is in general computationally expensive to deal with
large-scale data.

On the other hand, nonconvex approaches have drawn intense attention in the
past decade due to their ability to achieve computational and statistical efficiency all
at once. Specifically, for the phase retrieval problem, Wirtinger flow (WF) and its
variants [25,49,52,59-62] have been proposed. As a two-stage algorithm, it consists
of spectral initialization and iterative gradient updates. This strategy has found
enormous success in solving other problems such as low-rank matrix recovery and
completion [53,63], blind deconvolution [64], and spectral compressed sensing [65].
We follow a similar route but analyze a more general problem that includes phase
retrieval as a special case.

The work [48] is most close to ours, which studied the local convexity of the
same loss function and developed performance guarantees for gradient descent using
a similar, but different spectral initialization scheme. As discussed earlier, due to
the pessimistic estimate of the smoothness parameter, they only allow a diminishing
learning rate (or step size) of O(1/n%), leading to a high iteration complexity. We
not only provide stronger computational guarantees, but also improve the sample
complexity, compared with [48].

Several other existing works have suggested different approaches for low-rank PSD
matrix recovery from rank-one measurements, including AltMin-LRROM [50], gFM
[51], and AP-ROM and EP-ROM [47]. Comparing with these existing results as shown
in Table 2.1, to the best of our knowledge, our work is the first nonconvex algorithm
(without resampling) that achieves both near-optimal statistical and computational

guarantees with respect to n. Iterative algorithms based on alternating minimization
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or noisy power iterations [47,50,51] require a fresh set of samples at every iteration,
which is never executed in practice, and the sample complexity grows unbounded for
exact recovery.

Many nonconvex methods have been proposed and analyzed recently to solve
the phase retrieval problem, including alternating minimization [66], the Kaczmarz
method [67-69] and approximate message passing [70]. In [71], the Kaczmarz method
is generalized to solve the problem studied in our work, but no theoretical performance
guarantees are provided.

The local geometry studied in our work is in contrast to |72], which studied the
global landscape of phase retrieval, and showed that there are no spurious local min-
ima as soon as the sample complexity is above O(nlog®n). It will be interesting to
study the landscape property of the generalized model in our work.

Our model is also related to learning shallow neural networks. [73| studied the
performance of gradient descent with resampling and an initialization provided by
the tensor method for various activation functions, however their analysis did not
cover quadratic activations. For quadratic activations, [45] adopts a greedy learning
strategy, and can only guarantee sublinear convergence rate. Moreover, [46] studied
the optimization landscape for an over-parameterized shallow neural network with

quadratic activation, where r is larger than n.

2.6 Outline of Theoretical Analysis

This section provides the proof sketch of the main results, with the details deferred
to the appendix. Our theoretical analysis is inspired by the work of [49] for phase

retrieval and follows the general recipe outlined in [49], while significant changes and
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elaborate derivations are needed. We refine the analysis to show that both the signal
reconstruction error and the entry-wise error contract linearly, where the latter is
not revealed by [49]. In below, we first characterize a RIC that enjoys both strong
convexity and smoothness along certain directions. We then demonstrate — via an
induction argument — that the iterates always stay within this nice region. Finally,

the proof is complete by validating the desired properties of spectral initialization.
2.6.1 Local Geometry and Error Contraction

We start with characterizing a local region around X9, within which the loss
function enjoys desired restricted strong convexity and smoothness properties. This

requires exploring the property of the Hessian of f(X'), which is given by
1 & 2
2 _ T T T T
Vif(X) = EZ [(Haz X||; - yl> I, +2X aa, X} ® (a;a; ). (2.22)

=1

Here, we use ® to denote the Kronecker product and hence V2f(X) € R*™*"", Now
we are ready to state the following lemma regarding this local region, which will be

referred to as the RIC throughout this chapter. The proof is given in Appendix B.1.

Lemma 1. Suppose the sample size obeys m > c%nr log (nk) for some suffi-
ciently large constant ¢ > 0. Then with probability at least 1 — c;n™'? — me= 15" —
mn~'2, we have
vec (V)| V2f(X)vec (V) > 1.0260%(X%) |V |2, (2.23)
and
2
V2 £(X)]|| < 1.507(X*) logn + 6[| X" - (2.24)

hold simultaneously for all matrices X and V' satisfying the following constraints:

102 (Xh)'

X - X< =15
L

(2.25a)
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max HaT(X—X”)H <i\/logn-M (2.25b)
1<i<m || 2~ 24 ||Xh||F ’ '
and V =T1Qr — Ty satisfying
1 o2 (Xh)
T, — X° r , 2.26
H 2 ||—24 HXu’ ( )
where Qp = argminpcprxr |T1P — Ts|l. Here, c¢; is some absolute positive con-

stant.

The condition (2.25) on X formally characterizes the RIC, which enjoys the
claimed restricted strong convexity (see (2.23)) and smoothness (see (2.24)). With
Lemma 1 in mind, it is easy to see that if X, lies within the RIC, the estimation error
shrinks in the presence of a properly chosen step size. This is given in the lemma

below whose proof can be found in Appendix B.2.

b4
Lemma 2. Suppose the sample size obeys m > CJL)((XHnF) nrlog (nk) for some suffi-
ciently large constant ¢ > 0. Then with probability at least 1 — cyn™'2 — me=15" —

mn~2, if X, falls within the RIC as described in (2.25), we have

dist (X 11, X7) < (1 —0.513pu02(X")) dist (X, X7,

1.02602( X!
(x%) >. Here, ¢ >0

provided that the step size obeys 0 < p; == p <
(1.502(X*) log n-+6] X712

18 some universal constant.

Assuming that the iterates { X} stay within the RIC (see (2.25)) for the first 7T,

iterations, according to Lemma 2, we have, by induction, that

Viogn of (X¥)
Gist(Xp 0 X0) < (1 - 0.513002(X5) ™ dist (X0, x7) < L Viogn o7 (
ist(Xr 01, XF) < (1= 051300, (XF)) 7 dist (X, XF) < o =20 Sk

as soon as

4
T. >cmax{lo 2 m}l
cZ g n, ogn, (2.27)

ol (Xh)
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for some large enough constant c. The iterates when ¢ > T, are easier to deal with;

in fact, it is easily seen that X;,; stays in the RIC since

max [la) (Xen1Quy — X |, < max [lai], | X1 Qrpr — X7

1<i<m 1<i<m
1 iogn o?(X")
<on - . .
Vo s T
o? (Xh)
1|

(2.28)

=51 logn -

where (2.28) follows from Lemma 16 for all ¢ > T,. Consequently, contraction of the
estimation error dist (X . ¢ h) can be guaranteed by Lemma 1 for all ¢ > T, with

probability at least 1 — ¢;n ™2 — me= %" — mn =12,

2.6.2 Introducing Leave-One-Out Sequences

It has now become clear that the key remaining step is to verify that the iterates
{X} satisfy (2.25) for the first T iterations, where 7T, is on the order of (2.27). Ver-
ifying (2.25b) is conceptually hard since the iterates { X} are statistically dependent
with all the sensing vectors {a;}”,. One may turn to some generic bounding tech-
niques such as Cauchy-Schwarz inequality, which, however, usually would not yield
a tight enough bound. To tackle this problem, for each 1 <[ < m, we introduce an
auxiliary leave-one-out sequence {X El)}, which discards a single measurement from
consideration. Specifically, the sequence {X EZ)} is the gradient iterates operating on
the following leave-one-out function
2

O X) = =5 (= [lal X ;) (229)

See Algorithm 2 for a formal definition of the leave-one-out sequences. Again, we
want to emphasize that Algorithm 2 is just an auxiliary procedure useful for the
theoretical analysis, and it does not need to be implemented in practice.
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Algorithm 2: Leave-One-Out Versions

Input: Measurements {y;},,,, and sensing vectors {a;},,-

Parameters: Step size y;, rank 7, and number of iterations 7.

Initialization: X(()l) = Z(()Z)Agl)l/Q, where the columns of Z(()l) € R™" contain
the normalized eigenvectors corresponding to the r largest eigenvalues of the
matrix

1
= om Z yiaia’;r7 (2.30)

[RED)

and A(()l) is an r x r diagonal matrix, with the entries on the diagonal given as
[Aél):| . >\’L (Y(l)) - )\(l)7 L= 17 T (231)

where \() = ﬁ Zm.# y; and )\i(Y(l)) is the th largest eigenvalue of Y
Gradient loop: Fort =0:1:7 —1, do

1
Xgll X(l) tEZ (HaiTX,El)Hz—yi) a,ianf). (2.32)
Bl

Output: XFE,{).

2.6.3 Establishing Incoherence via Induction

Our proof is inductive in nature with the following induction hypotheses:

2 b
W&Q,—XWFgca@—o5ﬁ(xwufﬂi§l; (2.33a)
1%l
logn o2 X!
s [0 = XORY] < 03 (100 (' 22 ST oy

max ||a; (X:Q, — X" H2 <y (1- 0507 (XY ) Vlogn - (Xh) (2.33¢)

1<i<m

X.Q,— X P|

where R,El) = argminpgprxr ¢ and the positive constants C, Cy and

Cj satisfy

1 1
q+@§ﬂ,@+@@gﬁ,5wxmwg+%@§@. (2.34)
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Furthermore, the step size p is chosen as

coo? (Xh)
(02(X*) logn + | X*|[2)°

= (2.35)

with appropriate universal constant cy > 0.

Our goal is to show that if the tth iteration X, satisfies the induction hypotheses
(2.33), the (t + 1)th iteration X,.; also satisfies (2.33). It is straightforward to see
that the hypothesis (2.33a) has already been established by Lemma 2, and we are left
with (2.33b) and (2.33c). We first establish (2.33b) in the following lemma, which

(

measures the proximity between X; and the leave-one-out versions X tl), whose proof

is provided in Appendix B.3.

[ X512
Uﬁ(Xh)

ficiently large constant ¢ > 0. If the induction hypotheses (2.33) hold for the tth

Lemma 3. Suppose the sample size obeys m > c¢ nrlog (nk) for some suf-

iteration, with probability at least 1 — cin™'2 — me= 1" — mn=12, we have
2 i
0] 0) 2 t+1 logn g, (X )
s [ X Qe = XEL R < 0 (=050 () ™ S

as long as the step size satisfies (2.35). Here, ¢; > 0 is some absolute constant.

In addition, the incoherence property of X 1521 with respect to the lth sensing vector
a, is relatively easier to establish, due to their statistical independence. Combined
with the proximity bound from Lemma 3, this allows us to justify the incoherence
property of the original iterates X; i, as summarized in the lemma below, whose

proof is given in Appendix B.4.

[BsdlF
Uﬁ(Xh)

Lemma 4. Suppose the sample size obeys m > c¢ nrlog (nk) for some suf-

ficiently large constant ¢ > 0. If the induction hypotheses (2.33) hold for the tth
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iteration, with probability exceeding 1 — cyn™'? — me™ 15" — 2mn =12,
2 Xh
max [lal (Xen Q= XF)|, < € (10507 (XF) ) ™" /logn U’(X(_h” |
o F

holds as long as the step size satisfies (2.35). Here, ¢; > 0 is some universal constant.
2.6.4 Spectral Initialization

Finally, it remains to verify that the induction hypotheses hold for the initializa-
tion, i.e. the base case when ¢ = 0. This is supplied by the following lemma, whose

proof is given in Appendix B.5.

Bl

Lemma 5. Suppose that the sample size exceeds m > CUG(Xh)nT logn for some suf-

ficiently large constant ¢ > 0. Then X, satisfies (2.33) with probability at least

12 —1.5n 12

1 —cn™% —me " — 3mn~"*, where ¢y is some absolute positive constant.

2.7 Conclusion

In this chapter, we have shown that low-rank PSD matrices can be recovered from
a near-minimal number of random rank-one measurements, via the vanilla gradient
descent algorithm following spectral initialization. Our results significantly improve
upon existing results in several ways, both computationally and statistically. In
particular, our algorithm does not require resampling at every iteration (and hence
requires fewer samples). The gradient iteration can provably employ a much more
aggressive step size than what was suggested in prior literature (e.g. [48]), thus result-
ing in much smaller iteration complexity and hence lower computational cost. All of
this is enabled by establishing the implicit regularization feature of gradient descent
for nonconvex statistical estimation, where the iterates remain incoherent with the

sensing vectors throughout the execution of the whole algorithm.
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Chapter 3: Robust Matrix Recovery from Corrupted

Rank-One Measurements

As discussed in Chapter 2, in many emerging applications of science and engineer-
ing, we are interested in estimating a low-rank PSD matrix X, € R™" from a set of

nonnegative magnitude measurements:
Y; = <AZ,X0> = <aiaiT,X0> = Cl;r.Xoai, (31)

fori =1,--- ,m. The measurement y; is quadratic in the sensing vector a; € R", but

linear in Xy, where the sensing matrix A; = a;a; is rank-one.

In this chapter, we focus on robust recovery of the low-rank PSD matrix when
the measurements in (3.1) are further corrupted by outliers, possibly adversarial with
arbitrary amplitudes. In practical applications, outliers are somewhat inevitable,
which may be caused by sensor failures, malicious attacks, or reading errors [31-33].
In the application of covariance sketching, described in (2.4), a sufficient aggregation
length |7 is necessary in order for each measurement to be well approximated by
(3.1). Measurements which are not aggregated from a large enough |7| may be
regarded as outliers. Therefore, it becomes critical to address robust recovery of X

in the presence of outliers. Fortunately, it is reasonable to assume that the number

of outliers is usually much smaller than the number of total measurements, making it
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possible to leverage the sparsity of the outliers to faithfully recover the low-rank PSD

matrix of interest. The results of this chapter are summarized in the papers |74, 75].

3.1 Problem Formulation

Let Xy € R™™ be a rank-r PSD matrix, then the set of m measurements, which
may be corrupted by either arbitrary outliers or bounded noise, can be represented
as

y=A(Xo) +n+weR™, (3.2)

The linear mapping A: R™"™ — R™ is defined as A (X)) := {A4; (Xo)},-, with
A; (Xy) := af Xpa;, where a; € R" is the ith sensing vector composed of i.i.d. stan-
dard Gaussian entries, for ¢ = 1,--- ;m. The vector n € R™ denotes the outlier
vector, which is assumed to be sparse whose entries can be arbitrarily large. The
fraction of nonzero entries is defined as s := ||n||, /m. Moreover, the vector w € R™
denotes the additive noise, which is assumed bounded as ||w|; < e. Our goal is to

robustly recover X from the measurements y.

3.2 Robust Recovery via Convex Relaxation

3.2.1 Robust-PhaseLift

To motivate our algorithm, consider the case when only the outlier vector n is
present in (3.2) and the rank of X is known. One may seek a rank-r PSD matrix that
minimizes the cardinality of the measurement residual to motivate outlier sparsity,
given as

~

X = argminy,o|ly — A(X)[lo, s.t. rank(X)=r. (3.3)
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However, both the cardinality minimization and the rank constraint are NP-hard in
general, making this method computationally infeasible. A common approach is to
resort to convex relaxation, where we relax the cardinality minimization by its convex

relaxation, i.e. the ¢;-norm, and meanwhile, drop the rank constraint, yielding:
(Robust-PhaseLift:) X = argminx, |y — A(X)]:. (3.4)

We denote the above convex program as the Robust-PhaseLift algorithm, since it
coincides with the PhaseLift algorithm studied in [14, 56, 76] for phase retrieval’.
The advantage of Robust-PhaseLift in (3.4) is that it does not require any prior
knowledge of the noise bound, the rank of X, nor the sparsity level of the outliers,
and is free of any regularization parameter. It is worth emphasizing that in (3.4)
only the PSD constraint of the solution is honored without explicitly motivating the

low-rank structure, via for example, trace minimization®.
3.2.2 Performance Guarantees

Encouragingly, we demonstrate that the algorithm (3.4) admits robust recovery
of a rank-r PSD matrix as soon as the number of measurements is large enough, even
with a fraction of arbitrary outliers in Theorem 2. To the best of our knowledge, this
is the first theoretical performance guarantee of the robustness of (3.4) with respect

to arbitrary outliers in the low-rank setting. Our main theorem is given as below.

Theorem 2. Suppose that ||lw||y < € and s = ||n||, /m. Assume the support of n
1s selected uniformly at random with the signs of its nonzero entries generated from

4Note that there are a few different versions of PhaseLift in the literature which are not outlier-
robust, therefore we rename (3.4) to Robust-PhaseLift for emphasis.

°The interested readers are invited to look up Figure 1 in [13] for an intuitive geometric inter-
pretation in the noise-free and outlier-free case.
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the Rademacher distribution as P {sgn (n;) = —1} = P{sgn (n;) = 1} = 1/2 for each
i € supp(n). Then for a fized rank-r PSD matric Xy € R"™ ", there exist some

absolute constants c; > 0 and 0 < so < 1 such that as long as

2 S0
m > cnre, §< —,
T

the solution to (3.4) satisfies

|x - %o| <,
F m

with probability exceeding 1 — exp(—ym/r?) for some constants cy and 7.
Theorem 2 has the following consequences.

e Exact Recovery with Outliers: When € = 0, Theorem 2 suggests the recov-
ery is exact using Robust-PhaseLift (3.4), i.e. X = X, even when a fraction
of measurements are arbitrarily corrupted, as long as the number of measure-
ments m is on the order of nr?. Given there are at least mr unknowns, our

measurement complexity is near-optimal up to a factor of r.

e Stable Recovery with Bounded Noise: In the presence of bounded noise,
Theorem 2 suggests that the recovery performance decreases gracefully with the
increase of €, where the Frobenius norm of the reconstruction error is propor-

tional to the per-entry noise level of the measurements.

e Phase Retrieval: When r = 1, the problem degenerates to the case of phase
retrieval, and Theorem 2 recovers existing results in [76] for outlier-robust phase
retrieval, where the measurement complexity is on the order of n, which is

optimal up to a scaling factor.

31



Let us denote X, = argmin . Z>0||X — Z||¢ as the best rank-r PSD

rank(z)
matrix approximation of X, the solution to (3.4). Then Theorem 2 suggests that the

estimate X can be well approximated by a rank-r PSD matrix since
. . . e
1X = Xofle < 12X = Xollr < e,
as long as the number of measurements is sufficiently large. Furthermore, we have
. . . . . e
12X = Xolle < 12X = Xlr + [|X = Xollr < 21X — Xollr < 2c2—,

indicating that X, provides an accurate estimate of X that is both exactly rank-r

and PSD.

3.3 Related Work
In the absence of outliers, the PhaseLift algorithm in the following form

min Tr(X) s.t. [y —AX)|: <, (3.5)

X>0

has been proposed to solve the phase retrieval problem [13,14,77]. Later the same
algorithm has been employed to recover low-rank PSD matrices in [10], where an order
of nr measurements obtained from i.i.d. sub-Gaussian sensing vectors are shown to
guarantee exact recovery in the noise-free case and stable recovery with bounded
noise. Omne problem with the algorithm (3.5) is that the noise bound e is assumed
known. Furthermore, it is not amenable to handle outliers, since ||y —.A(X)]||1 can be
arbitrarily large with outliers and consequently the ground truth Xy quickly becomes
infeasible for (3.5).

The proposed algorithm (3.4) is studied in [14,56,76| as a variant of PhaseLift for
phase retrieval, corresponding to the case where Xy = xox, is rank-one. It is shown
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in |14, 56] that with O(n) ii.d. Gaussian sensing vectors, the algorithm succeeds
with high probability. Compared with (3.5), the algorithm (3.4) eliminates trace
minimization and leads to easier algorithm implementations. We note that [78| also
considers a regularization-free algorithm for PSD matrix estimation that minimizes
the fo-norm of the residual, which unfortunately, cannot handle outliers as Robust-
PhaseLift (3.4). Our work is related to the work in [76] which first considered the
robustness of the Robust-PhaseLift algorithm (3.4) in the presence of outliers for
phase retrieval, establishing that the same guarantee holds even with a constant
fraction of outliers. Our work extends the performance guarantee in [76] to the
general low-rank PSD matrix case. Moreover, we show the proposed approach can be
easily extended to recover low-rank Toeplitz PSD matrices via numerical experiments.

Broadly speaking, our problem is related to low-rank matrix recovery from an
under-determined linear system [5,79,80], where the linear measurements are drawn
from inner products with rank-one sensing matrices. It is due to this special structure
of the sensing matrices that we can eliminate the trace minimization, and only con-
sider the feasibility constraint for PSD matrices. Standard approaches for separating

low-rank and sparse components [81-85| via convex optimization are given as

min TH(X) + Allnlls, st [ly — AX) —nli <.
X=0, n

where A is a regularization parameter that requires to be tuned properly. In contrast,

our algorithm is parameter-free.

3.4 Theoretical Analysis of Robust-PhaseLift

In this section we prove Theorem 2, and the roadmap of our proof is below. In Sec-
tion 3.4.1, we first provide the sufficient conditions for an approximate dual certificate
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that certifies the optimality of the proposed algorithm (3.4) in Lemma 6. Section 3.4.2
records a few lemmas that show A satisfies the required restricted isometry proper-
ties. Then, a dual certificate is constructed and validated for a fixed low-rank PSD
matrix X in Section 3.4.3. Finally, the proof is concluded in Section 3.4.4.

First we introduce some additional notations. Let S be a subset of {1,2,--- m},
then St is the complement of S with respect to {1,2,--- ,m}. As is the mapping
operator A constrained on S, which transforms a matrix X into a vector Ag (X)
whose entries equal a; Xa; for i € S and are zero otherwise. Denote the adjoint
operator of A by A*(pu) = >, pa;a; , where pu; is the ith entry of g, 1 < i < m. Let
the singular value decomposition of the fixed rank-r PSD matrix X, be X, = UAU ",

then the symmetric tangent space T" at X is denoted by
T:={UZ"+2ZU" | Z cR"™"}. (3.6)

We denote by Pr and Ppi the orthogonal projection onto 7" and its orthogonal com-
plement, respectively. And for notational simplicity, we denote Hy := Pr (H) and
Hy. .= H — Py (H) for any symmetric matrix H € R™™". Moreover, 7 represents

an absolute constant, whose value may change according to context.
3.4.1 Approximate Dual Certificate

The following lemma suggests that under certain appropriate restricted isometry
preserving properties of A, a properly constructed dual certificate can guarantee
faithful recovery of the proposed algorithm (3.4), of which the proof is deferred to

Appendix C.1.

Lemma 6 (Approximate Dual Certificate for (3.4)). Denote a subset S with ti—‘ =

(13%L where 0 < sg < 1 is some constant, and the support of m satisfies supp(n) C
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S. Suppose that the mapping A obeys that for all symmetric matrices X,

1 1

Al < (1455 ) 1K, 37)
and

L as@), < (12 ) 1x) (3.8)

S| e 1= 10 L '

and for all matrices X € T,

1 1 1
g Me 01> 5 (1 55 ) 1K 3.9)

Then if there exists a matric' Y = A*(u) that satisfies

1 1
Yo X —=1I Y < — 3.10
T+ 2 r Tt H T||F = 137.7 ( )
and
9 .
fti = xsgn(n;), i € supp(n)
m . , 311
e 30
the solution to (3.4) satisfies
HX — x| <& (3.12)
F~ m

where ¢ is a constant.
3.4.2 Restricted Isometry of A

The first two conditions (3.7) and (3.8) in Lemma 6 are supplied straightforwardly
in the following lemma as long as m > cnr and |S| = ¢ym/r > ¢yn for some constants

¢, ¢ and cs.

Lemma 7. [15] Fiz any § € (0,1) and assume m > 200~*n. Then for all PSD

matrices X, one has

(1 =9 [IX], < % A, < (A +0) X1,
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—me?/2

The right hand side holds

with probability exceeding 1 — 2e , where €2 + € = %.

for all symmetric matrices.

The third condition (3.9) in Lemma 6 can be obtained using the mixed-norm RIP-
(/¢ provided in [10] as long as m > cnr and |S| < ¢;m for some constants ¢ and

C1.

Lemma 8. [10] Suppose the sensing vectors a;’s are composed of i.i.d. sub-Gaussian
entries, then there exist positive universal constants c1, co and c3 such that, provided

that m > csnr, for all matrices X of rank at most r, one has
2 u
(1= ") I1X e < = I1B(X)], < (1+62) |X]le.

with probability exceeding 1 — cie=™, where 6 and 6°° are defined as the RIP-
ly/0y constants. And the operator B represents the linear transformation that maps

X € R™™ to {Bz (X)}Z/IQ c Rm/Z’ where Bz (X) = <a2i_1a2Ti_1 — CI,QZ'CL;;? X>

The third condition (3.9) can be easily validated from the lower bound by set-
ting 4> appropriately, since |B (X)||, < Z:.i/f (|[{azi—1ag;_y, X)| + |(azay, X)|) =

A (X) |1
3.4.3 Construction of Dual Certificate

For notational simplicity, let o := E [Z2117<3}] &~ 0.9707, By := E [Z*{7/<3}] =
2.6728 and 6y := E [ZGH{|Z|S3}] ~ 11.2102, where Z is a standard Gaussian random
variable.

Consider that the singular value decomposition of a PSD matrix X, of rank

at most 7 can be represented as Xo = Y., hu;u;, then inspired by [14, 76], we
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construct Y as

1 — 9
Vo=_ 2:[§]aﬂﬂwum}(%+%fmywﬂ+gikwﬂ

]GS jES

=Y _yW L y® (3.13)

where

Y(O) = T}l Z [ Z‘a uz‘ H{|a u |<3}] a;a j, (3.14)

JGSL =1
1 -«
Y(l) = E (CYO + 60 ” 0) Z CLJCL;—, (315)
jEST
9
= E Z Xja,jajT. (316)
JjES

We set x; = sgn(n;) if j € supp(n), otherwise x;’s are i.i.d. Rademacher random
variables with P{x,; =1} =P {x; = -1} = 1/2.

The construction immediately indicates that Y satisfies (3.11). Then, we can also
show that Y satisfies (3.10) with high probability by separating the constructed Y
into two parts and considering the bounds on YO —y® and YO, respectively.
The theoretical results are summarized in following Lemma 9, which proves Y . +

2171 = 0 and Lemma 10, which proves [[Y 7| <

< 1—}%, of which the proofs are given

in Appendix C.2 and Appendix C.3, respectively.

Lemma 9. Provided m > cnr® and |S| = cym/r > conr for some constants ¢, ¢; and
Co, with probability at least 1 — e~ "™/ we have

1.7

0.25
HYTJ_ + _ITJ_

<_
r

Lemma 10. Provided m > cnr? and |S| = cym/r, for some constants ¢ and ¢y, with
probability at least 1 — e ™™ we have

1
Y < —.
H THF = 15r

37



3.4.4 Proving Performance Guarantees of Robust-PhaseLift

The required restricted isometry properties of the linear mapping A are supplied
in Section 3.4.2 and a valid appropriate dual certificate is constructed in Section 3.4.3,
therefore, Theorem 2 can be straightforwardly obtained from the Lemma 6 in Sec-

tion 3.4.1.

3.5 A Nonconvex Subgradient Descent Algorithm

In this section, we propose another algorithm for robust low-rank PSD matrix
recovery from corrupted rank-one measurements assuming the rank (or its upper
bound) of the PSD matrix X is known a priori as 7. In this case, as in Chapter 2,
we can decompose Xy as Xg = U OUOT where U, € R™ " is the low-rank factor.
Instead of directly recovering X, we may aim at recovering U, up to orthogonal
transforms, since (UgQ)(UoQ)" = U,U, for any orthonormal matrix Q@ € R™*".
Consider relaxing of the loss function in (3.3) but keeping the rank constraint, then

we obtain the following problem:

~

X = argminy, |y — A(X)[[1, st. rank(X)=r. (3.17)

Since any rank-r PSD matrix X can be written as X = UU ' for some U € R™*",

(3.17) can be equivalently reformulated as

A

U = argming cgnx- f(U), (3.18)

with

. 1 T 1 ik T 2
10) = gy = AU, = 523 | = [0
Clearly, (3.18) is no longer convex. To illustrate, the first row of Figure 3.1 plots the

value of the objective function in the negative logarithmic scale, i.e. —log f(U), under
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different corruption scenarios when U € R?*!. For comparison, the second row of
Figure 3.1 shows the loss function evaluated in ¢y-norm: g(U) = 2|y — AUU ") |3,

which is not robust to outliers.

no outliers modest outlier amplitudes large outlier amplitudes

9(U) = 7 lly — AUU I3

Figure 3.1: Illustrations of the objective function — log f(U) and its ¢;-norm counter-
part —log g(U) (in negative logarithmic scales) under different corruption scenarios
when U € R**!. The number of measurements is m = 100 with i.i.d. Gaussian sens-
ing vectors, and the fraction of outliers is s = 0.2 with uniformly selected support
and amplitudes drawn from Unif]0, 10] or Unif[0, 100]. It is interesting to observe that
while large outliers completely distort g(U), the proposed objective is quite robust
with the ground truth being the only global optima of f(U).

Motivated by the recent nonconvex approaches [25,48,52] of solving quadratic sys-
tems, we propose a subgradient descent algorithm to solve (3.18) effectively, working

with a non-smooth function f(U). Note that a subgradient of f(U) with respect to
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U can be given as

I & 2
o0f(U) = —Engn <yi— HUTaiH2> a;a, U, (3.19)
i=1
where the sign function sgn(-) is defined as
+1, >0
sgn(x) = 0, z=0 . (3.20)
-1, <0

Our subgradient descent algorithm proceeds as below. Denote the estimate in the
tth iteration by U® e R™*". First, U is initialized as the best rank-r approximation

of the following matrix with respect to Frobenius norm as

X — % sz; yz'az‘aiT

Secondly, at the (¢ 4 1)th iteration, ¢t > 0, we apply subgradient descent to refine the

2

U (U(O))T = argmin, . x)—r (3.21)

F

estimate as
Ut =u® — 4, - 9f(UW), (3.22)

where the step size p; is adaptively set as
e = 0.05 X max {2_t/1000, 10_6} ,

which provides more accurate estimates using fewer iterations in the numerical sim-
ulations. The procedure is summarized in Algorithm 3, where the stopping rule in
Algorithm 3 is simply put as a maximum number of iterations.

The main advantage of Algorithm 3 is its low memory and computational com-
plexity. Given that it does not construct the full PSD matrix, the memory complexity
is simply the size of U, which is on the order of nr. The computational complex-
ity per iteration is also low, which is on the order of mnr, that is linear in all the
parameters. We demonstrate the excellent empirical performance of Algorithm 3 in
Section 3.6.3.
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Algorithm 3: Subgradient descent for solving (3.18)

Parameters: Rank r, number of iterations Ty,.x, and step size p.
Input: Measurements y, and sensing vectors {a;}";.
Initialization: Initialize U € R™" via (3.21).
Fort=0:1:7,.—1do

update U"HY via (3.22),
end for
Output: U = UTmax),

3.6 Numerical Examples

3.6.1 Performance of Convex Relaxation

0.9
0.8
0.7
0.6

0.5

Rank (r)
)
(%]
Rank (r)

0.4

0.3

0.2

0.1

100 200 300 400 500 600 100 200 300 400 500 600
Number of measurements (m) Number of measurements (m)

(a) (b)

Figure 3.2: Phase transitions of low-rank PSD matrix recovery with respect to the
number of measurements and the rank, (a) with trace minimization; and (b) without
trace minimization of noise-free measurements, when n = 40.

We first examine the performance of Robust-PhaseLift in (3.4). Let n = 40.
We randomly generate a low-rank PSD matrix of rank-r as X, = UOUOT, where

U, € R"" is composed of i.i.d. standard Gaussian variables. The sensing vectors are
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also composed of i.i.d. standard Gaussian variables. Each Monte Carlo simulation is
called successful if the normalized estimate error satisfies || X — Xol|r/[| X o/l < 1079,
where X denotes the solution to (3.4). For each cell, the success rate is calculated
by averaging over 100 Monte Carlo simulations.

Figure 3.2 shows the success rates of algorithms with respect to the number of
measurements and the rank, with the trace minimization as in (3.5) in (a); and
without the trace minimization as proposed in Robust-PhaseLift (3.4) in (b) for noise-
free measurements. It can be seen that the performance of these two algorithms are
almost equivalent, confirming a similar numerical observation for the phase retrieval
problem [57] also holds in the low-rank setting, where trace minimization may be

eliminated for low-rank PSD matrix recovery using rank-one measurements.

0.2

100 200 300 400 500 600 0 0.0 0.1 0.15
Number of measurements (m) Percentage of outliers (s)

(a) (b)

Figure 3.3: Phase transitions of low-rank PSD matrix recovery with respect to (a)
the number of measurements and the rank, with 5% of measurements corrupted by
standard Gaussian variables; (b) the percentage of outliers and the rank, when the
number of measurements is m = 600, when n = 40.
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Figure 3.3 further shows the success rates of the Robust-PhaseLift algorithm (a)
with respect to the number of measurements and the rank, when 5% of measurements
are selected uniformly at random and corrupted by standard Gaussian variables; and
(b) with respect to the percentage of outliers and the rank, for a fixed number of
measurements m = 600. This also suggests possible room for improvements of our
theoretical guarantee, as the numerical results indicate that the required measurement

complexity for successful recovery has a seemingly linear relationship with r.
3.6.2 Convex Relaxation with Additional Toeplitz Structure

We next consider robust recovery of low-rank Toeplitz PSD matrices, where we
allow complex-valued sensing vectors A(X) = {afXa,;}™, and complex-valued
Toeplitz PSD matrices X with (-)¥ denoting the Hermitian transpose. Estimating
low-rank Toeplitz PSD matrices is of great interests for array signal processing [86].

We modify (3.4) by incorporating the Toeplitz constraint as:

~

X = argminy,¢|ly — A(X)|1, st. X is Toeplitz. (3.23)

Let n = 64, the Toeplitz PSD matrix X, is generated as Xo = VIV where V =
[(f1),v(fs), - ,v(f,)] € C™" is a Vandermonde matrix with v(f;) = [1,e/*™i ...
eI =DFEIT " £~ Unif[0, 1], and ¥ = diag{o?,---,02}, with ¢ ~ Unif|0,1]. Fig-
ure 3.4 shows the phase transitions of Toeplitz PSD matrix recovery with respect to
the number of measurements and the rank without outliers in (a), and when 5% of
measurements are selected uniformly at random and corrupted by standard Gaus-
sian variables in (b). It can be seen that the low-rank Toeplitz PSD matrix can be
robustly recovered from a sublinear number of measurements due to the additional
Toeplitz structure. We note that a different covariance sketching scheme is considered
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Figure 3.4: Phase transitions of low-rank Toeplitz PSD matrix recovery with respect
to the number of measurements and the rank, (a) without outliers, and (b) with 5%
of measurements corrupted by standard Gaussian variables, when n = 64.

in [87-89] for estimating low-rank Toeplitz covariance matrices. Though not directly
comparable to our measurement scheme, it may benefit from a similar parameter-free

convex optimization to handle outliers.
3.6.3 Performance of Nonconvex Subgradient Descent

We next examine the performance of the nonconvex subgradient descent algorithm
in Algorithm 3, where the number of iterations is set as Tyax = 3 x 10%, which is
a large value to guarantee convergence when terminated. Denote the solution to
Algorithm 3 by U, and each Monte Carlo simulation is deemed successful if the
normalized estimate error satisfies | X — Xoll¢/[| Xo|lr < 107, where X = UU " is
the estimated low-rank PSD matrix. For each cell, the success rate is calculated by

averaging over 100 Monte Carlo simulations.
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Figure 3.5: Phase transitions of low-rank PSD matrix recovery with respect to the
number of measurements and the rank for the proposed Algorithm 3 using noise-free
measurements, when n = 40.

Figure 3.5 shows the success rate of Algorithm 3 with respect to the number
of measurements and the rank under the same setup of Figure 3.2 for noise-free
measurements, when n = 40. Indeed, empirically Algorithm 3 performs similarly
as the convex algorithms but with a much lower computational cost. Moreover, the
proposed Algorithm 3 allows perfect recovery even in the presence of outliers. For
comparison, we implement the extension of the WF algorithm in [25,26, 48| in the
low-rank case, that minimizes the squared f5-norm of the residual, where the update

rule per iteration becomes
1 m
U =00 (- 0 ) asa[ U

using the same initialization (3.21). The step size is set as V" = 0.1/ |U||?. Figure
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Figure 3.6: Phase transitions of low-rank PSD matrix recovery with respect to the
percentage of outliers and the rank using (a) the proposed Algorithm 3, and (b) the
WF algorithm, when n = 40 and m = 600.

3.6 (a) shows the success rates of Algorithm 3 with respect to the percentage of outliers
and the rank, under the same setup of Figure 3.3 (b), where the performance is even
better than the convex counterpart in (3.4). In contrast, the WF algorithm performs
poorly even with very few outliers, as shown in its success rate plot in Figure 3.6 (b),

as the loss function used for WF' is not robust to outliers.
3.6.4 Comparisons with Additional Bounded Noise

Finally, we compare the two proposed algorithms (Robust-PhaseLift in (3.4) and
Algorithm 3), the WF algorithm and the PhaseLift algorithm in (3.5) when the mea-
surements are corrupted by both outliers and bounded noise. Fix n =40 and r = 3.
The rank-r PSD matrix X and the sensing vectors are generated similarly as ear-
lier. 5% of measurements are selected uniformly at random and corrupted by outliers

obeying the Gaussian distribution N (0,5%). Moreover, each entry in the bounded
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noise w is i.i.d. drawn from Unif[—4/m,4/m], thus ||w|; < 4. Figure 3.7 depicts the
mean squared error || X — X2 for different algorithms with respect to the number
of measurements, where X is the estimated PSD matrix. For the subgradient descent
algorithm in Algorithm 3, various ranks are used as prior information, corresponding

to the correct rank r, its underestimate r — 1, and its overestimate r + 1. It can
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Figure 3.7: Comparisons of mean squared errors using different algorithms with re-
spect to the number of measurements with 5% of outliers and bounded noise, when
n =40 and r = 3.

be seen that Algorithm 3 works well as long as the given rank provides an upper
bound of the true rank, and it performs much better than the WF algorithm which
is not outlier-robust. On the other hand, the PhaseLift algorithm (3.5) does not ad-
mit favorable performance if we set the constraint parameter as, for example, ¢ - €,

for a small constant ¢ = 1,2 or 4, since the outliers do not fall into the prescribed
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noise bound. In fact, it fails to return any feasible solution when the number and
amplitudes of outliers is too large in our simulation (not shown). In order to obtain a
favorable solution from PhaseLift, we use the oracle information to set the constraint
parameter in (3.5) as € = || + w||,. In contrast, Robust-PhaseLift is parameter-free.
It can be seen that Robust-PhaseLift, as well as Algorithm 3 with the correct model
order, still achieve better performance than PhaseLift despite being aided by oracle

information.

3.7 Conclusion

In this chapter, we address the problem of estimating a low-rank PSD matrix
X € R™™ from rank-one measurements that are possibly corrupted by arbitrary out-
liers and bounded noise. This problem has many applications in covariance sketching,
phase space tomography, and noncoherent detection in communications. It is shown
that with an order of nr? random Gaussian sensing vectors, a PSD matrix of rank-
r can be robustly recovered by minimizing the ¢;-norm of the observation residual
within the semidefinite cone with high probability, even when a fraction of the mea-
surements are adversarially corrupted. This convex formulation eliminates the need
for trace minimization and tuning of parameters without prior knowledge of the out-
liers. Moreover, a nonconvex subgradient descent algorithm is proposed with excellent
empirical performance, when additional information of the rank of the PSD matrix

is available.
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Chapter 4: Robust Matrix Recovery from Corrupted Linear

Measurements

In this chapter, we focus on low-rank matrix recovery from random linear mea-
surements in the presence of arbitrary outliers. Specifically, the sensing matrices are
generated with i.i.d. standard Gaussian entries. Moreover, we assume that a small
number of measurements are corrupted by outliers, possibly in an adversarial fashion
with arbitrary amplitudes. The goal is to develop an efficient and robust algorithm
that is able to handle a large number of adversarial outliers. The results of this

chapter are summarized in the paper [90] and the paper submission [91].

4.1 Problem Formulation
Let M € R™*"™2 bhe a rank-r matrix that can be written as
M =XY", (4.1)

where X € R"*" and Y € R"™2*" are the low-rank factors of M. Define the condition

number and the average condition number of M as

__ _|IM]le
o (M)’ and I{_\/FOT(M), (4.2)

respectively. Clearly, & < k.
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Let m be the number of measurements, and the set of sensing matrices are given
as {A;}",, where A; € R"*™ ig the ith sensing matrix. In particular, each entry of
A, is generated with i.i.d. standard Gaussian entries, i.e. (A;),, ~ N (0,1). Denote
the index set of corrupted measurements by S, and correspondingly, the index set
of clean measurements is given as the complementary set S¢. Mathematically, the
measurements y = {y;}7, are given as

A, M), if Q€S
yi:{< oo (4.3)

i, if 18 7
where 1 = {1;}ies is the set of outliers that can take arbitrary values. Denote the
cardinality of S by |S| = s-m, where 0 < s < 1 is the fraction of outliers. To simplify
the notations, we define the linear maps A;(M) = {R™*" — R : (A;, M)}, and
A(M) = {R™7 o R™ : {A (M)}, ).

Instead of recovering M, we aim to directly recover its low-rank factors (X,Y)
from the corrupted measurements y, without a priori knowledge of statistical distri-
bution or fractions of the outliers, in a computationally efficient and provably accurate
manner. It is straightforward to see that for any orthonormal matrix P € R™" and
scalar 7 € R such that v # 0, we have (YXP)(y 'Y P)" = XY . To address the
scaling ambiguity, we assume X' X = Y'Y, and consequently, (X,Y") can be re-
covered only up to orthonormal transformations. Hence, we measure the estimation
accuracy by taking this into consideration. Let the estimates of low-rank factors be
U e R" and V € R™*" and define the augmented variables

U

wo[Y

] € Rmtmlxr 7 = {ﬂ € Rmtna)xr, (4.4)

Then the distance between W and Z is measured as

dist (W, Z) = min |W — ZP||,. (4.5)

PcOrxr
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Define

Quw z) = argminpcor: [W — Z P (16)

and then dist (W, Z) = ||W — ZQ)||¢, where the subscript of Q is dropped for nota-
tional simplicity.

This setting generalizes the outlier-free models studied in [5, 16, 26, 63], where
convex and nonconvex approaches have been developed to accurately recover the
low-rank matrix. Unfortunately, the vanilla gradient descent algorithm, of which
the effectiveness has been demonstrated in |26, 63| for directly recovering the fac-
tors of low-rank matrices from random linear measurements, is very sensitive in the
presence of even a single outlier, as the outliers can perturb the search directions
arbitrarily. To handle outliers, existing convex optimization approaches (including
Robust-PhaseLift in Chapter 3) based on sparse and low-rank decompositions can
be applied using semidefinite programming [83,84,92|. However, their computational
cost is very expensive. Therefore, our goal in this chapter is to develop a fast and
robust nonconvex alternative that is globally convergent in a provable manner that

can handle a large number of adversarial outliers.

4.2 Median-Truncated Gradient Descent

Define a quadratic loss function with respect to the ith measurement as

(U V) = (4 - AUV (4.7)

4dm

where U € R™*" and V € R™*". In order to get rid of the impact of outliers, an

ideal approach is to minimize an oracle loss function, expressed as

horacle(Ua V) = foracle(U7 V) + g<U7 V)
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_iezscfi(U,V)Jr%HUTU—VTVHi, (4.8)

which aims to minimize the quadratic loss over only the clean measurements, in

addition to a regularization term
A 2
gU,V) = ZHUTU—VTVHF, (4.9)

that aims at balancing the norm of the two factors. Nevertheless, it is impossible to
minimize Agpace (U, V') directly, since the oracle information regarding the support of
outliers is absent. Moreover, the loss function is nonconvex, adding difficulty to its
global optimization.

We propose a median-truncation strategy to robustify the gradient descent ap-
proach in [26, 63|, which includes careful modifications on both initialization and
local search. As it is widely known, the sample median is a more robust quantity
to outliers, compared with the sample mean, which cannot be perturbed arbitrarily
unless over half of the samples are outliers [93]. Therefore, it becomes an ideal metric
to illuminate samples that are likely to be outliers and therefore should be eliminated
during the gradient descent updates.

Specifically, we consider a gradient descent strategy where in each iteration, only

a subset of all samples contribute to the search direction:
He

U =U,— ——  Vyh(U,V,);
=g e Vol V) (4.10)
p .
Vi =Vi— —HV;H? Vyh(Uy, Vo),

where g, denotes the step size, and Wy = [U,, V]" is the initialization that will be
specified later. Also, denote W, = [U/, V/[|". In particular, the iteration-varying

loss function is given as

WU, V) =Y (U, V)+gU,V):= fo(U,V)+g(U,V), (4.11)

i€ET
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where the set £ varies at each iteration and includes only samples that are likely to

be inliers. Denote the residual of the ith measurement at the tth iteration by
rt=y - AUV]), i=1,-- . m, (4.12)
and vt = [rt vl - vt 1T =y — A(U,V]). Then the set £ is defined as
gt = {¢)|r;?| <ap- med{|rt|}} , (4.13)

where «, is some small constant. In other words, only samples whose current absolute
residuals are not too deviated from the sample median of the absolute residuals are
included in the gradient update. As the estimate (U, V;) gets more accurate, we
expect that the set £ gets closer to the oracle set S¢, and hence the gradient search is
more accurate. Note that the set £ varies per iteration, and therefore, can adaptively

prune the outliers. The gradients of h,(U, V') with respect to U and V' are given as

Voh(U,V) = ﬁ AUV -y AVHINU (UTU-VTV);

€&t

Vyvh(U,V) = % AWV -yl AU+ AV (VIV-UD).

€&t

(4.14)

For initialization, we adopt a truncated spectral method, which uses the top singu-
lar vectors of a sample-weighted surrogate matrix, where again only the samples whose
absolute values do not significantly digress from the sample median are included. To
avoid statistical dependence in the theoretical analysis, we split the samples by using
the sample median of my samples to estimate || M ||g, and then using the rest of the
samples to construct the truncated surrogate matrix to perform a spectral initializa-
tion. In practice, we find that this sample split is unnecessary, as demonstrated in

the numerical simulations.
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Algorithm 4: Median-Truncated Gradient Descent (median-TGD)
Parameters: Thresholds o, and oy, step size p;, average condition number
bound kg, rank r, and regularization parameter .
Input: Measurements y = {y;},",, and sensing matrices {A;}.",.
Initialization:
1) Set y;, = {yi};=; and yy = {yi};",, 1, where my = [m/2] and mg = m —m;.
2) Take the rank-r SVD of the matrix

R
K = o D Ui ATy <o, med(iys ) - (4.15)
=1

which is denoted by C’LEC; := rank-r SVD of K, where C € R™*"
Cpr e R™*" and ¥ € R™".

3) Initialize Uy = C; X2, and Vi = CrXY2.

Gradient Loop: Fort=0:1:7T —1 do

o

Upy =U, — 1. 5 2 (A (UV]) =) AVille + MU, (UJU, - V] Vt)] :
HUOH m i=1
1 m

Vi =V, — H‘f—tHQ 5 S (A UV]) =) AlU L + AV, (V] V, - UIUt)] ,
0 L i=1

where

E={lyi— AUV <o -med(Jly—AUV])|)}.
Output: X = Ur, and Y =V

The details of the proposed algorithm, denoted as median-truncated gradient de-
scent (median-TGD), are provided in Algorithm 4, where the stopping criterion is
simply set as reaching a preset maximum number of iterations. In practice, it is also
possible to set the stopping criteria by examining the progress between iterations. In
sharp contrast to the standard gradient descent approach that exploits all samples
in every iteration 26|, both the initialization and the search directions are controlled
more carefully in order to adaptively eliminate outliers, while maintaining a similar

low computational cost.
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Computationally, because the sample median can be computed in a linear time
[94], our median-truncated gradient descent algorithm shares a similar attractive
computational cost as [26, 63|. Specifically, the per-iteration computational com-
plexity of the proposed algorithm is on the order of O (mn? + 2n*r + 4nr?), where
n = (ny + ny)/2, which is linear with respect to m, while is quadratic with respect
to n and r%. The proposed algorithm enjoys a lower computational complexity, com-
pared with SVD-based methods [15] and alternating minimization [27], which usually

require more than O (mn? + n?) or O (mn? + m?) operations during each iteration.

4.3 Performance Guarantees

Theorem 3 summarizes the performance guarantee of median-TGD in Algorithm 4
for low-rank matrix recovery using Gaussian measurements in the presence of sparse
arbitrary outliers, when initialized within a proper neighborhood around the ground

truth. As used before, we let n = (ny + ng)/2 for convenience.

Theorem 3 (Exact recovery with sparse arbitrary outliers). Assume the measurement
model (4.3), where each A; is generated with i.i.d. standard Gaussian entries. Suppose

that the initialization W satisfies

1
dist (W, Z) < 510,(Z).

Recall that Kk = Zig%; Set ap, = 6 and A = E [§2H{|§‘§0,65ah}} /4 with & ~ N (0,1).

There exist some constants sg > 0, cg > 1,¢1 > 1 such that with probability at least

1 —e ™ uf s < 59, and m > cynrlogn, there exists a constant p < %, such that

6In practice, our algorithm can be applied to other measurement ensembles with more structures,
such as sparsity, and the computational complexity can be further reduced.
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with py = p, the estimates of median-TGD satisfy

t/2
dist (W, Z) < (1 - %) dist (Wo, Z).

K

Theorem 3 suggests that if the initialization W lies in the basin of attraction,
median-TGD converges to the ground truth at a linear rate as long as the number m
of measurements is on the order of nrlogn, even when a constant fraction of mea-
surements are corrupted arbitrarily. In comparisons, the gradient descent algorithm
by Tu et.al. [63]| achieves the same convergence rate in a similar basin of attraction,
with an order of nr measurements using outlier-free measurements. Therefore, our
algorithm achieves robustness up to a constant fraction of outliers with a slight price
of an additional logarithmic factor in the sample complexity.

Theorem 4 guarantees that the proposed truncated spectral method provides an

initialization in the basin of attraction with high probability.

Theorem 4. Assume the measurement model (4.3), and k < Ro. Set o, = 2 log(7’1/4/?c(l)/2
+ 20). There ezist some constants s; > 0 and ¢, c3, ¢4 > 1 such that with probability

at least 1 —n~ — exp(—csm), if s < s1/(\/TR), and m > csa;5*nr?logn, we have

1
dist (Wo, Z) < -0, (Z).

Theorem 4 suggests that the proposed initialization scheme is guaranteed to obtain
a valid initialization in the basin of attraction with an order of nr?lognlog®r mea-
surements when a fraction of 1/4/r measurements are arbitrarily corrupted, assuming
the average condition number & is a small constant. In comparisons, in the outlier-free
setting, Tu et.al. [63] requires an order of nr?x* measurements for a one-step spectral

initialization, which is closest to our scheme. Therefore, our initialization achieves
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robustness to a 1/4/r fraction of outliers at a slight price of additional logarithmic fac-
tors in the sample complexity. It is worthwhile to note that in the absence of outliers,
Tu et.al. [63] was able to further reduce the sample complexity of initialization to an
order of nr by running multiple iterations of projected gradient descent. However, it
is not clear whether such an iterative scheme can be generalized to the setting with
outliers in our work.

In the case when the rank is a small constant, our results indicate that the pro-
posed algorithm can tolerate a constant fraction of outliers with an order of nlogn
measurements, which is much smaller than the size of the matrix. Finally, we note
that the parameter bounds in all theorems, including «y, oy, and p, are not optimized

for performance, but mainly selected to establish the theoretical guarantees.

4.4 Related Work

Our work is amid the recent surge of nonconvex approaches for high-dimensional
signal estimation, e.g. an incomplete and still growing list [25,26,53,60,63,64,95-98].
A series of recent work has demonstrated that, starting from a careful initialization,
simple algorithms such as gradient descent [26,53,63,95,98,99| and alternating min-
imization [27,100] enjoy global convergence guarantees under near-optimal sample
complexity. Some of these algorithms also converge at a linear rate, making them
extremely appealing computationally. On the other hand, the global geometry of
nonconvex low-rank matrix estimation has been investigated in [101-104], and it is

proven that no spurious local optima, except strict saddle points, exist under suitable
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coherence conditions and sufficiently large sample size. This implies global conver-
gence from random initialization, provided the algorithm of choice can escape saddle
points [105-107].

The most closely-related work is on low-rank matrix recovery using random linear
measurements [26,63] in the absence of outliers, in the context of which our algorithm
can be thought as a robust counterpart. Our particular approach is inspired by the
work [97] on robust phase retrieval, which can be thought as robust recovery of a
rank-one PSD matrix using rank-one measurement operators [10]. Our model in the
current work differs as we tackle low-rank matrix recovery using random full-rank
measurement operators, and thus non-trivial technical developments are necessary.

The concept of median has been adopted in various sub-domains of machine learn-
ing, for instance, K-median clustering [108| and resilient data aggregation for sensor
networks [109]. The median-TGD algorithm presented here further extends the ap-
plications of median to robust high-dimensional estimation problems with theoretical
guarantees. Another popular approach in robust estimation is to use the trimmed
mean [93], which has found success in robustifying sparse regression [110| and sub-
space clustering [111|. However, using the trimmed mean needs an upper bound on
the number of outliers, whereas median does not require such information. Recently,
geometric median is adopted for robust empirical risk minimization as well [112-114].

It is worth mentioning that, besides convex method [84,92], nonconvex approaches
for robust low-rank matrix completion have also been presented in [115-117], where
the goal is to separate a low-rank matrix and sparse outliers from a small num-
ber of direct or linear measurements of their sum. The approaches typically use

thresholding-based truncation for outlier removal and projected gradient descent for
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low-rank matrix recovery, which are somewhat similar to our approach in terms of dif-
ferent ways to remove outliers. However, this line of work typically requires stronger
assumptions on the outliers such as spread-ness conditions, while we allow arbitrary

outliers.

4.5 Numerical Experiments

In this section, we evaluate the performance of the proposed median-TGD algo-
rithm via conducting several numerical experiments. As mentioned earlier, for the
initialization step, in practice we find it is not necessary to split the samples into two

parts. Therefore, the matrix in (4.15) is changed instead to

1 m
K= m Z Yi Ay, <oy -med(y))} - (4.16)
i=1

In particular, we check the trade-offs between the number of measurements, the rank
and the fraction of outliers for accurate low-rank matrix recovery, and compare against
the algorithm in [63], referred to as the vanilla gradient descent algorithm (vanilla-
GD), to demonstrate the performance improvements in the presence of outliers due
to median truncations.

Let ny = 150, ny = 120. We randomly generate a rank-r matrix as M = XY ',
where both X € R"*" and Y € R™*" are composed of i.i.d. standard Gaussian
variables. The outliers are i.i.d. randomly generated following A/(0,10* || M|?). We
set oy = 12 and oy, = 6, and pick a constant step size y; = 0.4. In all experiments,
the maximum number of iterations for median-TGD algorithm is set as T = 10* to
guarantee convergence. Moreover, let (X , Y) be the solution to the algorithm under
examination, and the recovered low-rank matrix is given as M=XY". Then, the
normalized estimate error is defined as |[M — M ||g/ || M ||
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4.5.1 Phase Transitions

We first examine the phase transitions of median-TGD algorithm with respect
to the number of measurements, the rank and the percentage of outliers. Fix the
percentage of outliers as s = 5%. Given a pair of m and r, a ground truth (X,Y) is
generated composed of i.i.d. standard Gaussian variables. Multiple Monte Carlo trials
are carried out, and each trial is deemed a success if the normalized estimate error is

less than 1075, Figure 4.1 (a) shows the success rates of median-TGD, averaged over

0 9
9 L
0.8 8
8 |
7
= 0.6 = 6r
S 5 S
= £ 50
© 5 ©
= 0.4 T,
4
3 sl
02
2 ol
1 1l

500 1000 1500 2000 2500 3000 0 0.1 0.2 0.3 0.4
Number of measurements (m) Percentage of outliers (s)

(a) (b)

Figure 4.1: Phase transitions of low-rank matrix recovery when n; = 150 and ny =
120. (a) Success rate with respect to the number of measurements and the rank,
when 5% of measurements are corrupted by outliers. (b) Success rate with respect to
the percentage of outliers and the rank, when m = 2700.

10 trials, with respect to the number of measurements and the rank, where the red line
shows the theoretical limit defined as r = (1 — s)m/(ny + ny) by a heuristic count of
the degrees of freedom. It can be seen that the required number of measurements for a
successful matrix recovery scales linearly with the rank r, and the transition is sharp.
We next examine the success rates of median-TGD with respect to the percentage
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of outliers and the rank. Fix m = 2700. Under the same setup as Figure 4.1 (a),
Figure 4.1 (b) shows the success rate of median-TGD, averaged over 10 trials, with
respect to the rank and the percentage of outliers. The performance of median-TGD
degenerates smoothly with the increase of the percentage of outliers. Similarly, the

red line shows the theoretical limit as a comparison.
4.5.2 Stability to Additional Bounded Noise

We next examine the performance of median-TGD when the measurements are
contaminated by both sparse outliers and dense noise. Here, the measurements are

rewritten as

| (A, M) + w;, if €8¢
i = { i + Wi, if i8S (4.17)
where w;, for ¢ = 1,--- ,m, denote the additional bounded noise. Fix r = 5 and

s = 5%. The dense noise is generated with i.i.d. random entries following 0.0505 (M )-
U [—1,1]. Figure 4.2 depicts the average normalized reconstruction errors with respect
to the number of measurements using both median-TGD and vanilla-GD [63], where
vanilla-GD is always given the true rank information, i.e. » = 5. The performance
of median-TGD is comparable to that of vanilla-GD using outlier-free measurements,
which cannot produce reliable estimates when the measurements are corrupted by
outliers. Therefore, median-TGD can handle outliers in a much more robust manner.
Moreover, the performance of median-GD is stable as long as an upper bound of the
true rank is used.

We then compare the convergence rates of median-TGD and vanilla-GD under
various outlier settings, by fixing m = 2400 while keeping the other settings the same

as Figure 4.2. Figure 4.3 shows the normalized estimate error with respect to the
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Figure 4.2: Comparisons of average normalized estimate errors between median-TGD
and vanilla-GD in [63] with respect to the number of measurements, with 5% of
measurements corrupted by outliers and additional bounded noise, when n; = 150,
ng = 120, and r = 5.
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Figure 4.3: Comparisons of convergence rates between median-TGD and vanilla-GD
in different outlier-corruption scenarios, when m = 2400, n; = 150, ny = 120 and
r=5h.
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number of iterations of median-TGD and vanilla-GD with no outliers, 1% of outliers,
and 10% of outliers, respectively. In the outlier-free case, both algorithms have com-
parable convergence rates. However, even with a few outliers, vanilla-GD suffers from
a dramatical performance degradation, while median-TGD is robust against outliers
and can still converge to an accurate estimate. Numerical experiments demonstrate
the excellent empirical performance of the proposed algorithm for low-rank matrix
recovery from outlier-corrupted measurements, which significantly outperforms the

existing algorithms that are not resilient to outliers [26,63].

4.6 Proof of Linear Convergence

In this section, we present the proof of Theorem 3. To obtain the performance
guarantees, we establish that the proposed median-truncated gradient satisfies a so-
called regularity condition (RC) [25], which is a sufficient condition for establishing
the linear convergence to the ground truth. Since its debut in [25], the RC has
been employed successfully in the analysis of phase retrieval [25,60, 96, 97|, blind
deconvolution [64] and low-rank matrix recovery [26,63,98] in the recent literature,
to name a few. However, our analysis is significantly more involved due to the fact
that the truncation procedure involving low-rank matrices has not been tackled in
the previous literature. In particular, we establish a new restricted isometry property
(RIP) of the sample median for the class of low-rank matrices, which can be thought
as an extension of the RIP for the sample mean in compressed sensing literature [5,16].
We remark that such a result can be of independent interest, and its establishment is
non-trivial due to the nonlinear character of the median operation. Specifically, the

roadmap of proof is below. Section 4.6.1 first establishes an RIP-like property for the
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median of random linear measurements of low-rank matrices. Section 4.6.2 describes
the RC, which is used to certify the linear convergence of the proposed algorithm.
Section 4.6.3 proves several properties of the truncated gradient which are then used

in Section 4.6.4 to prove the RC and finish the proof.
4.6.1 Concentration Property of Sample Median

To begin, we define below the quantile function of a population distribution and

its corresponding sample version.

Definition 1 (Generalized quantile function). Let 0 < 7 < 1. For a cumulative

distribution function (CDF) F(z), the generalized quantile function is defined as
F'r)=inf{z €R: F(z) >}

For simplicity, denote 0, (F) = F~1(7) as the T-quantile of F. Moreover, for a

m
=1’

sample collection y = {y;} the sample T-quantile 0. (y) means 0.(F), where F is

the empirical distribution of the samples y. Specifically, med (y) = 61,2 (y).

We establish a RIP-style concentration property for the sample median used in
the truncation indicator of gradient descent, which provides theoretical footings on
the success of the proposed algorithm. The concentration property of the sample p-
quantile function 6, (|A (G)|) of all rank-2r matrices G is formulated in the following

proposition, of which the proof is shown in Appendix D.1.

Proposition 1. Fiz e € (0,1). If m > ¢y (e ?loge ) nrlogn for some large enough
constant cy, then with probability at least 1 — ci exp (—came?), where ¢ and cy are

some constants, we have for all rank-2r matrices G € R™*"2

01 (JA(G)]) € [0.6745 — €,0.6745 + ¢] | Gl ;
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Ooas (JA(G)]) € [0.6588 — €,0.6588 + ] [| G, ;

0051 (JA(G)]) € [0.6903 — €,0.6903 + €] |G| -

Proposition 1 suggests that as long as m is on the order of nrlogn, the sample
median 0, (JA(G)|) concentrates around a scaled ||G||¢ for all rank-2r matrices G,
which resembles the matrix RIP in [5]. Based on Proposition 1, provided that m >

conrlogn for some large enough constant ¢y, setting G = XY ' — UV ', we have
Bo.49,01, 0051 (A (XY") —A(UVT)]) €[0.650.70] | XY —UV'||_  (4.18)

holds with probability at least 1 — ¢y exp (—com) for all U € R™*" 'V € R"*"

X e Rm*" and Y € R™*". On the other end, due to Lemma 22, we have

med (Jy —A(UV")|) >0, (JA(XY") -A(UV)

);

As a result, when the fraction of corruption satisfies s < 0.01, the above equation

together with (4.18) yields
065 XY —UV'|, <med(ly—AUV")|) <070 XY -UVT|.. (419)

Therefore, an important consequence is that the truncation event &; satisfies

le. 2 ]I{|<Ai,UVT>fyi

<0.650,|[UVT XY T ||F}5 : )
4.20

lee < L jasov -] o100, [ovT-xv 7|}

4.6.2 Regularity Condition

We first introduce the so-called RC [25,26,63] that characterizes the benign cur-
vature of the loss function around the ground truth, and guarantees the linear con-
vergence of gradient descent to the ground truth.

65



We first rewrite the loss function in terms of the augmented variables in (4.4).
1 A.

;ff Qﬂ, and define B; ( WW ') := (B;, WW ") and

24

B (WWT) = {BZ- (WWT) }Zl, then we can have the equivalent representation

Denote the matrix B; = [

B (WW')=(B;,WW')= (A, UV")=A4; (UV"). (4.21)
The regularizer can be rewritten as

g(W) = 2 W DW|, (4.22)

where D = [Inl

0 : : .
, and its gradient can be rewritten as
0 I,,

Vg(W)=ADW (W' DW). (4.23)
Then the truncated gradient can be rewritten as a function of W,

V(W) = - > (Bi(WWT) —y,) BWIs, + \DW (W' DW)

=V Z:(W) + Vg(W), (4.24)
where
E={|yi—BWW)| <aj med(ly—B(WW')|)}. (4.25)

Then the RC is defined in the following definition.

Definition 2 (Regularity Condition). Suppose Z € R™M*m2)X" js the ground truth.

The set of matrices that are in an e-neighborhood of Z is defined as
= {W e Rt dist (W, Z) < €}

Then the function h(W') is said to satisfy the RC, denoted by RC («, 3, €), if for all

matrices W € C (€), the following inequality holds:

(Vh(W), W - 2Q) > W —ZQ| + IVR(W)llE,  (4.26)

02 (Z) 1
a sz’

where Q is an orthonormal matriz given in (4.6).
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The neighborhood C(¢) is known as the basin of attraction. Interestingly, if h(W)
satisfies the RC, then initializing a simple gradient descent algorithm in the basin of
attraction guarantees that the iterates converge at a linear rate to the ground truth,

as summarized in the following lemma.

Lemma 11. /25, 26, 63] Suppose that h(W) satisfies RC («, B,€) and Wy € C (e).

Consider the gradient descent update

Wt+1 = Wt - ﬁV}L (Wt) (427)

with the step size 0 < p < min{a/2,2/8}. Then for all t > 0, we have W, € C (¢)

and

9.\ /2
dist (W, Z) < <1 - a—‘;) dist (W, Z).

Note that since the initialization satisfies dist (W, Z) < 5;0, (Z), by the triangle

inequality we can guarantee that
23 25
— | Z]]| < ||Wol < =|Z
Szl < Wl < 22 121,
which implies

23 25
2 _1Z|| < ULl < 2212
373 121 < 0ol < 112

1Z| <[Vl <

2 2 _\z|
24+/2 244/2 ’

where we use the fact |[Ug|| = |V o|| = [|[Wol|| /v/2. Therefore, instead of proving the

linear convergence of the actual update size ”U’f) E and we prove it for the step

-
Voll””

L 2
E

size in (4.27), since they only differ by a constant scaling of p. Hence, the rest

of the proof is to verify that RC holds for the truncated gradient.
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4.6.3 Properties of Truncated Gradient

We start by proving a few key properties of the truncated gradient VA(W') =
Vfi: (W) + Vg(W). Consider the measurement model with sparse outliers in (4.3).

Define the truncation event
E=A|B(ZZ") - B(WWT)| < apmed (Jly — B(WWT)|)},

which is the same as &; except that the measurements used to calculate the residual
are replaced by clean measurements. In particular, it is straight to see that (4.20)

also holds for 5, Then we can write V f;,. (W) as

i=1

= L3 (B (WWT) - 5.(227) BW;

m i2S
L > (B (WWT) —y) BWIL,
m i€S
_ % S (B,(WWT) - B, (227)) BWI,
=1
=V fur (W)
+— Z (WWT) —y) I, — (B, (WWT) —B,(22")) 1] BW,
ZES

J/

=0 for (W)

where V¢ f,. (W) corresponds to the truncated gradient as if all measurements are
clean, and Vf;,. (W) corresponds to the contribution of the outliers.

For notational simplicity, define

C[H [U-XxQ
H_{HJ_W—ZQ_{V_YQ}, (4.28)

where Q is given in (4.6). We have
1 m
(Vfur (W), H) = — Z B,WW' —-2ZZ")- (B, HW') I;. (4.29)
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Define the set D as
D= {i(B,WW' —ZZ")- (B, HW ) <0}. (4.30)
We can then split (4.29) and bound it as

<vcftr (W) ) H>

1 T T T
> — Z<Bi> WW ' —-ZZ ) - (B;,HW ) ']I{’(Bi,WWT—ZZT)’gO.GBahHUVT—XYTHF}

gD
1 T T T
+ m Z<Bia WW' —-ZZ"). (B;, HW ') ']I{|(B1-,WWT—ZZT)|§0.70ah||UVT—XYT||F}
€D
= ‘B1 + B2’ (431)
where

1
Bii=on (A, UV —XY")- (A, H\V' +UH,;)
m
i#D

) H{|(Ai,UVfoyT)|goﬁ5ah||UVT7XYT ||F}?

1
By = o~ (A, UVT — XY ") . (A, HiV' +UH))
1€D

’ H{|(Ai,UVT—XYU|§0.7t)ah||UVT—)nfT HF}

The first term in (4.31) can be lower bounded by Proposition 2, whose proof is

given in Appendix D.2.

Proposition 2. Provided m > cinr, we have

B, > %(UVT ~ XY, H,V' +UH])

—0.00060, |[UVT — XY || ||[H.V" +UH, |, (4.32)

holds for all Z, W & RU+m2)XT ith probability at least 1 — exp (—coym), where v, =

E [€*I{¢1<0.6505}] with & ~ N (0,1), and ¢1,¢2 > 0 are numerical constants.
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The second term in (4.31) can be lower bounded by Proposition 3, whose proof is

given in Appendix D.3.

Proposition 3. Provided m > cinr, we have
By > —0.360 UV — XY || || H HS || (4.33)

holds for all Z, W € RU+m2)X" ith probability at least 1 —exp (—com), where ¢y, ¢y >

0 are numerical constants.

The contribution of outliers V°f,. (W) can be bounded by the following proposi-

tion, whose proof is given in Appendix D.4.
Proposition 4. Provided m > cinrlogn, we have
(Vo fu (W), H)| <0.710p,/s | XY T —UV'|_|H VT + UH; | (4.34)

holds for all Z, W € RUHm2)X" ith probability at least 1 —exp (—com), where ¢y, ¢y >

0 are numerical constants.

On the other end, Proposition 5 establishes an upper bound for ||V f,. (W)||2,

whose proof is given in Appendix D.5.
Proposition 5. Provided m > cinrlogn, we have
2
IV for (W) < 0.250; |[UVT = XY T||_||W] (4.35)

holds for all Z, W € RM+m2)X" ith probability at least 1 —exp (—com), where ¢y, ¢y >

0 are numerical constants.

Moreover, for the regularizer, we have

(Vg(W),H) = \(DW (W'DW)  H)
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=NU(U'U-V'V) H)+ XV (V'V-U'U), H,)
=NUU" H, U + \(VVT H, V")

- MUV H\V' +UH,), (4.36)
and

IVg(W)|2 = X2 ||DW (W DW)|
= |w (W DW)||;

<N |W|? W DW|;

2
=X |W|P||(H+ZQ)" D(H + ZQ)|
=\ ||W|?|H DH + H' DZQ + (ZQ)TDHHi (4.37)
<N||W|P (|H"DH|| +2||H DZ])", (4.38)

where (4.37) follows from X ' X =Y 'Y.
4.6.4 Certifying Regularity Condition with Sparse Outliers

We are now ready to establish the RC in the neighborhood where |H|z <

0, (Z). Recall that based on Propositions 2, 3 and 4, and (4.36), we have

(Vh(W), W - ZQ)
> (Vfu(W), H) + (Vg(W), H)
> (VW) H) = (VfL(W), H)| + (Vg(W), H)
> UV = XY H\VT + UH]) = 0.0006a, [UVT = XY || ||E.VT + UH] |,
— 0360, |[UVT = XY ||, |H H; ||, — 0.T1ay/s||[UVT = XY || |H, V' +UH, ||

+(Vg(W), H). (4.39)
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Set a, = 6, and we have v; ~ 0.998348. Set A = 7,/4, then we can write

%(UVT ~ XY H,V' +UH)]) + (Vg(W), H)

—oNUVT - XY H\V' +UH]) + \UU", H.U") + \VV T H,V")
- MUV H\V' +UH))

—ANWWT —zZ" HW') - \NXY  H,V' +UH])

+MXXT HUDY+MNYY T H, V), (4.40)
where the last three terms can be re-arranged as

(XX"HUY+ (@YY H,V")— (XY H,V'  +UH))
=(XQ)'U,(XQ)'H\) +((YQ)'V,(YQ) ' H>)
—(YQ)'V,(XQ) H\) - (YQ)'H:,(XQ)'U)
=(YQ)'V.(YQ) H:— (XQ)"H1) + (XQ)"H, - (YQ) H>,(XQ)'U)
=((YQ)'V-(XQ)'U.(YQ)'(V-YQ) - (XQ)' (U - XQ))
=(YQ)'V - (XQ)'Ult = |[H'DZ]|%, (4.41)
where (4.41) follows from X'X = Y'Y . Moreover, using the facts that H' ZQ

and H'W are symmetric matrices and W' ZQ = 0 [48], we have the first term in

(4.40) bounded as

WW' -ZZ" HW")

—|HQ ZT |+ | H  Z|} + |HH" |} + 3(HH™ . HQ )

> |HQ Z |+ || H Z|} + |HH | - 8|HH |(|HQ Z |r  (4.42)
> |HQ Z 7|2+ |H 22 + |HH |} - (|HQ 2|2 (4.43)
> HQ Z i+ |H 2|+ | HH| (4.44)
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where (4.42) follows from Cauchy-Schwarz inequality, (4.43) follows from ||H HT HF <

IHlf < 5500 (2Q) |HIlr < 5 |HQ™ZT|

£, where we used |H|| < 5;0,(Z) =

%0, (ZQ). In addition, we have

IH\VT +UH, [l < V2| HW '||¢

<V2|HH|r +V2|HQZ ||

25
< VAIHQ Z'|r. (4.45)

and

1
lov' - Xy’ < S Ww' -2zZ|,
V2

— % HHHT +ZQH" + H (ZQ)THF

1
< SIEH |+ v2|HQ ZT||
< VI|HQZT. (1.46)
and

1
o817, < | (4.47)

Plugging (4.44), (4.45), (4.46) and (4.47) into (4.39), we have

(Vh(W), W - 2Q)

25-49 49

W - 0.360éh

FAHTZ|2+ | H DZ|2 + \|HH" |2

7
> A~ (0.0006 +0.71V/5)a, oD

IHQ"Z |}

> (0.1188 — 9.06v/5) |[HQ T Z |2 + M| H Z|2 + A |H DZ||;
+ A HH'[[?, (4.48)

where (4.48) follows from the setting o, = 6 and A = 7 /4.
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On the other end, since

|B DH|; = | BT H - B < (|HHT [+ ) <o |HET

from Proposition 5 and (4.38) we have

VA (W)

2|V (W)le +2[Vg (W)

<050; |[UVT = XY T|2|W* + 22 |W|? (|H DH||. + 2|H DZ||,.)*

< (050} [UVT = XYT|? + 402 ||[H DH|; + 16)* | H DZ];) [W |

< (0.5a,%2 (%)2 |HQ™Z™ | + 8\ |HH||. + 16)? HHTDZW:> <§)2 12|

< (10s(|HQZT|} + 11 |[H DZ|}) | 2],

Therefore, if we let @ = 20 and 8 = 1000, we have the right hand side of RC as

o, (Z) 2 1 2

—— [ H[f + s [[VA(W)]|

a S Ak )

o7 (Z) 2 T T2 T 2
< || HIJF+0.0408 |HQT Z ||+ 0.0011 | H ' DZ||

20
< 0.0908|[HQ"Z"||. +0.0011|H DZ|; .
Consequently, matching it with the (4.48), we conclude that when s is a sufficiently

small constant, RC holds with parameters (20, 100, 0,(Z)/24). Note that the param-

eters a, 3, s have not been optimized in the proof.

4.7 Proof of Robust Initialization

As in the description of Algorithm 4, we split the samples into two portions
{y,,y5} in the initialization stage for the convenience of theoretical analysis. We
use the measurements y, = {y;}2,, ., to estimate || M||¢ via the sample median of
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y5. Then, we employ the rest of measurements y; = {y;}/2 to generate initialization
via the truncated spectral method. Besides, denote the outlier fraction of y, and y, by
s1 = |S1| /m1 and sy = |Sa| /ma, respectively, where S; and S, are the corresponding
outlier supports of ¥y, and y,. Hence, max{sy, so} < 2s.

Due to Lemma 22, provided s, is small, we have

0, {JAM)}E,, 1) < med(ly,]) <01, ((AM)I}L,, ). (449)

2

Following Proposition 1, if s < 25 < 0.01, we have that provided m > ¢inrlogn for

some large constant cy,
0.65[[M[¢ < med (|y,|) < 0.70 | M| (4.50)

holds with probability at least 1 — exp (—com) for some constant cs.

Therefore, (4.50) guarantees that the threshold used in the truncation is on the
order of | M ||g. To emphasize the independence between the measurements used for
norm estimation via the sample median and the rest of the measurements used in
the truncated spectral method, we define Cy; := med (]y,|), which satisfies (4.50).

Rewrite (4.15) as
K = (1 — 81>K1 + 81K2

where

> AM) AT 4 i<aycry, Ko = |5 | Y Ui Al <a,0,  (451)

i€SY 1€S]

K= |sc|

where Sf is the the complementary set of S;. Note that

D E[(A(M) Al vj<ayont] = 12 M,

| 1| Z€S°
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where v, :=E €2H{\§|§ayCM/||M||F}] <1 with £ ~ N (0,1), and

K| Z ylE H{lyz|<ayCM} =0.
!51|
1€S)

We have the following proposition on the concentration of K, of which the proof is

given in Appendix D.6.

Proposition 6. With probability at least 1 — n=°', we have

nlogn
1K — (1= 51) M| < Cayyy /228

1M [, (4.52)

provided that m > cologn, where c1,co, C' > 1 are numerical constants.

Let € := Cay M for short-hand notations. Denote 7= = min{n;,ny}. Let
01(K) > 03(K) > ---0;(K) be the singular values of K in a nonincreasing order,
and o1(M) > 09(M) > ---0;(M) be the singular values of M in a nonincreasing
order. Since M has rank r, we know o,41(M) = --- = 0;(M) = 0. By the Weyl’s

inequality and (4.52), we have

|0i(K) = (1 = s1)20i(M)| < €|[M|lg, i=1,---,n, (4.53)

which implies
oi(K) <e€|Mlg, i>(r+1). (4.54)
By definition, U,y = C’LEl/Q, Vo= CR21/2 and W = {‘(iﬂ , where CLECE =
rank-r SVD of K, with C; € R"*", Cg € R™*" and ¥ € R™*". Recall Z = [i,(],

then according to Lemma 23, we have

wowy -2z <2|UV,y - M|
=2[|CLEC) — (1 = s1)M||p +2[[(1 = s1)72 — 1) M
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<2V2r (|CLECR - K|| + |K = (1 = s1)3M]))
+2[(1=s1)ye — 1] [M]F
< 2V2r (0,51 (K) + e[ M[le) + 2|(1 = s1)7 — 1] - | M|

< (4@6 + 25172 +2(1 — 72)> 1M ||

By Lemma 12, we have

jwaw; - z77),
2(vV2-1)o,(2)
_ (4v2re + 25172 + 2(1 — 7)) | M ||
2(vV2-1)o.(2)
(2v2re + s172 4+ (1 —72)) [| M ||
V2-1yo, (M)

dist (W, Z) <

where we use the fact that for all 4, 0;(X) = 0,(Y) = 04(Z)/vV2 = \J/o; (M).

Therefore, we have dist (W, Z) < 5-0, (Z) if

24

O'T(M): c
IMlle rE

max{\/re, 51,1 — 1} <c

To be more specific, we need s; < 2s < ¢1/(\/TR), m > ca;nr’f?logn, and

1
. 2
I =72 = Eeonion) |€ ]I{\5|>ayCM/||M||F}] = m

The last condition can be satisfied by setting a,, = 2log (Tl/4l_i(l)/2 + 20), as long as ko

is an upper bound of & such that & < K.

4.8 Conclusion

In this chapter, we present a median-truncated gradient descent algorithm to im-

prove the robustness of low-rank matrix recovery from random linear measurements in

7



the presence of outliers. The effectiveness of the proposed algorithm is provably guar-
anteed by theoretical analysis, and validated through various numerical experiments

as well.
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Chapter 5: Future Work

The current work in this dissertation yields several intriguing open problems and
potential directions for future research work.

First, in the work of low-rank PSD matrix recovery from clean rank-one measure-
ments, as described in Chapter 2, when taking low-rank factorization in (2.1), we
assume knowing the true rank r, and consequently, the obtained low-rank factor has
full column rank. However, in practice, it is more common to know only an upper
bound of the rank of the underlying ground truth, and in such a case, the current
theoretical analysis may no longer be valid. Instead, based on the notations in Chap-
ter 2, we consider employing gradient descent to solve an nonconvex optimization

problem over a regularized loss function, formulated as

1 & 2
min—Z(yi— Hajxuj) X2 (5.1)

X 4m

i—
It is interesting to justify the performance of the designed algorithm when the rank
is over-estimated by taking advantage of the powerful leave-one-out strategy.

Next, even though we have proposed a nonconvex algorithm based on subgradient
descent for robust low-rank PSD matrix recovery when the rank-one measurements
are corrupted by arbitrary outliers, as described in Chapter 3, the theoretical analysis

still lacks and we hope to close this gap in the future. Moreover, owing to the efficiency
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of median truncation to mitigate the impact of outliers, which has be demonstrated
in the full-rank linear sensing model in Chapter 4, we anticipate that such a modified
gradient descent can work well with the rank-one sensing model as well to improve
the recovery robustness.

Finally, another potential research direction is to solve the low-rank matrix recov-
ery problems via stochastic gradient descent (SGD). SGD only needs to calculate the
gradient of a single sample or a batch of few samples during each iteration, hence,
it requires much less computational cost and storage space, compared with standard
gradient descent using all of the samples, and has the potential to be adopted on online
streaming data [118]. So it is of practical importance to consider SGD for low-rank

matrix recovery and characterize the corresponding performance guarantees.
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Appendix A: Supportive Lemmas

In this section, we document several useful technical lemmas that are used through-

out the proofs.

Lemma 12. /63, Lemma 5.4] For any matrices X, U € R™" we have

|XXT-UUT | > \/2(vV2 =)o, (X) dist(X, U),
where dist(X,U) := minpeorxr | X P —U||¢.

Lemma 13 (Covering number for low-rank matrices). [16, Lemma 3.1] Let S, =
{X € R"*™ rank(X) < r,|| X||[f = 1}. Then there exists an e-net S, C S, with

respect to the Frobenius norm whose cardinality obeys
5] < (9/e)mtnari

Lemma 14. [25, 119] Suppose x1,--- , T, are i.i.d. real-valued random variables
obeying x; < b for some deterministic number b > 0, E[z;] = 0, and E [2?] = d°.

Setting o = m - max{b* d*}, we have

(Sz) mmfon ()5 (-0 (1))}

where ®(+) is the cumulative distribution function of a standard Gaussian variable.

81



Lemma 15. [120, Theorem 5.39] Suppose the a;’s are i.i.d. random vectors following

a;~N(0,I,),i=1,--- ,m. Then for everyt >0 and 0 < <1,

holds with probability at least 1 — 2" where § = C\/% + \/Lm On this event, for

all W € R " there exists

1 m
> llaf W, = IWIE| < 5w
=1

Lemma 16. [25] Suppose the a;’s are i.i.d. random vectors following a; ~ N (0, I,,),

1.5n

1=1,---,m. Then with probability at least 1 — me™ """, we have

max |la;|l, < V6n.

1<i<m
Lemma 17. Fiz W € R™". Suppose the a;’s are i.i.d. random vectors following

a;~N(0,1,),i=1,--- ,m. Then with probability at least 1 —mrn='3, we have

max HaiTVVH2 < 5.864/logn ||W|¢.

1<i<m
. T 2 r T 2
Proof. Define W = [wq,ws, -+ ,w,], then we can write ||a; WH2 =Y (afwy)”.
2
Recognize that <alT”;"—:”> follows the x? distribution with 1 degree of freedom. It
2

then follows from [121, Lemma 1] that

2
IE”((CLiT el ) 21+2\/¥+2t>§exp(—t),

[whll

for any ¢ > 0. Taking ¢t = 13logn yields
P <(ajwk)2 < 34.3 ||wy|; logn) >1-—n1.
Finally, taking the union bound, we obtain

max HaZTWHz < 234.3 |wy |3 logn = 34.3 || W2 logn

1<i<m
k=1
with probability at least 1 — mrn =13, O
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Lemma 18. Suppose a ~ N (0,1,). Then for any fivred matrices X, H € R™ " we

have

E|[|a”H]||}aTX 3] = |12 ||| + 2]

E|(a"HX a)'| = (e(H'X))*+ To(H' XH'X) + | HX |5

Moreover, for any order k > 1, we have E[||a”H||3*] < ¢ |H |2, where ¢, > 0 is a

numerical constant that depends only on k.

Proof. Let X = [x1, @9, - ,x,] and H = [hy, hy,--- , h,]. Based on the simple facts

E[(z'a)’aa’] = lx|2 1, + 2z,

E[(a'z)(a"z;)aa’] = m,ach +xx] +x) 0,

for any fixed vectors «, x; and x; € R", we can derive

E|[la”H]|; "X |] = ZZE[ (a7a,)’]

=1 j=1
=S [l 12+ 2 (1] )]
i=1 j=1

= |HIZIX | +2(|H X,

and

r

Zl(Th aT:I:z +Z Th awz( h)(a :cj)]

i#]

E[(a"HX a)’| =E

=3 [l e +2 (8] 2.)]
+ ; [(hi@:) (hj ;) + (B hy) (/@) + (R @)) (2] h;)]
— (Tr(H™X))* + |[HX |2+ T/(H' XH X).
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Finally, to bound E [HaTH sz] for an arbitrary H € R™*", we write the singular
value decomposition of H as H = UV, where U = [uy,uy, - ,u,] € R™",

3 =diag {01,090, - ,0.}, and V € R™*". This gives
HaTHH; = ZO’?(CI,TUZ')z.
i=1

Let b; = 0,a"u; for i = 1,--- 7, which are independent random variables obeying
bi ~ N (0,0%) due to the fact U'U = I,. Since E[b?!] = o2 (2t — 1)!! < ¢z for
any i =1,--- ,rand t =1,--- , k, where ¢; is some large enough constant depending

only on k, we arrive at

as claimed. O

Lemma 19. Fiz X' € R™". Suppose the a;’s are i.i.d. random vectors following
a;~N(0,I,),i=1,--- ,m. For any 0 < § < 1, suppose m > cd2nlogn for some

sufficiently large constant ¢ > 0. Then we have

1 m
2 llal X¥lfaial — | XFE L, - 2XEXT) < o] X
1=1

with probability at least 1 — cyrn™'3, where ¢; > 0 is some absolute constant.

Proof. This proof adapts the results of |25, Lemma 7.4| with refining the probabilities.
Let a(1) be the first element of a vector @ ~ N (0, I,,). Based on [122, Theorem 1.10],

we have

¥ ( =S (@) 1) 2 5) <t (@rm)

¥ ( LS (@l -3 = 5) <ot )




EEEUEE

1 & )
- (1)) =1/ <
m;(a’l( )) —5a
1 — 4
EZ(ai(l)) —3/ <6 (A1)
=1
lz 6 _ 15| <4,
m
=1
3

with probability at least 1—c,n™'3 for some constant ¢, > 0. Moreover, following [121,

Lemma 1], we know
P ((a:(1))” = 1+ 2vE+2t) < exp(~1),
which gives

P ((a,i(l))2 > 36.5logm) < exp (—14logm) =m™"

if setting t = 141logm. Therefore, as long as m > cn, we have

max |a;(1)| < +/36.5logm, (A.2)

1<i<m
with probability at least 1 — csn '3 for some constant c5 > 0.
With (A.1) and (A.2), the results in [25, Lemma 7.4| imply that for any 0 < ¢ <1,
as soon as m > c¢d 2nlogn for some sufficiently large constant ¢, with probability at

least 1 — ¢n™13,

1 & .

w2 (el ) aal ~ lali1 ~ 200" | <5 ol
holds for any fixed vector & € R”. Let X% = [:131, mg, -+, xd]. Instantiating the above
bound for the set of vectors mi, k=1,---,r and taking the union bound, we have

L™ ol X2 el — X2 - 2T
=1
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<o ll=ill; = ofl X7

1 m

— a,:c —Ha: || — 22y

mE k a;a Ello gL
i1 k=1

=1
0

Lemma 20. /97, Lemma 1] Suppose F(-) is cumulative distribution function (i.e. non-

decreasing and right-continuous) with continuous density function f(-). Assume the

samples {x;}", are i.i.d. drawn from f. Let 0 <p < 1. Ifl < f(8) < L for all 0 in

{0 :10 — 6, <€}, then

|0p({zi 1i21) — Op(F)| <€

holds with probability at least 1 — 2 exp (—2me3?).

Lemma 21. [97, Lemma 2] Given a vector @ = [x1,Za,- -+ ,T,|, where we order the
entries in a non-decreasing manner Ty < T(z) < 0 < Ty < Tgn). Gven another

vector Y= [yla Yoy ayn]; then
2y — Yy | < 12— Ylloo,
holds for all k =1,--- .,n

Lemma 22. [97, Lemma 3] Consider clean samples {g;}™,. If a fraction s of them
are corrupted by outliers, one obtains contaminated samples {y;}™,, which contain
sm corrupted samples and (1 — s)m clean samples. Then for a quantile p such that

s <p<1l—s, we have

Op—s ({gz}?;) <0, ({yz}?;) < Opis ({gl};zl) .
UsiQ,
viie

U,;,, V, and Q, are unitary matrices and 3; > 0 is a diagonal matriz, for i = 1,2,

Lemma 23. [123, Lemma 4] For any matriz Z; of the form Z; = , where

we have
|2.2] - 2.2], <2 [V 5] ~vamV]
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Lemma 24 (Orlicz-norm version Bernstein’s inequality). [124, Proposition 2] Let

S1,89,--+,8,, be a finite sequence of independent zero-mean random matrices with
dimensions dy x dy. Suppose ||Si|,, < B, and define

U%—maX{H%ZE[SiS;F] ,' }
i=1

Then there exists a constant C > 0 such that, for all t > 0, with probability at least

m

>_E[S/S)]

=1

1
m

1—et

m

1
PO

i=1

< o ooy [ E ) g () rloslled

m os m

Lemma 25. Suppose A; € R™*"2’s qre sensing matrices, each generated with i.i.d. Gaus-

sian entries, fori=1,--- m. Let n = (n; +n2)/2, and m > n. Then

_max || Ail[g < 2y/n(n+m) (A.3)

holds with probability exceeding 1 —m - exp (—n (n +m)).
Proof. Let A be a sensing matrix, generated with i.i.d. standard Gaussian entries,
and Ay be the entry of A with index (k,t), then we know Ag; ~ N (0,1). Since

|A|? = Dkt A, |A||? is a Chi-squared random variable with degree of freedom as

niny. According to [121, Lemma 1|, we have
]P’{HAHi > <1 +2V A + 2)\> nlng} < exp (—Aning),

for any A > 0. Let A = (n+m) /n. It is clear that A > 2 for m > n. Moreover,

2)\ > 2¢/X + 1 for A > 2. Thus, we obtain
IP’{||A||i > 4n (n +m)} <exp(—n(n+m)).

Therefore, the proof is completed by applying the union bound. n
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Lemma 26 (Restricted Isometry Property). [16] Fiz 0 < § < 1. For every 1 <r <
min{ny, nyo}, there exist positive constants ¢y and ¢y depending only on & such that

provided m > co(ny + na)r,

(1=9)[[M]lg < (M), < (1+0) [[M]|¢

1
7 4

holds for all matrices M of rank at most r with probability at least 1 — exp (—cym).
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Appendix B: Technical Proofs in Chapter 2

B.1 Proof of Lemma 1

The crucial ingredient for proving the lower bound (2.23) is the following lemma,

whose proof is provided in Appendix B.6.

H ”H
stant ¢, then with probability at least 1 —cn~ 2 —me 15", we have

Lemma 27. Suppose m > CoiTxE) nr log (nk) with some large enough positive con-

vee (V)T V2f(X)vec (V) > 2T (XTT VXV + 1.2040%(X%) |V,  (B.1)

e < o

N—

for all matrices X and V' where X satisfies ||X - X¥

Here, ¢y > 0

1s some universal constant.

With Lemma 27 in place, we are ready to prove (2.23). Let V. = T1Qp —

satisfy the assumptions in Lemma 1, then we can demonstrate that

Tr (X" VX'TV)

=T (X5 = T3+ 1) V(XF - T2+ T3) V)

=T (X5 = T5) V(X5 = T5) V) 42T (X = T0) VIS V) + T (T] VTS V)
> Tr (T, VT V) — || X° = Tof[* [V f - 2| X% — T |75 [V}

=TV — | X5 =T | V[IF = 2| X* = T | TaIl V|12 (B.2)
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1 o7 (XF) i 102(X% [102(X%) 2
. {(ﬂ 17| > 2o e \aa ey I |IVIE S B3)
> —0.088607 (X" [|V||Z, -

where (B.2) follows from the fact that Ty V' € R™ " is a symmetric matrix [125,
Theorem 2|, (B.3) arises from the fact HT;r VHi > 0 as well as the assumptions of
Lemma 1, and (B.4) is based on the fact ||X”H > 0,(X"). Combining (B.4) with
Lemma 27, we establish the lower bound (2.23).

To prove the upper bound (2.24) asserted in the lemma, we make the observation

that the Hessian in (2.22) satisfies

V2]

3=

@
Il
—_

[(||a;rX||§ — ||a:X”||§) I, + 2XTaZ—a,Z-TX} ® (a,-a?)

|

[(lal X2 + la] X¥Il2) - [la] (X - X7)

a; (X+Xu) (X —Xh)Tai

I+ 2|/ X[;1.] @ (aia/)

%

IA
S

1

-
Il

(B.5)

I

IA
S

@
Il
—

+2]a] X[] aia]

I
S|

(lal XIl> + lla] X*2) - [|a] (X = X7)|, - (asa)

7

1

-
Il

1 & 1™
#2302 (lal XL~ [lal XF) - (@al) + > 2]lal X¥; (aia])
i=1 =1

=2 ([ [e L, + 2XEXT) 4 2 (|| X[ 2E, + 2XEXT)

3

IA

3
HEZ (llal X1I2 + lla] X¥[2) - a] (X - X¥)]], (a:a])

=1

~~
=B

+2

1 m
3 llad XFI; (aial) - | XFET, - 2x7 X7
i=1

v~

:=Bs
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+2|[1 X 2L, + 25 x| (B.6)

-~

:=Bs3

where (B.5) follows from the fact ||I ® A|| = || Al. It is seen from Lemma 19 that
B, < 0[| X" < 0.0202(XF),
. o? (Xh) o .
when setting § < O.OZW. Moreover, it is straightforward to check that
X
F

B; < 6]| X7

With regards to the first term By, note that by Lemma 17 and (2.25b), we can bound

2 Xh
o] X1, = o] X, + o] (X ~ X, < 550V iogn | X°] = 5 vogn- T
F
for 1 <17 < m, and therefore,
By < 147102 (X") logn %;aiaj < 1.4807%(X") logn, (B.7)

where the last inequality follows from Lemma 15. The proof is then finished by

combining (B.6) with the preceding bounds on By, By and Bs.

B.2 Proof of Lemma 2

We first note that

||Xt+1Qt+1_XuHI2: < ”XtHQt_XhHi (B-8)
= H(Xt —uV (X)) Q, — Xu”;z:

= | X.Q, — uVf (X.Q,) — X (B.9)

2
2

= ||l&e — 2" — p - vee (Vf(X:Q,) — V[ (XY))] (B.10)

where we write
x, = vec (X,Q,) and zf:= Vec(Xh).
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Here, (B.8) follows from the definition of @, (see (2.13)), (B.9) holds owing to the
identity Vf(X,) Q, = Vf(X:Q,) for Q, € O™, and (B.10) arises from the fact

that Vf (X") = 0. Let
X,(r)=X"+7(X:Q, — X"),

where 7 € [0,1]. Then, by the fundamental theorem of calculus for vector-valued

functions [126],

2

RHS of (B.10) = (B.11)

vat - [ V) (o0 - o) ar
(10 [ xirpar) oo 2
= (w—a*) (I — - / v <Xt<T>>dr)2 (@ —af)

= e — | - 2 (w0 — ) (/ v’ dT) (2, — )

2 (- ) (/ v T) (2 — o)

< [l - | —Z,M'(:Et—w” ( / sz(Xt(T))dT) (2 — %)

2
2

v f(Xu(r — || (B.12)

It is easy to verify that X ;(7) satisfies (2.25) for any 7 € [0, 1], since

1 02 (X"
X (r) - X = 7| X.Q, - X*||. < —
| X () e =71X:Q, e < o1 HX HF’
and
n u 1 o} (X7)
max [la; (Xu(r) = XF)||, =7 max [l (X:Q, — X7)]|, < 57 /logn- Edm
Lemma 1 then implies that
:Bt —m (/ Vif dT) ($t —wh> > 1.02607 (Xh) ”wt —th;,
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and

/1 V2f (X4(r)) dr|| < 1502 (X¥) logn + 6| X¥|2.
0

Substituting the above two inequalities into (B.10) and (B.12) gives

[ X01Qus — XF;
< Jlw — @[ - 20 102607 (X°) [l — 2
2 2 (x4 212} £ 2
- (1502 (XF) logn + 6 | XF|2) [l — 2
= {1 — 2.052072 (Xh) o+ (1.503 (Xh) logn+6||XuHi)2,u2} ||XtQt - X”Hi

< (1-1.0260% (X*) ) || X.Q, — X7|1.,

1.02602 (X *)
(1.502(X*) logn-+6]| x* Hi)

with the proviso that p < >. This allows us to conclude that
[ XesQurs — X, < (1 - 051302(X)) [ X,Q, - X .

B.3 Proof of Lemma 3
Recognizing that

l l
[Xi@ - X 0B,

D o
. < HXtJrthJrl - nglewg )QtTQtH

F

[ - X0 ROQ]

. = HXt—i-th - XEQlRy)

Y

we will focus on bounding HXtHQt — XﬁglREl) HF Since

l
X1Q, - X\ RY

= (X, = pV [ (X)) Q — (X = vy (X)) B

- X,Q, - X\"R{" - uv (X)) Q,+nv " (Xx") R’

m

)RW
1
= X.Q, — Xgl)Rgl) - NE Z (”azTXtH; - yz) a’iazTXtQt

i=1
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a] X!

2 1
o) aal xORE < ([larx

- X.Q - X'R — v (X.Q) + v/ (X"R)

2
- w) aial X' R}’

we aim to control ||S 1||F and ||S 2HF separately.

We first bound the term HSt’Ql

r» which is easier to handle. Observe that by

Cauchy-Schwarz inequality,
-
T (Xff)R,El) - X“) (XE”RE” + X”) a
o (<m0 o (x0x) w

The first term in (B.13) can be bounded by

<

o (xR - )],
< [l (0 m? - XQu) |, + ol (i@ - X

< Von | XORD - X,Q, + €2 (1 - 0502 (XF) ) v/logn -

e F S

03 (Xh)
X

F

02 (Xu)
1]

= (VBG4 + ) (1 - 0507 (X*) ) v/log - (B14)

where we have used the triangle inequality, Lemma 16, as well as the induction
hypotheses (2.33c) and (2.33b). Similarly, the second term in (B.13) can be bounded
as

Jor (RO + xE)||, < [Jof (xR — X7, + 2 ar ],
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< (\/603+02> v/1ogn - H h” +11 72\/10gnHX“||F
< (VBCs + Oy +11.72) ylogn] X7,

(B.15)

where we have used (B.14), Lemma 17, and o2 (Xh) < HX”Hi Similarly, we can also

obtain

Jor ],

< (VBCs + Cs +5.86) /logn]| X,

Substituting (B.14) and (B.15) into (B.13), and using the above inequality, we get

1
_H Tx 0

m

I
i3], -

< 0} (1- 0507 (Xﬂ) b’ u% 0% (X%) logn - al,
< \/602 (1 —0.502 (Xh) ,u)t . ,u% o2 (Xh) logn - \/ﬁHXhHFx/logn

3/2
VB0 (1— 0507 (X5) ) - Y08 o ey x| (Buag)

m

arx?,

where Cy := v6C5 + Cy + 11.72.

Next, we turn to HSQH . By defining
lF
sgl% = vec(Sgg), x; = vec (X,Q,), and o) = vec(XEl)Rgl)),
we can write

si) = @ — @) — p-vee (V(X:Q) - VAXR))
Zwt—wﬁl) / V2f< l)( )) <mt—act )dT
_ (I - / vir (x0) dT) (20— al").
0

Here, the second line follows from the fundamental theorem of calculus for vector-

valued functions [126], where

x{(r)= xR + 7 (x,Q,- X"R{"), (B.17)
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for 7 € [0, 1]. Using very similar algebra as in Appendix B.2, we obtain

Vf( ) |
—2,u~<wt—:c§l)>T (/0 V2f ) zct—a:t : (B.18)

It is easy to verify that for all 7 € [0, 1],

2 2
HS%Q < Hwt — wgl) Ty — a:t
“IF

0o %] <o (xmxa) + xia x|,

<=0 | xR - xQ +]x.@ - X,

2 b b
< ng/log” Lo (XF) + o (X) (B.19)
noof|x 1|

le

_ logn (Xu) 102 (X"
_ <03,/7+01) T <X (B.20)

Ie ¢

| /\

where (B.19) follows from the induction hypotheses (2.33a) and (2.33b), and (B.20)
follows as long as C + C3 < i. Further, for all 1 < [ < m, by the induction

hypothesis (2.33b) and (2.33c¢),

la/ (x() - x7)

<@-na (xR - x.Q,)

|+ el (xi@ - X)),
b
+ Csy/logn - H ()ui)
/ i i
S\/(%Cg logn Or (X)+CQ lognﬂ

1% 1]

2

<, |XPRY - X.Q,

Therefore, Lemma 1 holds for X" (1), and similar to

as long as V6C5 + Cy <

L
24"

Appendix B.2, (B.18) can be further bounded by

HSEQ (B.21)

< (1051302 (X) ) | X.Q, - X" R}
F
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1.02602 (X ")
(1.5ag(xh) logn-+6|| X" Hi)

as long as pu < 5. Consequently, combining (B.16) and (B.21),

we can get
! l ! !
@ - xR <]+ |52,

< (1- 051302 (X) ) [ X.Q, - X" R

‘ F

. 3/2
VB0 (1007 (7)) LB oty ]

2 i
< C5(1-0.507 (Xh) ,u)prl \/ log UHT)((‘E ) ) (B.22)
F

=
2
Rl

where (B.22) follows from the induction hypothesis (2.33b), as long as m > Corlx) " logn

for some large enough constant ¢ > 0.

B.4 Proof of Lemma 4

For any 1 < [ < m, by the statistical independence of a; and X §Ql and by

Lemma 17, we have

HalT <X§21R§21 - X“) HQ < 5.861/logn HXfthREQl - X”HF.

Further, by the triangle inequality, Lemma 16, Lemma 3 and Lemma 2, we can deduce

that

la (X111Qepn = X7,

l l
<||a/ (Xe1Qua - XL

D pl
el (xR0 - x7)

‘ 2

! ! ! !
< llall, HXt-i-thJrl - XELRLLH + 5.86+/logn HX§421R§421 - XbHF
+ 5.86+4/logn - HXH-IQH—I - XzEQlelle .
+5.86v/logn - || X11Q, 1 — XY

2 Xh
< (VBn +5.86\/logn) Cs (1 - 0.50% (X*) )" flogn o2 (X5)

no X

< Vbn HXHth-H - XEQlREQI
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t+1 03 (Xh)

+5.861/log nCy (1 —0.51302 (X*) p) X7
ogn t4+1 o? (X¥)
< | V6C; +5.86C; + 5.8603 (1-0.502 (X*) p)" logn - ]
F
< 0y (1- 0502 (X5) )™ /logn - U||X“H
.

where the last line follows as long as V605 + 5.86C; + 5.86C5 < Cy. The proof is

then finished by applying the union bound for all 1 <7 < m.

B.5 Proof of Lemma 5
Define
3o = diag {1 (Y), A2 (Y) -+ A (Y)} = Ag + AL
0 = diag {)\1 (Y(l)> Do (Y(l)> A, (Y(”>} —AD N0 1<i<m,
then by definition we have Y Zo = Z3o, YW ZV = Zz'sY | and
%02, Z2V - z] ZzV=l) = %ylZOT aa ZY. (B.23)

Moreover, let Z, . and Z g’)c be the complement matrices of Zy and Z él), respectively,
such that both [Z,, Z,.] and [Z((Jl), Zél)c} are orthonormal matrices. Below we will

prove the induction hypotheses (2.33) in the base case when t = 0 one by one.
B.5.1 Proof of (2.33a)

From Lemma 12, we have

1X0@0 — X7l < 1 XX g — XX
2(vV2-1)o, (X¥)

1
= |ZoAoZy — XEXET||

2(vV2-1)o, (X%
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< vr 120202 — X" X" —\ZoZ;||. (B.24)
2(vV2-1)o, (X¥)

The last term in (B.24) can be further bounded as

|Z0%0Zy — X' X' —\ZoZ,) ||

S ‘

1
+ iR zuzs - 3Zaz]

1
Y - S| XFRT - XEXT

1
+ HZOEOZJ -Y + §HX“|\§ZO,CZJC

< & || XE||2 + 8 || X

[ PO || XE|| =30 || X} (B.25)

Ie

where (B.25) follows from

1
I~ B =¥ - 5 X - xexe | < 6
via Lemma 19, the Weyl’s inequality, and
1 2 2
A= EDI| = ]r- 31X <010

via Lemma 15. Plugging (B.25) into (B.24), we have

YAt
2(va—1) o (X9

1%0Qy — X7 <

o3 (X"%) ||Xt'”
etting 0 = ¢ or a sufficiently small constant ¢, i.e. m ———Enrlogn,
Setting § = I ”H fi fficient] 11 tant e 5 (X 1
we get HX Qo — X° HF < Clﬁ Following similar procedures, we can also show
o7 (Xh)

HXZ)QO XuH <01||Xh”

B.5.2 Proof of (2.33b)

Following Weyl’s inequality, by (2.33a), we have

o? (Xh)

1%l

‘Ui (Xo) — oy (Xh)‘ <Gy
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and similarly,

2 i
0 h gy (X )
Ui(Xo ) — 05 (X )‘ < 01
171
fori=1,---  r. Combined with Lemma 12, there exists some constant ¢ such that
|02 - xR
1
< |xoxd - X x|

F

2 (\/5_ 1)Jr (XO)

< o Poxs - X,
- oy (3(“) ZoAoZ, — Z(()I)A(()Z)Zg)THF
-y 8=z - 20w 2T 20z N 202
o] e
+ J—Ch) |r2z0z] - A”)Zé”Zé”THF : (B.26)

We will bound each term in (B.26), respectively. For the first term, we have

|20m02] - 2050207

IN

IN

IN

(20502, 2 - 25, 2,52, )]

‘ F

ZoS0Z] Z) — zg>zg>H n HZOEOZJ z®

,C

705020 2V — 2,71 Z z)H +HZ 7] Zz0s0 _ Zél)zél)H +HYHHZ§ZSI)C
F IE

{
Z, - %ylzgalajzy

+|z0zi - 20207 |[v |
F

(B.27)

Y

l
+Iv) | i 20

where the last inequality follows from (B.23). Note that the first term in (B.27) can

be bounded as

1
—ylZgalalTZ(()l)

HZO' om H2

1 2
< g el X [lar 2] Jlal 2
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Vi (logm)”? - fr
= ¥

~
m

(B.28)

which follows from Lemma 16 and Lemma 17. The second term in (B.27) can be

bounded as

T T
|202] - 20 207|| - HZO (20— 2010) + (20— 201 (20'7))

F

)

<2|z0- 20T <2v2||2i 20
F b

where Tgl) = argminpgprxr , and the last line follows from the fact

F

Z, - Zi’)P‘

foo- abet], < v iz
F b

[127]. Putting this together with the third term
F

in (B.27), we have

l nT l
|2025 - 20207 | _|[¥©l+Ivil||25 25,
< (2v2|[ye] - i) |z 2

9 H (%ylalaf) Zél)HF

F

< b
~ HX HF e (Xh) (B.29)
2
_ el X, ol 20", laul, 22
: " 7 (X
4
~ m o2 (X7)

where (B.29) follows from Lemma 19 and the Davis-Kahan sin © theorem [128|, and
(B.30) follows from Lemma 16 and Lemma 17.

For the second term in (B.26), we have

l nT
HAZOZOT Oy ACyAQ HF
= [A202] — 22027 + 220020 -\ 20 27|

<\ HZOZE)— B Zéz)Z[()z)THF n |>\ _ )\(z)} _ HZ‘()I)Zél)THF
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- V- (ogm)”? - i || X7

Ui
ST ) wY .
4
LV (ogn) -7 [ X*[le V7 -logn 122 (B.32)
m o2 (Xh) m i

where the first term of (B.31) is bounded similarly as (B.30), and (B.32) follows from

Lemma 17. Combining (B.28), (B.30), and (B.32), we obtain
4
HXOQO _Xéz)Rgz)HF < Vi - (logn)®2 - o || X% g /—logn o2 (X7)

m () X7,
where the last inequality holds as long as m 2 H (hH)n\/_ log n = nr3log n.
B.5.3 Proof of (2.33¢)
For every 1 <1 < m, from (2.33a) and (2.33b), we have
o2 (X"
|xVRY - x2| < |xORD - X0+ [ X0Q0 — XF|, 5 !()(f“H )
F
This further gives
max [la) (XoQ — X7,
< s [Jor (0@ =XV R) |+ e ar (xR - )
< s laul [ X0Qo — X R+ ma o] (X0RY - x7)
< \/‘ max HXOQO ~ xVR{ H +Vlogn - max HX(()”R((P —X“H2 (B.33)
logn o; (Xh) (Xh)
<vn- logn - (B.34)
X7, IIX“HF
i
logn - @
12

where (B.33) follows from Lemma 16 and Lemma 17, and (B.34) follows from (2.33b).

B.5.4 Finishing the Proof

The proof of Lemma 5 is now complete by appropriately adjusting the constants.
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B.6 Proof of Lemma 27
Without loss of generality, we assume ||[V'||z = 1. Write

vee (V)T V2f(X)vec (V)

= e [[(Jal X3 =) 142X 00 X] & () vec (V)
_ 6 Zm: (HaIXHz - yi> vee (V) vec (a;a] V)

Zvec Vec 2a aTVXTa aTX)

I

== (el X[ lal X¥[13) fla V[l3 + 2 (a] XV a;)] (B.35)

i=1

In what follows, we let X = X' + T’ (hH)H with ¢ < 1/24 and ||[H||p = 1 which

0.2
(- HT)((?“F) and express the right-hand side of (B.35)

immediately obeys HX — X’

as
(V. H.0)i= -5 [al X |l VI + 2 (o] XV 7a))]
=1
=:q(€/fH7t)
1 & 2 2
= 2l X, el v (B.36)

The aim is thus to control p(V, H,t) for all matrices satisfying |[H| = 1 and
|V |lg = 1, and for all ¢ obeying ¢ < 1/24.

We first bound the second term in (B.36). Let V' = [vy,v,- - ,v,], then by
Lemma 19,

1 m
2 llal XEllal VI = XVl -

i=1
1 m r r r

= [ Nl XFU5 Y (ad o) = [|XF[E D lloally =23 ]| X7
i=1 k=1 k=1 k=1
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<

IN

1 m
=3 el X (@ w)” = [ XF ol = 2] X7

v (imarxhnzaiai— ||Xwi—2X“X“T> "
=1

LS5 ol X el — |2 - 25T

B
Il
—_

Il
]~

ol

=<l

2
< llwkll;
k=1

< O)|XEE S loel2 = of| X2 1V12

k=1

we see that with probability at least 1 — ¢;rn=13,

L o2 (x)

By setting 6 < 24W,

—ZHGTX”H lal VI, < IXEEIVIIE + 2] XV + 5702 (XF) VI, (B.37)

b
holds simultaneously for all matrices V', as long as m 2> H}((—an)nlog n.

Next, we turn to the first term ¢ (V', H,t) in (B.36), and we need to accommodate
all matrices satisfying |[H|| = 1 and ||V||f = 1, and all scalars obeying ¢t < 1/24.
The strategy is that we first establish the bound of ¢ (V, H,t) for any fixed H, V
and ¢, and then extend the result to a uniform bound for all H, V' and ¢ by covering

arguments.

B.6.1 Bound with Fixed Matrices and Scalar

Recall that

1 m
(V. H, 1) = E; ol X [3l[a V'], —|—2(a,iTXVTai)2]J.

=G,
We will start by assuming that X and V' are both fixed and statistically independent

of {a;},. In view of Lemma 18,

B(G) = [Ja] X|[|a/ V|[2] + 28 [ (a] XV Ta)’]
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—IXIZIVIE+ 2 XV +2(To(X V) + 2 XVT |+ 2Tr (X TVX V)

2 2 2 2 2 2 2 2 2 2
< IXNelIVIE+ 21XV + 21 X e Ve + 21X VI + 21 X7 VI

72 (X4)
<OIX[ZIVIE =0 | X" + ¢ x| H (B.38)
F
4
<18 <||X“HF+1t2 Hf’ ﬁ) ||H||F) < 18. 002HX”||F, (B.39)
F

where (B.38) follows |V|[f = 1 and X = X*+¢7 X (u”)H and (B.39) arises from the
calculations with ||[H|[g = 1 and t < 1/24. Therefore, if we define T; = E[G;] — G|,
we have E [T;] = 0 and

T, <BiG] < 18002 X7,

due to G; > 0. In addition,

E|[T?] =E[G?] - (E[G)))* < E[G?]
~& |(Jal X[ a7V} + 2(al XV 7a)")’]

—E [/ X[y]|a] V][;| +4E |(a XV a)"] +4E |(a] XV @) [a] X |[}]}a] V']

<9 [|la] X }a; V] (B.40)
< 0\/& [Jla7 X|}] B [y v} (B.41)
< 9t | X[F VIl = 9ea]| X || (B.42)

4

Xt 442 <Xu)H

< [l x¥;
[

I
F

where (B.40) follows from the Cauchy-Schwarz inequality, (B.41) comes from the

Holder’s inequality, and (B.42) is a consequence of Lemma 18. Apply Lemma 14 to

mot b
( ZT > ﬂar > < exp <_CWX—giE)> , (B.43)
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which further leads to

q(V,H,1)

:—ZG =E[G; ——ZT

SE[G)] - (X!

> E[Gi] — 5707 (X7)

—IXIZIVIE+ 2 XV +2(To(X V) + 2| XVT |2 +2Tr (X TVXTV)
1

517

> |IXIEIVIE+2| XV + 2| XV + 2T (XTVXTV)

_ 2_1403 (X7). (B.44)

X"

Substituting X = X%+t (X )HforX and using the facts |H|[p =1, |V =1

1]

and t < 1/24, we can calculate the following bounds:

4 X 2 Xu
iz = 1+ 5D a1 2% e xcma
%l 1%l
0.2
> o -2 G e
1
> (12 - L2 (x9),
4 ’
XV =XV +t2—’“(X) HV| +2uZ (X)T VTHXV
F S b o X
F F
X
> ey - 25 S e e v
F
1
> TV - Lo (x),

ot (X
XV = 1xXV e+ ’f2—|| (uH) [V
F

s x| o X Viix:
v I -2 S e v
F

1
> xR - Lot (x)
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0_2

i
Tt(X'VX'V)=Tr (X"VX"V)+2t H’“X‘? )

—

Tt (H'VX'V)

le

2 b
> T (xTVXTVY) - 27D s v
11 }
4(xh
AN
1%
>Tr (XTVXTV) - (é + 27;) o7 (X7),

which, combining with (B.44), yields

q(V,H.1)
> | X2+ 2| XV + 2| XV 4 2T (XTVXTTV)
(B ey
(24 * 12-24) or (X7)
15 1
> | X2+ 2| XV 4+ 2T (XFTVXTV) 4 207 (XF) - <ﬂ + m) o? (X"
> | X2+ 2| XV 4 2T (X VXETV) + 137107 (XF) .

B.6.2 Covering Arguments

Since we have obtained a lower bound on ¢ (V', H, t) for fixed V', H and t, we now
move on to extending it to a uniform bound that covers all V|, H and ¢ simultane-
ously. Towards this, we will invoke the e-net covering arguments for all V', H and ¢,
respectively, and will rely on the fact max;<;<,, [|a;||, < v/6n asserted in Lemma 16.

For notational convenience, we define

g(V,H,t):=q(V,H,t)

— | X)) 2| XV 2T (XFTVXETV) - 1.37107 (XF).
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First, consider the e-net covering argument for V. Suppose V1 and V5 are such

that [V1]|r =1, |[V2l|f =1, and ||V — V| < e. Then, since

XV -

7 = X7V

< (IXTVA |+ [ XVl ) [|XET (Vi = V)| < 2|

le

and

ITr (XTV XV - Tr (X VXV,
< T (XFTVIXTTV) - T (XPTV XV
+|Tr (XTTVIXTTV,) - Tr (XFTVLXETV,)|

<X IVl Vi = Vol + | X IVl V) = Vol <

we have

|g (V17Hat) _g(VZaHat)|

<lq (Vi Ho) = g (Vo B0 +2 | X7V - |

+2| T (XTTVIXTTV)) — T (XTTVLXTTV,))|

< |23 [la X[ lar VAl +2 (a7 X V0’
=
LS e X T Vel 2 (a7 XV |+ 8] e
=
<o 3l X T VAl ~ 7 X o V-
+2 j:; (@] XV]a)' ~ (a] XV]a)'| 8 X7
g%i“a:XHQ (a7 Vill, + al Vall,) - al (Vi = Vo),
2SN X (Ve VT JaTX (V) VT
=

<6n-|X|*-2v6n-vVon-e+2-12n- | X||-6n- || X|| e+ 8| X*||%
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o? (Xh) ’ 2
Xt H|| + 8| X[ e
1%l

4 b
< 432en’ (HXW +t20}|r)((—‘§]2)

F

= 216en>

||H||2) + 8[| XF||%
< (432.75n% + 8) €| X¥||” < iaf (X7).

o2 E
T(—X)Q. Based on Lemma 13, the cardinality of this e-net will be
10584n2 || X5 ||

(%) - (9 - 10584n° || X[

(n+r+1)r
; o7 (X) > < exp (cnrlog (nk)).

as long as € =

Secondly, consider the e-net covering argument for H. Suppose H; and H obey

|Hql|g =1, |H2||g =1, and ||[H; — Hs||p < e. Then one has

|g (V7H17t) _g(V7H27t>|

= |q (VaHlyt) _q<VaH27t)|

2 s
a;r (Xh‘i‘tL)h()Hl)
X
m 2
Zz a' X“+th V'a,
- i X ’
2
lal V|

a; (Xu + tgz (X7) H2)
1%l /1,

m 2 b 2
- i22 (a,j (Xu + t@ﬂ% VTaZ-)
m 3 [P

2
T 2
la; V],
2

<- i” V5| |lal (X“thaz (XH)H) 2 ; (X“HU’% <Xu)H> 2
= a; a; M~ 1 — || @ MNM~ol 12
m S i X[/l 15[l /1,
m 9 b 2 9 b 2
+ 3 (CLT (Xh —|—to-r (i{ )H1> VTG,Z'> — (a;r (Xh _|_t0-7" (h )H2> VTG,Z>
mS 171l 171l
2 (x%) 25 o? (X% 25
§6n~\/6_n~tar( €-2V6n - —|| X +2-6n -t €-12n - = || X"
ESET el

T
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75,02 (XY 1
< —en? || X < o (XF)
SR 2

b
as long as € = QQ;HQ . ""XJ;‘F Based on Lemma 13, the cardinality of this e-net will be

9 (ntr+1)r || hH (n+r+1)r
(E) 9.225n* - ||Xh H < exp (cnrlogn).
F

Finally, consider the e-net covering argument for all ¢, such that ¢t < 1/24. Suppose

t1 and ty satisfy t; < 1/24, to < 1/24 and |t; — to| < e. Then we get

|g(V7H7t1) _g(V7Hat2)|

= |q<V7H7t1)_Q<V7H7t2)’

=1 2
] & o2 (XF) ) ’
+ =) 2|a (X”+t1 d H|V'a,
D ( X,
m 2 u 2
_lz a] (xutﬂ (f ) H lal vV ||?
m e X7 ,

=1
m 2 f 2 2 b 2
< iZHaJVHj a; (X“thﬂ" (‘? )H> — la; (Xutga’“ Of )H>
m i X , X5l ,
m 9 b 2 9 b 2
L2 (aiT (XIJ L ()u( )H> VTaZ) —~ <aiT (Xh +tyr ()u( )H> VTG@')
m e X[ X
2(x%) 25 o? (X7 25
§6n-\/6_n-07”( e-2v6n - || X +2-6n-— e-12n- | X
I, 2il I,

o? (X¥) 1
< a0 o) < Lot ),
F

1 ||Xh”F

as long as € = ST00nT =R The cardinality of this e-net will be 1/% < cn?
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H hH

all matrices V and X such that HX — X*

Therefore, when m > CoTxE nr log (nk) with some large enough constant ¢, for

1 o7 (XF)

HF ~ ﬂw, we have

¢(V,H, 1) > || X2+ 2| X V|2 +2Te (X VXTV) +1.24602 (X7), (B.45)

with probability at least 1 — e~ 108 (r) _ ype=1.57
B.6.3 Finishing the Proof

Combining (B.37) and (B.45), we can prove

vee (V)T V2F(X)vee (V) > || XF||2 + 2| XV + 2T (XFTVXETV) + 1.24602 (XF)

1 - T b 2 T 2
LS ol x4 TV
i=1

> || X524+ 2| XV 4 2T (XTTVXTTV) +1.24607 (XF)
1
2177 (

> 9T (X7 VXTV) 4 1.20402 (XF)

=Xl -2 XV e -

Ie X%)

as claimed.
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Appendix C: Technical Proofs in Chapter 3

C.1 Proof of Lemma 6: Approximate Dual Certificate

Denote the solution to (3.4) by X = X+ H # X, then we have X = 0,

Hy. > 0, and furthermore,

IAH) = (n + w)ll = [ly = A(Xo+ H)|x
= |ly — AX)]x

< [ly = A(Xo)[lr = lIn + wll,

where the inequality follows from the optimality of X since both X and X, are

feasible to (3.4). Since
IAH) = (n+w)lly = [As(H) = n — ws|ls + | Ase (H) — ws- |1,

and

In+wly = [+ wslh + [[ws: ||,

where ws € R™ is a vector whose entries are same with w on indices in S, and

otherwise are zeros, and w = wgs + wg1, we have
[As (H)|l < [[As+ (H) = ws |l + [[wse [y
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< |m+wl — [|As(H) — 1 — wsl)i + [[ws+ |1
<|n+wsl| — [[As(H) —n — wsl[1 + 2||lws |1

< [As(H)|l1 + 2[jwsz |1,
where the last inequality follows from the triangle inequality. We could further bound

[Ast (Hr)l[r < [[Ast (H)[1 + [|Ase (Hro) s
< [As(H) |1 + [Ass (Hrs) |1 + 2[ws |2
< [As(Hp)ll + | As(Hro )l + | Ase (Hro)lly + 2f|ws |y

= [ As(H)[[s + [A(H 7)1 + 2] ws |- (C.1)

Our assumptions on A imply that

1 1
(14 55) T (Fr) 2 - IAGH R,

1
— ([Ase (Hr)lly = [ As(Hr)l1 = 2[lws[l1)

|S+| 1 S| 1 2¢
> 0 ) Hp e = 2 (14 =) | H|y - =

where the first inequality follows from (3.7) due to |Hp.||, = Tr (Hz1), as Hpr > 0,

v

the second inequality follows from (C.1), and the last inequality follows from (3.8)

and (3.9). This gives

1
Tr (Hopo) > (m - @@) T S (©2)
om m m

where we use the inequality [|[Hr|; < vV2r||Hr||e.

On the other hand, since p/(9/m) is a subgradient of the ¢;-norm at n from
(3.11), we have
m
[l + <§u,w - A(H)> <|lw+mn—AH)[ < [In +wl < [l + [lwl,
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which, by a simple transformation, is

(1 AU = ) = Sl = = (Il + 2 ) ol = =2

Then with

(H,Y) = (A(H), ),

we can get

—— < (A(H),p) = (H.Y) = (Hr,Yr) + (Hrs, Y 1)

1
<Y rlle [ Hrlle = —(Hpe, Ire)

1
< KHHTHF - Tr(Hye),

which gives
18re

Te(Hp) < o | Horlle + (€.3)
Combining with (C.2), we know
(=1 'S’F) Bl - 2 < L) 2
6m 13 m
Since ‘S 1Sl \/ﬂ 13 > 0 under the assumption on ‘S in Lemma 6, we have
|7l < = <al

m (\SH ISl /3y — ) m
where ¢; is some fixed constant. Finally, we have

1X — Xolle < [ Hrlle + | Hple

< |l + Te(Hpe)

1 18re re
(1 " ) 7 A
m

for some constant c.
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C.2 Proof of Lemma 9

First, by standard results in random matrix theory [120, Corollary 5.35|, we have

mom Bo — a Bo
H|SL|Y (‘“ ; )wa

with probability at least 1 — 2¢= 1541/ for some constant ~ provided |S L| > cnr? for

some constant c. In particular, this gives

50 — O
Hw (““ r )I”

Let a; = (I -UU T)aj be the projection of a; onto the orthogonal complement

bBo
407’

(C.4)

of the column space of U, then we have

1
= — E 6]‘6;,
m

jest

1/2
o 1 r T, 2 ’ . L .. .
where €; = (r >y ’aj uz| ]I{|ajfui §3}> aj;, j € &, are Li.d. copies of a zero-

mean, isotropic and sub-Gaussian random vector €, which satisfies Elee'| = agIp..

Following [120, Theorem 5.39], we have

<X (C.5)

YO — I
GoiTh)| = 407’

H S
with probability at least 1 — 2¢ 7151/ for some constant ~ provided |S L| > cnr? for
some constant c. As a result, if m > cnr? for some large constant ¢ and |S| < eym

for some constant ¢; small enough, with probability at least 1 — e~ ™/ ’”2, there exists

HY(O) ﬂo o I
.,
J_ SJ_ .
YO vy ¢ 5or |m| +<1_|m|>ﬁorao
- S’Bo —
Y(o) B _Y(l) Bo o, |S|
H!SH RN (o
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50 &%)
< — 4+ —. .
— 30r + 60r (C.6)

Next, let’s check HYg?)

Since Y® = L1 2 ies Igaja; , where E[9y;a;a;] = 0,

by [120, Theorem 5.39] we have

1

s
— 107’

Hym

1 T
S| > 9x,a;a;
jES

with probability at least 1 — 2 exp(—ym/r) as long as m > cnr? and [S| = eym/r >

conr, for some constants ¢, ¢; and cy. In particular, this gives

1

HY (C.7)

Putting this together with (C.6), we can obtain that if m > cnr? and |S| =

cym/r > conr for some constants ¢, ¢; and ¢y, with probability at least 1 — e™7™/ ”2,

Bo 1 0.25
— +0.11 .
(60 * 30 + r r

1.7

1.7
:%PQ—Y”+Y”+—JL

HYTL + —ITL

C.3 Proof of Lemma 10

Let Y = <Y(O) — Y(1)> U, and Y = (I — UUT) Y be the projection of Y onto
the orthogonal complement of U, then we have

2 ~ 112 - 2
e e cs

F

First consider the term |[U Y| in (C.8), where the kth column of U'Y can be

expressed explicitly as

- 1 1 — 2 -«
(UTY)k - m EZSL [;;M’qu‘ H{’a;uilﬁf%} N <a0+ % r 0>] (a’ uk) (U a’J)

1
= —‘I’Ck,
m
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1] . 1.
where & € R™I5"| is constructed by U'a;’s, and ¢; € RIS*| s composed of ¢ ;’s,

each one expressed as

T
12 T 12T
Cri = | — |au‘ T,
J r 4 I 7 {|aju1
1=

r

<3}~ <O‘0 + b a0>] (a; ),
with

Ek@%:%(%+%r—wﬂm—%—%r—na@

1 1 4.07
:;(ﬁo—@g)+ﬁ(90+ag—ﬁg—ﬂo) ST'

Note that ¢ ;s are ii.d. sub-exponential random variables with Hci]H o = K, for

some constant K, then according to [120, Corollary 5.17],

2 2 € ol ¢ }SL}
P Z (ckyj—]EckJ-) 2;‘8 ‘ < 2exp | —c w5z |

jest
which shows that as long as |S| < ¢;m, for some constants ¢ and ¢4,

4.07 + Cm < 4.1m

2
lerlly <

,
holds with probability at least 1 — e~/ v, Furthermore, for a fixed vector @ € RIS*]
obeying |||, = 1, || ®||; is distributed as a chi-square random variable with r degrees

of freedom. From [121, Lemma 1], we have

m

drlP< ——
1%l < 15500°
with probability at least 1 — e /"* provided m > enr? for some sufficiently large

constant c¢. Therefore, we can obtain

L
270013’

C

(CRoN

2 m?

2
k
HckH2 ”Ckug <
2

which yields

< L
2~ 270072

o= () |
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with probability at least 1 — e”m/’"z, when m > cnr? and |S| < ¢ym.
To bound the second term in (C.8), we could adopt the same techniques as before.

The kth column of ¥ can be expressed explicitly as

(f’)k:mZ[ Z'“ Wil Lfjapujr) — (@o+ﬁ0_a°)] () (T~ UUT)a,

r
jest

. E A
= — cwaj = —‘I’Ck,
m m

jeS+

=1

where ¥ € R[S is constructed by a’’s, each of which, as a reminder, is the
projection of a; onto the orthogonal complement of the column space of U as a/; =
(I — UUT) a;. Equivalently, ¥ = (I — UUT) A, where A € R™|5*] is constructed
by a;’s, j € S*. For a fixed vector & € RIS*| obeying ||z||, = 1, we have ||z’ =
(I - uu') AmHz < ||Az|3, where ||Az|} is distributed as a chi-square random
variable with n degrees of freedom. Again [121, Lemma 1] tells us

m

v <||A
” wHQ H w”Z — 120007 T9NNN.2

with probability exceeding 1 — e~/ r* provided m > cnr? for a sufficiently large

constant c¢. Hence,

) ) 2
[, < oz || el < s
which leads to
7= 10),): = e (©10
Then, combining (C.9) and (C.lO), we know that
[y )| = /oy oL c)
301

Next, let’s check ||Y ||F, which can be written as

2 =, —,/
Y2 = |UTY |2+ 2| Y|,
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where Y = Y®U and Y' = (I — UU")Y. For the first term |[U Y2, the kth
column of U'Y can be formulated explicitly as
UTY), = =S 0y (alw) (UTa) = —&d
( )k_EZ X (ajui) (U'ay) B
JES
where ® € R™*ISl is constructed by UTaj’s, and dj, € RIS is composed of dy;’s, each
one expressed as

di; = 9x; (@ uy)

with E[di’j] = 81. Note that di,j’s are i.i.d. sub-exponential random variables with

Hdi < K, for some constant K, then based on [120, Corollary 5.17],

e |S]
IP{ 26\5|}§26Xp<—01 e )

which indicates that if |S| = ¢m/r, for some constant c,

,ijl

> (4 — Edi;)

jeS

ldill; < (81 +¢1) |S| < 8218 := 6y ||
holds with probability at least 1 — e~™/". And for a fixed vector & € RISl obeying

= 2. . : .
x|, =1, ||<I>a:||2 is also a chi-square random variable with r degrees of freedom, so

_ 9 m
1®2]l, <S55

with probability at least 1 — e~/ r? provided m > c¢inr? for some sufficiently large

constant ¢;. Thus we have

2 1 dk 2 1
T _ g @k 2 1
H(U Y)kH2 T m2 EAE ) ]l < 270073
which gives
_ " _ 1
IUTY =3 [UTY),, < 37555 (C12)

k=1
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with probability at least 1 — e~ /" when m > ¢;nr? and |S| = em/r, for some
appropriate constants ¢ and c¢;.

Now consider the second term ||Y”||2 in || Y ?||2, where the kth column of ¥’ can
be expressed explicitly as

(Y’)k Z% alw,) (I-UU")a; = —deja \ildk,

JGS jes
where ¥ € R™ISI is constructed by ag-’s. Also, we can decompose ¥ as ¥ =
(I — UUT) A, where A € R™I9l is constructed by a;’s, j € S§. For a fixed vec-
tor x € RIS obeying ||z||, = 1, we have H\ila:H; = H(I—UUT) A:c”z < ||Aa:“§,
where HAa:”; is a chi-square random variable with n degrees of freedom as well. Since

we already know that provided m > ¢;nr? for a sufficiently large constant c;,

m

[wall, < Azll; < 52555

with probability exceeding 1 — e~ "™/"* we can have

(7)1 <

and a further result

a2 < 1
) b2 = 570,

Hdkz”z

1
Nl
[¥ 253\\( )., < s (€13)
which, combining with (C.12), leads to
_ 1
y? —\/ Uyl < — C.14
H T E H HF 30 ( )

Finally, we can obtain that if m > cnr? and |S| = ¢ym/r, for some constants ¢
and ¢, with probability at least 1 — e~ "™/ "2,

1
0 1 2
1Y 7l = HY(T)—Y(T)JrY(T)HFg e (C.15)
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Appendix D: Technical Proofs in Chapter 4

D.1 Proof of Proposition 1

Due to scaling invariance, without loss of generality, it is sufficient to consider all
rank-2r matrices with unit Frobenius norm. First, we fix the rank-2r matrix G, €
R™>7™2 and then generalize to all rank-2r matrices by a covering argument. Note
that |A; (Go)|, i =1, -+ ,m, are i.i.d. copies of |(A, Gy)|, where A is generated with
i.i.d. standard Gaussian entries. Since |Gyl = 1, (A, Gy) follows the distribution
N (0,1), and |(A, Gy)| follows a folded normal distribution, whose probability density
function and cumulative distribution function are denoted by f; and Fi, respectively.

It is known from Lemma 20 that
0.6745 — ¢ < med (| A(Gp)|) < 0.6745 + ¢, (D.1)

with probability at least 1 — 2 exp (—cme?) for a small €, where ¢ is a constant around

2 x 0.63562. Similar arguments extend to other quantiles. From Lemma 20, we have

0.6588 — € <Bo.19 (A (Go)|) < 0.6588 + ¢; (D.2)
0.6903 — € <pz1 (JA(Go)|) < 0.6903 + €, (D.3)
with probability at least 1 —2exp (—cme?) for a small €, where c is a constant around

2 x 0.62872.
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Next, we extend the results to all rank-2r matrices G with |G||r = 1 via a covering
argument. We argue for the median and similar arguments extend to other quantiles
straightforwardly. Let A, be a 7-net covering all rank-2r matrices with respect to
the Frobenius norm. Let n = (ny 4n5)/2, then from Lemma 13, |N;| < (9/7)* "),

Taking the union bound, we obtain
0.6745 — e < med (JA(Gy)|) < 0.6745+¢, VG € N, (D.4)

with probability at least 1—(9/7)* "™ exp (—cme?). Set 7 = ¢/(2y/n(n + m)). Un-
der this event and (A.3), which holds with probability at least 1 —mexp (—n (n +m))

from Lemma 25, for any rank-2r matrix G with ||G||¢ = 1, there exists Gy € N, such

that |G — Gyl < 7, and

jmed (A (Go)]) — med (JA(G)|)] < i:f{lf}%m} (Ai, Go)| — [(A:, G)| | (D.5)
< max (A, Go) — (Ai, G)| (D.6)

< i:r?%xm HGO - GHF ”AZHF

<7 max |[Ailf <e, (D.7)
i=1,m

where (D.5) follows from Lemma 21, and (D.6) follows from the fact ||a| — [b]| <
la — b.

The rest of the proof is then to argue that (D.7) holds with probability at least 1 —
c1 exp (—come?) for some constants ¢; and ¢y, as long as m > ¢y (€7 2log e~ 1) nrlog (nr)

for some sufficiently large constant ¢o. Note that

1 1
(9/7)* Y = exp (27‘ (2n+1) (log 18 +log(e™!) + 3 log n + 3 log (n + m)))

< exp (Snr logm + csnrlog e’l) .
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It is straightforward to verify csnrloge™! < c¢yme?, where 2¢4 < ¢ — o, based on the

specific setting of m, as long as ¢y is large enough. Then, it suffices to show
Snrlogm < csme?, (D.8)

where ¢5 < ¢ — ¢4 — ¢o, when m > ¢q (e 2loge ') nrlog (nr) for some large enough
constant cg.

First, for any fixed n, if (D.8) holds for some m and m > (5/cs) € *nr, (D.8) holds

for a larger m as well, since
Snr 1\" )
bnrlog(m+ 1) =bnrlogm+ —1log [ 1+ — | < 5nrlogm + 5nr/m < c;(m+ 1) €.
m m

Next, we show that for any fixed n, we can find a constant ¢q such that (D.8)
holds as long as m = ¢y (e 2loge~1) nrlog (nr). Pick a small enough ¢ < 1/e that is
fixed throughout the proof. Given c¢5, we can always find a large enough ¢y such
that %logco < ¢5¢0/15 — 5/3. Then as long as nr > 3, we can get élogco <
(c5c0/15 — 5/3) log € log nr, which further yields %log co+log e_l—i-% lognr < (es5¢y/15)
-loge tlognr. As a result, we have

(csco/5)log et lognr > logcy + 3loge ™ + 2lognr
= log (coe™? (m”)Q)

> log (co (¢ *loge™ ') nrlog (nr)),
which implies (D.8).

D.2 Proof of Proposition 2

We prove the following lemma which directly implies Proposition 2.
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Lemma 28. Under the conditions of Proposition 2, we have

m

1

m Z<Ai’ G)-(A;, T>']I{\<Ai7G>\§0.65ah||GHF}H{<Ai,G>‘<A¢,T>ZO} > (G, T)—0.0011a. || G||e[|T'[|¢
1=1

holds with high probability for all rank-2r matrices G, T € R™*"2,
Specializing Lemma 28 to G = UV — XY " and T = H,V' + UH, yields
Proposition 2. The rest of the proof is dedicated to proving Lemma 28. Without loss

of generality, we can assume ||G||g = ||T’||r = 1. Define an auxiliary function as

1, |t| < 0.65a — d;
X (t) =S 3 (0.650p, — [t]),  0.65a;, — & < |t| < 0.65ap;
0, It| > 0.650u,

where 0 is a sufficiently small constant. The function x (¢) is a Lipschitz function

with the Lipschitz constant 1/6. We have

(Ai, &) - (A T) - Ljja,,@)1<0.650 -0 * Lgas@)a,m)>0)
< (A, G) (A, T) x(Ai, G)) - Iya,)(a,1)20) (D-9)
< {4i, G) (A, T) - Iyase)i<o6sent - Litase)aim)20p-
Let ¢; = (Ai, G)-(A;, T)-x((Ai, G))-I(a,.6)-(a,1)>0), @ = 1, - -+ ,m, of which each
can be considered as an i.i.d. copy of (, defined as ( = (A, G) - (A, T) - x((A, G)) -

I{a,6)-(a)>01- From (D.9), we have

E[(] >E[(A,G) - (A T) Ljac)<o6san—s) - Liac) (ar>o}]
> E [<A> G> ’ <A>T> : H{|(A,G)|§O.65czh—6}]
- <]E [<A7 G>A : H{\(A,G>|§0-65O¢h—6}} 7T> =M" <G7 T>7
where v1 = E [€21{¢/<0.650,—s}] With & ~ A (0,1). Moreover, for p > 0,

E[ICDY” < (E[[(A.G) - (A T) - Ijiaay<ossm - Lacramzal]) "
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< (E[[{A,G)-(A,T) 'H{|<A,G>\so.6sah}|p})l/p

< 0.650, (E[|(A, T)"])"'" < 0.65can/p,

which indicates that ¢ is a sub-Gaussian random variable with ||(||,,, < 0.65cay,. Then

applying the Hoeffding-type inequality [120, Proposition 5.10|, we have for any ¢ > 0,
POILS G
maia l

for some ¢ > 0. Let t = eqy,, where ¢ is small enough. Then

| > t} < exp (—emt?/aj),

LS G2 E[ - con 2 (G T) — o (D-10)

holds with probability at least 1 — exp (—cme?).
Next, a covering argument is needed to extend (D.10) to all rank-2r matrices
(G, T) with unit Frobenius norm. Let A, be a 7-net covering all rank-2r matrices

with respect to the Frobenius norm, and define
M {(Go,To) (G(),T()) € N X N}

such that for any pair of rank-2r matrices (G,T) with |G|/ = || T||p = 1, there
exists (Go,Ty) € M, with |G|l = [|[Tol| = 1 satistying |Gy — G| < 7 and
|To—T|p < 7. Since both rank (G) < 2r and rank (T') < 2r, then Lemma 13
guarantees |M,| < (9/7)% ) L (9/7) @) < (9/7)* ") Taking the union

bound gives for all (Gy, Ty) € M.,

m

1

E Z<Ai, Go> : <Ai>T0> (<A17 Go>) ]I{ A;,Go)(A;,To)>0} e <G0,To> — &y
i=1

with probability at least 1 — (9/7) "™ exp (—ce?m). Furthermore,
‘— AZ,G (A, T) - x (A, @) - Tyga, @) (4 my>0)
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1 m
—— > (Ai.Go) - (A, Ty) - x ((Ai, Gy)) 'H{<Ai,Go>-<Ai,To>zO}’

m 4
=1
m

1

= EZ ‘<Ai’G> (A4, T) - x ((Ai, Q) - Ljga,,6)(a,1)>0)
=1

— (Ai, Go) - (A;, To) - X ((Ai, Gy)) 'H{<Ai,Go>-<Ai7To>zO}‘

(Ai, G) - (A, T) - x ((Ai, Q) — (Ai, Go) - (A, To) - x ((Ai, Go))|

IA
S

=1

(VAN
+ 3=
-?JSEMS

(A, G) - x ((Ai, G)) — (As, Go) - X ((As, Go))| - [(A;, T)|

(A, T —Ty)| - |(Ai, Go) - x ((As, Gy))|

=1

065a 1 &
h(EZ]A“G Go)l - |(As, T))|

=1

1 m

EZ (A;, T —To)|- |(AZ»,G0)|) (D.11)

0.65
< =t (ﬁ\|A<G—GO>r|2 =l
1

+ = AT - Ty W\A(Go)uz) (D12)
< =2 (1G — Golle T + I = Toll¢ 1 Golle) (D.13)
<02ah7’
)

where (D.11) follows from the Lipschitz property of ¢x(¢), (D.12) follows from the
Cauchy-Schwarz inequality, and (D.13) follows from Lemma 26.
Let 7 = ¢;0¢, then provided m > cye 2 (log é) nr,
1 m
—> (A, G) - (A, T) - x (A, @) - Tya,epam=0p = - (G, T) — Lleay,

m “
=1

holds for all rank-2r matrices G and T' with probability at least 1 — exp (—ce?*m).

The proof is finished by setting ¢ arbitrarily small and € = 0.001.
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D.3 Proof of Proposition 3

First, note that due to the definition of D in (4.30), — B can be written as

1
—By =~ ; (A, UVT —XY")|- (A, HV' + UH,)|
' H{l(Ai,UVT—XYT)|§0.7Oah lovT-xy 7|}
= % > (A, UV - XY")|- (B, HW )|
i€D

< 0.70ay, |[UVT —XYTHF-%Z\(BZ-,HWTH. (D.14)

€D

) H{|<A¢,UVT7XYT)|§0.70ah||UVT7XYT ||F}

Note that when i € D, we have the following lemma, whose proof is given in Ap-

pendix D.7.
Lemma 29. If i € D, one has |(B;, HW )| < 1 |(B;, HH")|.
Plugging Lemma 29 into (D.14), we obtain

—B, <0.350;, [UVT = XY T||_- %Z [(B;, HH )|

1€D

1/2
< 03505 |[UVT = XY 7|, %\/ﬁ (Z (A, H1H;>}2) (D.15)

1€D

1
< 0350, [UVT = XY T —= | A(H H3)ll

<035(1+0) 0| UV = XY | | H.H, |

(D.16)

F?’

where (D.15) follows from the Cauchy-Schwarz inequality and the last inequality

follows from Lemma 26.

D.4 Proof of Proposition 4

First, note that by the definitions of &; and &, we have

(A (UV7) =) I, | < apmed (ly — AUV T) )
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(A (UVT) = 4 (XY T)) 5| < apmed (Jy — A(UVT)]).
Then we further obtain

‘(Voftr (W), H)|

< — Z (B (WW ) —y;)Ie, — (B, (WW ') =B, (22 ")) 1] (B;, HW )|
== Z (A4 (UVT) —y) I — (A (UVT) = 4 (XY 7)) 1| (B, HW )|

< med (Jy ~ A©VT))) S (B, HW )]
€S

1/2
< %med (ly—A@WV)) VIS (Z |<B¢,HWT>|2> (D.17)

€S
|8| 1 em 1/2
2
< any/ —med (Jy — A wvn)) <E ; (A;, H\V' + UH})]| )
< 0.700,/s || XY T —UVT||_- (14 0)|H,V' + UH, || (D.18)

<0.7lap/s || XYT UV |H\ VT + UH, ||f,

where (D.17) follows from the Cauchy-Schwarz inequality, (D.18) follows from (4.19)

and Lemma 26, and the last inequality follows by setting  sufficiently small.

D.5 Proof of Proposition 5

Since ||V fi (W)]|Z = max| g =1 (V fir (W), G)|?, it is sufficient to upper bound
(Vi (W), G)|? for any arbitrary G = (G G;}T € Rm+m2)xr with G, € R™*"

and Gy € R™*" satisfying |G|/ = 1. We have

2

(Vi (W), G = (

NE

1
m

:<%

7
2

i I

(4 (UVT) —y;) BWIg, G>
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2

< (% Z (4, UV") — yi)2 ']1&)
2) , (D.19)

1
(A, 5 (leT + UG;)>

<0.70ap, HUVT—XYT H F}

<0702 |[UVT - XY (D.20)
From Lemma 26, we have
1 Zm: (AL (GVT+UG))) 2 <11y |GV +UGH|:
m = 2 4
< 5@ +07 (| v+ UGT|?)
< S0+ 0 max (U, V)
< (o WP, (D.21)

Plugging (D.20) and (D.21) into (D.19), we have

(Vi (W), G < 5-070° (14 0)*a} [UVT = XYT|[[ W,

N | —

and the proof is completed by setting 0 small enough.

D.6 Proof of Proposition 6

First, consider the bound of ||[K; — E [K;]||. Define

Si = Ai (M) Ailja,(v)<aycny — 72 M, i€ S,
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which satisfies E[S;] =0, and K; — E[K;] = Ziesf S;.

1
St

Based on [120, Proposition 5.34], we know
P{||| Al — E[|A]l]] >t} < 2e7/2

which shows [| A;[| —E[[| A;[|] is a sub-Gaussian random variable satisfying ||| A;| — E[[| A:|]],,
< c. Then, we have [|A;[|,,, < E[||A;[[]+c < 2y/n+c, where the last inequality follows

from the fact E[||A;]|] < 2y/n. As a result, we can calculate

1Silly, = [ As (M) Alja,an)j<aycny — M|,
< |[[A: (M) Al aami<agcan ]y, + 72 [ M]

< ay,Cur | Ailly, + 72 [M]] < erv/nay | Mg .

where ¢; is some constant. Moreover, we have

0%
. T T
= max 5 Y E[S:8]]], |SC|ZE (s]s
1€SY 1€SY
.
= max{ HE [ M) Alja)i<aycry = 72M) (A (M) Al ani<a, 0y = 72M) } H )
T

HE [ M) Al ami<a,cny =12 M) (Ai (M) Ay anyj<a,0ar) — 72”—’)} H }

= max { ||E [(4 (M)’ AiA] T vjza,00)] — 23M

B [(A: (M))* A] Al aan)j<a,onny] =M M| }
< max { [[E [(4 (M) A A T vpjza,c0n ] | + 23 1M,

| (A (M))* AT Al anyja,cnn] || + 3 1M }
< ayChy max {[|E [A:A] || ||E [A7 A ||} + 3 1M

< exna? | M,
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where c5 is some constant. By Lemma 24, we have

Z Si|| < Cv/nay | M || max

| 1| ieSe

t +log (2n) t+ log(2n)
S I ’

t

with probability at least 1 — e™", where C' is some constant. Set t = clogn. As long

as |S{| = (1 — s1)m/2 > ' logn, we have

nlogn
|K: ~BKA]| < Cay, | M]ey/ = (D.22)

holds with probability at least 1 —n~¢ for some ¢ > 1.

Next, we employ the same technique to bound | Ky — E[K)]||. Define T; =

Yi Ail{|y1<a,Car}» Which satisfies E[T;] = 0 and K, —E[K,]| = \5 1 2ies, Ti- We have

where ¢; is some constant, and

1T, = Hy’iAi]I{‘yi|§O¢ycM}||w2 < a,Cy ||Ailly, < crv/nay [|M]||,
o —maX{H| |ZE [T,T]] |ZE [T T)]
1

€S €Sy }

< 030 ma { B [AiAﬂH,IIE[AIAi]II} < ol M2,

where ¢y is some constant. Again, by Lemma 24 we have

|81|ZT

IS

2 log (2
<C\/_ozy||M||FmaX{ t+log (2n) t+ log( n)}

S| S

—t

with probability at least 1 — e~*. Then by setting ¢ = clogn, and recalling |S;| =

[

sym/2, we have with probability at least 1 — n™¢,

logn logn
||K21|gc\/ﬁay||M||Fmax{,/ en 08 } (D.23)
S1m  s1m

Combing (D.22) and (D.23), we have with probability at least 1 —n~¢,

1K = (1= s1)72M]||
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<(1-s1) | K1 — M| + s || Ko

nlogn s1logn logn
< Cay| M|y | "2 +c¢ﬁoayuMuFmax{\/ 1oen 28
nlogn
< Cay | My | 25"

provided that m > ¢y logn for large enough c,.

D.7 Proof of Lemma 29
Since H =W — ZQ), we can write

(B, WW' —ZZ") = (B, WW' —(2Q)(ZQ)")
= (B, WW' — (W -H)(W -H)")

=2(B,, HW') — (B, HH").
Therefore, i € D if and only if
(2(B;,HW') — (B;,HH")) (B;, HW ) < 0. (D.24)

If (B, HW') > 0, we know (B;, HW ") < }(B,, HH"); if (B;, HW ") < 0, we

know (B;, HW") > 1(B;, HH ). Therefore, we have |(B;, HW ")| < }|(B;, HH ")|.
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