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Abstract

Diffusion models have become the state-of-the-art method for pho-
torealistic image and video generation, yet their usefulness extends far
beyond pure data generation. This thesis studies how diffusion models
can be used to solve inverse problems in data science. Our central per-
spective is a plug-and-play Bayesian framework in which a diffusion model
serves as a learned prior that can be injected into inverse problem solvers.
We develop this framework first for unconstrained inverse problems and
then extend it to settings with hard geometric constraints through the
language of Riemannian manifolds.

For unconstrained inverse problems, we propose diffusion plug-and-
play (DPnP), a general framework that alternates between a denoising
diffusion step, which imposes the learned prior, and a proximal consistency
step, which enforces measurement fidelity. This framework applies broadly
and is supported by both empirical results and theoretical guarantees of
correctness and robustness.

To provide deeper theoretical insight into the unconstrained frame-
work, we study sparse recovery as a tractable yet practically relevant
problem. In this setting, we show that a simple diffusion-based solver
achieves denoising performance comparable to that of an oracle that
knows the true sparsity pattern in advance, while running in polynomial
time. This result clarifies how diffusion priors can effectively combine
learned score-based prior with measurement information in inverse prob-
lems.

Motivated by inverse problems with hard structural constraints, we
further develop manifold DPnP, which extends DPnP to Riemannian
manifolds and enables posterior sampling under geometric constraints.
To support this extension theoretically, we also prove the first polynomial
iteration-complexity bound for Riemannian diffusion models, showing that
the manifold diffusion step underlying manifold DPnP can be implemented
efficiently and accurately.

Together, these results establish diffusion models as a mathematically



grounded and algorithmically flexible framework for inverse problems,
bridging modern generative modeling, Bayesian inference, and geometric

structure in a unified way.
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Chapter 1
Introduction

Generative modeling aims to learn complex probability distributions from data and to
draw new samples that faithfully reflect the variability present in the underlying pop-
ulation. In recent years, diffusion models [88, 107, 112, 114] have become one of the
most successful approaches to this problem, with remarkable empirical performance
across a wide range of domains, including image generation, video synthesis, speech
modeling, and related tasks |28, 49, 50, 56, 95, 100, 102|. Their success stems not only
from their sample quality, but also from the flexibility of the framework: diffusion
models admit a clear probabilistic interpretation, connect naturally with stochastic
analysis, and can be adapted to settings far beyond unconditional generation.

On a high level, diffusion models generate samples from a target distribution by
operating on two stochastic processes:

e A forward process, which gradually injects noise to clean data from the target

distribution, eventually transforming the data into pure noise.

e A reverse process which starts from pure noise, and denoises gradually to arrive

at a new sample from a distribution close to the target distribution.

The forward process is typically implemented by a Brownian random walk or an
Ornstein-Uhlenbeck process [89]. The construction of the reverse process, on the
other hand, requires the theory of time-reversal for stochastic differential equations
(SDE) [6, 48]. It is known that the reverse process can be implemented as long as
the score function, i.e., the log-gradient of the the marginal density of the forward
process, is known. In practice, the exact score function is often unavailable and is

instead estimated with a neural network via score matching [54|. In this thesis, we



focus on the analysis of diffusion models given a pre-trained inexact estimate of the
score function.

Beyond direct sampling from a target distribution on which the score function is
trained, we further investigate the use of diffusion models as expressive representations
of prior distributions in Bayesian sampling. This perspective is crucial for applying
diffusion models to inverse problems, where the objective is to recover an unknown
signal from noisy observations under an assumed prior on the signal. Such problems
arise throughout imaging, scientific computing, and data science, including tasks such
as denoising, deblurring, super-resolution, inpainting, tomographic reconstruction,
and phase retrieval. They are typically ill-posed: the observations alone do not
uniquely determine the unknown signal. Effective recovery therefore requires a prior
that captures the structure of plausible solutions.

Diffusion models offer a data-driven alternative to hand-crafted regularization by
encoding rich prior information through a learned score function. However, using
such learned prior inside inverse problem solvers raises questions that are both
algorithmic and theoretical: how should the diffusion prior be coupled with the
likelihood, and under what conditions does the resulting method produce reliable
solutions? This leads to the question:

How to inject the knowledge learned by a diffusion model into inverse problem
solvers in a theoretically justified way?

While diffusion generative models are often formulated in a Euclildean space,
many scientific domains are intrinsically non-Fuclidean; examples include orientations
on SO(3), directions on spheres, toroidal angles, articulated poses, and symmet-
ric positive definite (SPD) matrices, which are naturally modeled on Riemannian
manifolds [86, 92]. This motivates the study of Riemannian diffusion models, in
which both the forward and reverse diffusion processes evolve intrinsically on a
Riemannian manifold rather than in an ambient Euclidean space. This setting raises
a fundamental question:

Can we sample data and solve constrained inverse problems efficiently with

Riemannian diffusion models?
The goal of this thesis is to develop a mathematical framework for these questions.
Broadly speaking, we view diffusion models as expressive Bayesian priors for inverse

problems, use this perspective to design inverse problem solvers with provable



robustness guarantees, prove theoretical guarantees for such solvers, and extend this

framework to settings with manifold constraints.

1.1 Solving general inverse problems with diffusion

priors

Thanks to the expressive power of score-based diffusion models in generating complex
and fine-grained images, they have emerged as a plausible candidate of an expressive
prior in image reconstruction [23, 34, 113| via the lens of Bayesian posterior sampling.
To accommodate diverse applications with various image characteristics and imaging
modalities, it is desirable to develop plug-and-play methods that do not require
training from scratch or end-to-end training for every new imaging task. Nonetheless,
despite a flurry of recent efforts, existing algorithms either are computationally
expensive |17, 126], inconsistent |23, 62, 83|, or confined to linear inverse problems
[17, 30]. Therefore, we are in need of a practical, consistent and robust algorithm that
incorporates score-based diffusion models as an image prior with general (possibly

nonlinear) forward models.

1.1.1 Owur contribution

We develop a new algorithmic framework for solving general inverse problems with
diffusion models in a plug-and-play manner. We also provide theoretical results
toward understanding how diffusion-based inverse problem solvers use the learned

diffusion prior.

A diffusion plug-and-play solver for nonlinear inverse problems. We
develop a diffusion plug-and-play framework, denoted by DPnP, for posterior sampling
in imaging inverse problems. The framework uses an unconditional score-based
diffusion model as an expressive image prior and applies to general, potentially
nonlinear, forward models.

The key idea is to decompose posterior sampling into two modular steps. A
prozimal consistency sampler promotes consistency with the measurements using

only the likelihood function of the forward model. A denoising diffusion sampler



enforces the prior constraint by sampling from the posterior distribution of an easier
denoising problem, namely denoising under white Gaussian noise. This separation is
the main structural feature of DPnP: the likelihood and the prior are handled by
two separate samplers, each depending only on its own component of the model.

We show that the denoising diffusion sampler can be implemented using the
standard diffusion-model pipeline, either through stochastic DDPM-type samplers or
deterministic DDIM-type samplers, without any additional training. Both variants
use the same unconditional score functions as ordinary diffusion-model generation.

We also establish theoretical guarantees for DPnP. In the idealized setting with
exact unconditional score functions, we prove that DPnP converges to the desired
posterior distribution of the unknown image given the measurements. We further
provide non-asymptotic guarantees showing that the method degrades gracefully
under sampling and score-estimation errors. To the best of our knowledge, this gives
the first provably robust posterior sampling framework for nonlinear inverse problems
using unconditional score-based diffusion priors.

Finally, we validate DPnP on both linear and nonlinear image reconstruction
tasks, including super-resolution, phase retrieval, and quantized sensing. These
experiments illustrate the promise of the proposed plug-and-play approach across a

broad class of imaging inverse problems.

Explicit convergence analysis for a diffusion-based solver. In complement
to the theoretical guarantee above, we provide a fully explicit convergence analysis
under a sparse prior. This model is simple enough to allow sharp estimates, while
retaining an important feature shared by many practical inverse problems: the
unknown signal has low-dimensional structure, and the diffusion prior represents this
structure across multiple noise scales.

Focusing on the denoising problem, we show that a simple diffusion-based heuristic
solver can recover the underlying signal with oracle-level accuracy: under a moderately
high signal-to-noise ratio condition, its accuracy matches what one would obtain if
the sparse support of the signal were known in advance.

This result gives a transparent example of why diffusion-based solvers can succeed
when the target signal has low-dimensional structure. It also illustrates a broader
principle behind the algorithms studied in this thesis: diffusion priors are useful not

merely as generative models, but as representations of prior information that can be



incorporated into inverse problem solvers with theoretical guarantees.

1.2 Riemannian diffusion models

While significant progresses on the convergence analysis of diffusion models defined
on a Euclidean space have been made [7, 71, 72|, there has been an increasing interest
in effectively sampling from distributions supported on manifolds and providing
theoretical guarantees [36, 38, 42, 74|. Although sampling on manifolds has been
studied extensively [21], extending diffusion models to manifolds requires careful
treatments to incorporate the manifold constraints into both the time-inhomogeneous
forward and reverse processes, with selected attempts in De Bortoli et al. [27], Fishman
et al. [35], Huang et al. [52], Liu et al. [78], Lou et al. [79].

Among these results, a notable development is De Bortoli et al. [27], who in-
troduced Riemannian Score-Based Generative Models (RSGMs) with convergence
guarantees in the Wasserstein distance. Specifically, they established a time-reversal
diffusion process for geometric Brownian motion on manifolds, which can be similarly
learned via score matching [54]. While groundbreaking, their convergence bound
suffers from a few caveats: (1) it requires an exponentially small stepsize, leading to
a possibly exponential iteration complexity in some of the manifold parameters; (2)
it requires L.,-accurate score estimates, which are impractical in deep learning; and
(3) the data distribution is required to be smooth and strictly positive on compact
manifolds. This calls for polynomial iteration complexity for manifold diffusion models

using Lo-accurate score estimates under milder data assumptions.

1.2.1 Owur contribution

Theoretical foundation of efficiency. We provide a discrete-time analysis of
the RSGM sampler proposed in De Bortoli et al. [27], assuming Ly-accurate score
estimates. Under mild geometric conditions of the manifold without assuming smooth
or strictly positive data densities, we establish that polynomial stepsizes suffice for
accurate sampling on manifolds in total variation (TV). This conveys a much more
benign message about the efficiency of Riemannian diffusion models, compared with
the iteration complexity in De Bortoli et al. [27] that scales exponentially with the

dimension d, under relaxed assumptions on both the data distribution and the score



estimates.

Our proof highlights three ingredients: (i) high-probability Li-Yau gradient bounds
for the manifold heat kernel together with early stopping to control ||V log p;|| without
assuming positivity /smoothness of po; (ii) a localization scheme that “freezes” drifts
across nearby tangent spaces but preserves continuous Brownian motion (BM), to
separate the effects of discretization of scores and BM; and (iii) a quantitative
estimates for Minakshisundaram—Pleijel parametrix that controls one-step deviations
between the manifold heat flow and its discretized proxy. These components allow

us to handle the discretization errors sharply to avoid exponential dependence.

Solving constrained inverse problems with manifold diffusion plug-and-play.
Building on our theoretical foundation, we generalize the diffusion plug-and-play
framework to Riemannian manifolds, thereby providing a principled approach to
constrained inverse problems with diffusion priors. A key observation is that, in the
Euclidean setting, our DPnP sampler admits an intrinsic interpretation through its
connection with heat flow. More specifically, by establishing an equivalence between
heat-flow smoothing and the denoising step implemented by DPnP, we uncover a
formulation in terms of only the intrinsic properties of the support of the data prior,
and is therefore amenable to extension beyond Euclidean space. This viewpoint leads
naturally to a manifold version of DPnP. The resulting method yields a principled
framework for posterior sampling under manifold constraints, which retains the same
modularity, flexibility, and robustness that make DPnP attractive in the Euclidean
setting. This lays the groundwork for diffusion-based algorithms for nonlinear inverse

problems with manifold constraints.

1.3 Orgnization and notation

The rest of this thesis is organized as follows.

e Chapter 2 lays down the mathematical basis for diffusion models.

e Chapter 3 introduces the proposed algorithm DPnP and its theoretical guarantee

and experimental evaluation [127].

e Chapter 4 establishes explicit convergence rates of diffusion-based inverse

problem solvers under sparse priors.



e Chapter 5 introduces our convergence analysis of Riemannian diffusion models
[128].
e Chapter 6 presents the extension of DPnP to Riemannian manifolds and its
application in solving constrained inverse problems.
Notation. We introduce some key notation used throughout the thesis. Let p, denote
the probability distribution of z, and p,(-|y) denotes the conditional distribution
of x given y. We use X @ Y to denote random variables X and Y are equivalent
in distribution. The matrix I; denotes an identity matrix of dimension d. For two
probability distributions with density p(z) and g(z), the total variation distance

between them is

TV(p,q) = / Ip(z) — q(z)|dz.

The y2-divergence of p to q is

X(plla) = / (@) — g(@))” <$>qzxq<x>>2dx.

The Kullback-Leibler (KL) divergence of p to g is

KLl = [ oo <1og %) az.

We assume some familiarity with Riemannian geometry, and make use of standard
notation. Please refer to Jost [58|, Petersen [91] for a more in-depth treatment. In
particular, we use «, 3,&, (, etc., to index coordinate representation of tensors, and
assume Einstein’s summation convention. Let (M, g) be a connected, compact d-
dimensional Riemannian manifold, with geodesic distance p(-,) and volume measure
p. We assume p(M) = 1. The Levi-Civita connection is denoted by V, and the

Laplace—Beltrami operator by
Amf =V, VO

We use T, M for the tangent space at z and use exp, : T, M — M for the

exponential map and log, for its local inverse on the normal neighborhood of z. The



geodesic diameter of (M, g) is defined as

Diam(M) = sup p(z,y),
z,yeM

We further denote Rm as the Riemannian curvature tensor. Geodesic ball centered

at x with radius r is denoted B,(r).



Chapter 2
Background on Diffusion Models

In this chapter, we introduce the preliminaries on diffusion-based generative models,
which will serve as the foundation for our theory and algorithms. The key components
consist of a forward process, which diffuses the data distribution p* to the standard
normal distribution by gradually injecting noise into the samples, and a backward
process, which reverses the forward process so that it can transform the standard

normal distribution to the data distribution p*.

2.1 Score-based generative models

Consider the forward Markov process in R? that starts with a sample from the data

distribution p*, and adds noise over the trajectory according to
To ~ P, (2.1a)

T = \/1—6kxk_1+\/ﬁkwk, 1 SkST, (2.1b)

where {wy }1<p<r’s are independent standard Gaussian vectors, i.e., wy g N(0, 1),
and {f € (0,1)} describes the noise-injection rates used in each step. Therefore, we

can write xj equivalently as

Ty = \/@_k$0+\/1—6ék5k7 EkNN(()?[d)a kzoala >T' (22)

Here, (ag)k—01.... 1 is the schedule of diffusion given by



k
ap =1 — [y, ay = Hag, 1<k<T. (2.3)
=1

Clearly, it verifies that 1 > ag > @1 > --- > ap > 0. As long as ay is vanishing, it is

easy to observe that the distribution of x7 approaches N (0, I,).

Score functions. As will be seen, to sample from p*, it turns out to be sufficient to
learn the score functions of p,, at each step of the forward process [19, 114|, defined

as
1

N 1
st (v) = Vlog py, (), k=0,1,---,T, t,= §logd—k. (2.4)

We will see momentarily the rationale behind the definition of .

Continuous-time perspective. To facilitate understanding, it will be convenient
to formulate the diffusion process in continuous time. To distinguish from the discrete-
time setting, we use capitalized letters like X to denote the continuous-time diffusion
process. The continuous-time forward diffusion follows the Ornstein-Uhlenbeck (OU)
process', defined by the Stochastic Differential Equation (SDE) [114]:

dX, = =X, dt +v2dB,, t>0, Xy~ (2.5)

where (B;)¢>o is the standard d-dimensional Brownian motion. It can be shown that
[29, 32] the marginal distribution of X; for ¢ > 0 is

Xy (i_) e71‘/)(0 +Vv1-— ei2t€7 Xo ~ p*a g N(O7 [d) (26)

It is then clear that the limiting distribution X, ~ N(0,I3) as 7 — oo, i.e., the OU
process diffuses Xy ~ p* to the standard normal distribution. The score function of
X, is defined by

si(z) = Vlogpx, (). (2.7)

An enlightening property [122] of the score function is that it can be interpreted as

the minimum mean-squared error (MMSE) estimate of € given X; = z, fueled by

n the literature, other processes such as Variance-Exploding SDE (VE-SDE) are also used.
The framework in this chapter also applies to these processes with straightforward modifications.



Tweedie’s formula:

1 _
si(r) = Ve Exonp cnnvo 1 (€] € 2(0 tVl—ee=x)  (28)

::Sz(m)

Consequently, this makes it possible to estimate the score functions via learning to
denoise [54], by estimating the denoising function ¢, as typically done in practice
[49].

2.2 The reverse process and sampling

To enable sampling, one needs to “reverse” the forward diffusion process. Fortunately,
it is possible to leverage classical theory [5, 6] to reverse the SDE, and apply
discretization to the time-reversal processes to collect samples. We shall describe
two popular approaches below, corresponding to stochastic (i.e., DDPM-type [49])
and deterministic (i.e., DDIM-type [109]) samplers respectively following primarily
the framework set forth in Song et al. [114].

Time-reversed SDEs and probability low ODEs. Let us begin with the more
general theory of reversing SDEs, which will be useful in future sections. Consider a
SDE given by

AM, = aMydt +/BdB,, >0, My~ pu,, (2.9)

where a € R and 8 > 0 are constants. For any positive time 7., > 0, define the

reversed time parameter
T :=7(t) = Too — L. (2.10)

We are now ready to describe the time-reversed processes.

1) The time-reversed SDE of (2.9) on the time interval [0, 7] is defined as

AM™ = (—aM™ + BV log pa, (M) dt + /BdB;, t € [0, 7], M ~ par.__,
(2.11)
where B is an independent copy of B, i.e., another Brownian motion. It is a

classical result 6] that the reversed process M"" shares the same path distribution

as M, ie., (M) rc0,ru] @ (M:)rc(0,7.)- In other words, the joint distribution of

T

(MY, MY, - - , M) for any 0 <7 <7y <--- <1 < 7, for any integer k > 1,

T ? T2 ?



coincides with that of (M., M,,,---, M, ).

2) In place of the reversed SDE in (2.11), it is possible to consider the following
probability flow ODE [5, 114]:

dM! = (—aMTre" + gVIngMT (M;e")) dt, t € [0,700), M ~ppr, . (2.12)

The reversed ODE satisfies a slightly weaker guarantee than that of the re-
versed SDE, which nevertheless suffices for most practical purposes [114]: M’ @
M., 7 €[0,75]. Note that the reversed ODE only guarantees identical marginal
distribution for each M®', whereas the reversed SDE guarantees identical joint
distribution.

Specializing the above to the OU process (2.5) with proper discretization then

leads to popular samplers used for generation, as follows.

DDPM-type stochastic samplers. Specializing the time-reversed SDE (2.11) to
the OU process gives

AXT = (X1 4 25, (X[®))dt + V2dB,, t€[0,7), X ~px, ..

As To — 00, it can be seen from (2.6) that py,  converges to N(0,I;). Thus the
solution of the above SDE can be approximated by initializing X' ~ N(0, 1)
instead. The DDPM sampler [49] can be viewed as a discretization of this SDE [114].

DDIM-type deterministic samplers. On the other hand, the probability flow
ODE (2.12) for the OU process reads as

dX:_ev _ (X;ev + ST(X:_eV))dt, te [077-00]7 X:_: ~ DX, - (2.13)

Again, as 7., — 00, one may approximate the initialization with X' ~ N(0, I).
It is known that the popular DDIM sampler [109, 114] is a discretization of this
ODE [131]|. The ODE-based deterministic samplers allow more aggressive choice
of discretization schedules, as well as fast ODE solvers [80], enabling significantly

accelerated sampling process compared to the SDE-based stochastic samplers.



Chapter 3

DPnP: Robust Nonlinear Inverse

Problem Solvers with Diffusion Priors

In this chapter, we introduce DPnP as a plug-and-play inverse problem solver that

enjoys several important theoretical guarantees. This chapter is based on [127].

3.1 Posterior sampling for inverse problems

We are interested in solving (possibly nonlinear) inverse problems, where the aim is

to infer an unknown image 2* € R? from its measurements y € R™,! given by
y = A(z") + ¢,

where A : R? — R™ is the measurement operator underneath the forward model, and
xi denotes measurement noise. It has been well-understood that prior information
of x* plays an important role in solving inverse problems that are otherwise ill-posed,
enabling successful reconstruction with much less measurements and higher accuracy.
At the same time, it is desirable to understand and quantify the uncertainty in image

reconstruction, especially when the available measurements are rather limited.

Posterior sampling. In this work, we focus on the Bayesian setting where the

'For simplicity, we limit our presentation to the real-valued case; our framework generalizes to
the complex-valued case in a straightforward manner.
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prior information of z* is provided in the form of some prior distribution p*(-), i.e.,
™~ p*(z), (3.1)
The posterior distribution given measurements y is defined as

p*(aly) oc p*(2) plyla® = x) = p*(w) . (3.2)

Here, £(+;y) is the log-likelihood function of the measurements. For example, when
the noise & ~ N(0,0%I,,) is standard Gaussian, it follows that

1 m
L(z;y) = —WH?J — A(2)|)? - B log(2ma?).

Notwithstanding, our framework allows flexible choices of the forward model and the
noise distributions. In addition, while this formulation is derived from probabilistic
interpretations, it also subsumes the “reward-guided” or “loss-guided” setting [111],
where £ can be viewed as a reward function or a negative loss function, both of
which characterize preference over structural properties of x*. In all these settings,
it will be useful to bear in mind the intuition that the higher value of £ corresponds

to better consistency with the measurements, higher rewards, etc.

Assumption on the forward model. Throughout the chapter, for simplicity, we
make the following mild assumption on £, which is applicable to many applications

of interest.

Assumption 1. We assume L(-; y) is differentiable almost everywhere, and

sup L(z;y) < 00.
TER?

Goal. Our goal is to sample z from the posterior distribution
&~ p(-|y)

given estimates $;(x) (resp. £:(z)) of the unconditional score functions s}(x) (resp.

the noise function €}(x)) in (2.4), assuming knowledge of the likelihood function

L(5y).



3.2 Key ingredient: score-based denoising posterior
sampling

We begin with one of the most fundamental inverse problems: denoising under
white Gaussian noise. We demonstrate how to solve this problem via stochastic
(i.e., DDPM-type) and deterministic (i.e., DDIM-type) denoising diffusion samplers
using the same set of unconditional score functions trained for generation. As shall
be elucidated shortly, the denoising diffusion samplers turn out to be an important

building block in our algorithm for general inverse problems.

Image denoising under white Gaussian noise. Suppose that we have access to

a noisy version of x* ~ p* contaminated by white Gaussian noise, given by
Tnoisy = - 57 § ~ N(07 772111)7 (33)

where 17 > 0 is the noise intensity assumed to be known. Our goal is to sample
from p*(- | Znoisy) given the score estimates §,(z) (resp. the noise estimates ,(z)).
We will develop our score-based denoising posterior sampler, termed DDS, with
two variants, DDS-DDPM and DDS-DDIM, which can be viewed as analogues of
the well-known DDPM and DDIM samplers in unconditional score-based sampling
respectively. Before proceeding, it is worth highlighting that the two variants will
be derived from different forward diffusion processes, since we observe the resulting

variants empirically lead to more competitive performance.

A stochastic DDPM-type sampler via heat flow. We begin with a stochastic
DDPM-type sampler for denoising, termed DDS-DDPM. We divide our development
into the following steps.
e Step 1: introducing the heat flow. Let us introduce a heat flow with initial
distribution p*, defined by the following SDE:

dY; =dB;, t>0, Yy~p", (3.4)
where (B;):>o is the standard d-dimensional Brownian motion. The solution of

(3.4) is simply
Yi=Yy+ B, t>0. (3.5)



Since B; ~ N(0,tl,), it readily follows that B,z @ ¢, which together with
Yy ~ p* yield the important observation that znqs, = 2* + £ can be viewed as

an endpoint of the heat flow, in the sense that

Lnoisy = z* +€ Q }/7]2'

Step 2: reversing the heat flow. Following the framework in Section 2.1 and
Section 2.2, the next step boils down to reverse the heat flow (3.4). The
time-reversal of the heat flow SDE (3.4) is (cf. (2.11)) given by

d nr2eit = Vlogpynz,t< 77r2eiT)dt + ch te [07 7]2}7 Y;;gv ~ pYn27 (36)
where (Bt)tz() is an independent copy of (B;);>o. As introduced earlier, the
virtue of the time-reversed SDE (3.6) is that it produces a process (Y;*")o<t<y2
with the same path distribution as (Y;)o<i<p2, i-e.,

rev (d)
(V) iciom? = (Y)ieon?)-

In particular, the joint distribution of (Yg®,Y/s) is the same as that of
(Yo,Y,2) @ (*, Znoisy)- This implies that the conditional distribution p*(- | Zneisy)
is the same as pyye(- | Y2 = Tnoisy). Surprisingly, the latter admits a simple
interpretation: pyorev(- | ang" = Tnoisy) 18 the distribution of YJ* when we initialize
(3.6) with angv = Tnoisy! Therefore, sampling the posterior p*(- | Znoisy) amounts

to solving the following simple SDE:
AV, = Viogpy,, (V) +dB, [0, Vi = trom. (37

Step 3: connecting the score functions. It is now immediate to arrive at our
proposed stochastic sampler DDS-DDPM by discretization of this SDE (3.7),
which requires knowledge of the score functions V log py, (). A key observation
is that they can in fact be computed from the score function s; (cf. (2.7)),

thanks to the following lemma.



Lemma 1 (Score function of Y;). Fort > 0, we have

1 T
Vlogpy,(z) = e\ g )

Details on the procedure of discretization can be found in Appendix A.2. The

resulting sampler, DDS-DDPM, is summarized in Algorithm 1.

Algorithm 1 Denoising Diffusion Sampler (stochastic) DDS-DDPM(Zneisy $,7)

Input: noisy data @n.s, € RY, score estimates § = {§,(-) : R —» R% ¢ =
1,...,T}, where t, = log(1/ay) as in (2.3)—(2.4), and noise level n > 0.
Scheduling: Compute the diffusion schedule (74)o<¢<7" by

m=a;' -1, 0<(<T,

where

1
T’::max{t:0§€§T,ag> }
n*+1

Initialization: Set 27/ = Tnoisy-
Diffusion: for / =T7"7"—1,...,1 do

Tp1 =20 — 2(\/T0 — /To—1) €, + T — Ti—1wg,  we ~ N(0, 1).

where
1

Et, = —ﬁ@g(\/@—eii%) .

Output: z;.

A deterministic DDIM-type sampler via OU process. We next develop a
deterministic DDIM-type sampler for denoising, termed DDS-DDIM, presented in
Algorithm 2.

e Step 1: introducing a posterior-initialized OU process. To sample from the
posterior distribution p*(-|Zneisy), We first introduce a random variable w which

has (unconditional) distribution

Pu(z) = p*(x* = 2| 2" + £ = Tnoisy), (3.8)



in the same form of the desired posterior distribution p*(-|zneisy). Here, since
the noisy observation Zneisy is given, we regard it as fixed.? We further introduce

2 = W — Tnoisy; Which is a “centered” version of w, whose distribution is
P2(2) = Pu(T + Tnoisy) = P (2" = T + Tnoisy | " + £ = Tnoisy)-
The OU process with initial distribution p, is defined by the SDE:
dZ, = —-Z,dt +dB;,, t>0, Zy~p,, (3.9)

where (B;)i>o is the standard d-dimensional Brownian motion. As in (2.6), the

marginal distribution of Z, is given by
72, Y et Zy 4 VT —e e, Zy~p., e~N(0,1), T3>0 (3.10)

o Step 2: reversing the OU process. Following the framework in Section 2.1 and
Section 2.2, reversing the OU process (3.9) will enable us to generate samples
z ~ p,. Then we can set w = z + Znoisy, Which, by definition, has distribution
pw defined in (3.8), and is a sample from the desired posterior distribution
P*(+|Znoisy). We are thus led to solve the time-reversed probability flow ODE
(cf. (2.12)) of (3.9), given by

Az = (Z*+Vlogpz, (Z1))dt, t€[0,7x), 22 ~N(0,1s), T =Tt

(3.11)

e Step 3: connecting the score functions. We are now one step away from our

proposed deterministic sampler DDS-DDIM, which is derived by discretization

of the ODE (3.11). We need to know the score functions Vlogpz_(-), which

again can be computed from the score function s; (cf. (2.7)), as documented
by the following lemma.

Lemma 2 (Score function of Z;). Fort >0, we have

o2ty et—tn2 _ etff 2,
\Y IOg bz, (I) = + 7 St e_tl’noisy + —77 )

_n2+82t_1 2+ et —1 2+ et —1
(3.12)

2Technically, this can done by conditioning on Zes, throughout our discussion of DDS-DDIM.



where

t=1t) = 1log <M + 1) . (3.13)

n2+62t_1

After plugging this into (3.11) and solving the ODE for Z'V, we see that
Z5 + Znoisy 1s the desired sample from the posterior distribution p*(-|Znsisy),
as argued before. Numerically, the ODE (3.11) is solved by discretization
with an exponential integrator [131], resulting in the sampler DDS-DDIM as

summarized in Algorithm 2.

Algorithm 2 Denoising Diffusion Sampler (deterministic) DDS-DDIM(Zoisy, $, )

Input: noisy data T..s, € RY score estimates § := {3,(-) : R — R% ¢ =
1,...,T} and noise level n > 0.
Scheduling: Compute the diffusion schedule (uy)o<¢<7 by

(7]2 + 1)@5 -1

U
a1 VSkST

Up =

where

1
T’:zm&X{E:OSEST,dg> 5 }
n®+1

Initialization: Draw 2y ~ N(0, I,).
Diffusion: for / =T",T7"—1,...,1 do

V(= Dy +1

Zp—1 = 2+ (> = Ditig—y + 1+ (h(n, 1) — h(n, ))éy,,
where
. n
h(n,u) = — arctan ——,
ut—1
. L — 1\ U2

Output: zn.isy + 20.




Algorithm 3 Diffusion Plug-and-Play (DPnP)

Input: Measurements y € R™, log-likelihood function £(-; y) of the forward model,
score estimates {5;(-)}, annealing schedule (7x)o<r<k-
Initialization: Sample Zo ~ N(0, 2 1;)
Alternating sampling: for £k =0,1,2,..., K — 1 do
(1) Prozimal consistency sampler: Sample

~ 1 -,
by o (L0 ) — ol —l?)
k

using subroutine PCS(Zy, y, £, ).

(2) Denoising diffusion sampler: Sample

. N 1 .
Tpt1 ~ exp (Ing (z) — 2—77%!\37 - %+;H2>

using subroutine DDS—DDPM@H%, $,My) or DDS—DDlM(aA:,H%, 8, M)
Output: 7.

3.3 Our algorithm: diffusion plug-and-play

Now we turn to the general setting where the measurement operator A is arbitrary.
From the factorization of posterior distribution in (3.2), one intuitively understands
that a posterior sampler must balance two sources of information: (i) the data
prior, corresponding to the first factor p*(x), which imposes that the posterior
sampler should be less likely to sample at those points where p*(z) is small; (ii) the
measurement consistency, corresponding to the second factor e£(*¥) which imposes
that A(z) =~ y.

A prelude: proximal gradient method. Informally speaking, bridging the
perspective of optimization and sampling [125], posterior sampling can be viewed as

a “soft” solution to the following optimization problem:

max L(z;y) + log p*(z). (3.14)
zeR

Instead of producing the point estimate that maximizes L(z;y) + logp*(z), pos-
terior sampling produces samples from the posterior distribution p*(x)eﬁ(““y) =

eLlwy)+oer™ (@) ingtead, which allows characterizing the underlying uncertainty. For



better understanding, it is useful to bear in mind the special case when the image
prior p* is supported on some low-dimensional manifold® M. In this setting, we
notice that logp*(z) = —oo for z ¢ M, hence the optimization problem (3.14) is
implicitly constrained in x € M.

Recall the well-known proximal gradient method [90] for solving (3.14), where

one initializes a random #, € R? and uses the following update rule
i’]ﬁ_l = PrOXM,nk (:%k+77kvik£(ik,y)), k:O,l,

Here, n;, > 0 is the stepsize at the k-th iteration, and Proxu, : R? — R? is the
proximal operator defined by

1
2" — z|°. (3.15)

Prox,(x) == argmin —logp*(z) + o2
n

x/€RY
Intuitively, one may view Proxag,(z) as some kind of denoising to make = more con-
sistent with its structural property [120]. The proximal gradient method alternatively
applies two operations:

(i) Gradient step to enforce the measurement consistency. The gradient step tries
to boost consistency y ~ A(x) via moving along the direction to increase
L(:y).

(ii) Prozimal mapping to enforce the data prior. The proximal step moves the
iterate towards those points that increase log p*(z). In particular, when p* is

supported on a low-dimensional manifold M, the proximal map forces x to

reside in M.

Diffusion plug-and-play (DPnP). Although the proximal gradient method
does not apply to the posterior sampling problem directly, we borrow its splitting
principle from a sampling perspective. Namely, we alternately incorporate the prior
information and the measurement likelihood, in the same spirit of Bouman and
Buzzard [11], Lee et al. [67], Vono et al. [123]. Our algorithm, dubbed diffusion
plug-and-play (DPnP), alternates between two samplers, the denoising diffusion

sampler (DDS) and the proximal consistency sampler (PCS), which can be viewed as

3This assumption, known as the manifold hypothesis, is commonly adopted as a flexible structural
characterization of high-dimensional data. We mention it here to facilitate the understanding of
our design, which will not be imposed in our algorithm or analysis for this chapter.



the substitutes for the proximal operator and the gradient step respectively. Given
the iterate T and annealing parameter 7 at the k-th iteration, DPnP proceeds with
the following two steps:

(i) Proximal consistency sampler to enforce the measurement consistency. DPnP

draws a sample 1 from the distribution proportional to

1
exp (£(o50) = gl — )
( 2n;
to promote the image to be consistent with the measurements. This step,
which we denote as the proximal consistency sampler, can be achieved by small
modifications of standard algorithms such as Metropolis-Adjusted Langevin
Algorithm (MALA) [98] given in Algorithm 4.

(ii) Denoising diffusion sampler to enforce the data prior. DPnP next draws a

sample 2y from the distribution proportional to

1 X
oxp (=(~ 10820 + 5 3lle ~ 3] )

—LHI—@%% 1|2

o p*(x)e %
*

x p*(a” = z|a" + mpew = & 1) (3.16)

to promote the image to be consistent with the prior, where w ~ N (0, I).
The last step, which follows from the Bayes’ rule, makes it clear that this step
can be precisely achieved by the denoising diffusion sampler (developed in
Section 3.2) using solely the unconditional score function, with two options
given in Algorithm 1 and Algorithm 2.

Combining both steps lead to the proposed DPnP method described in Algorithm 3.

3.4 Theoretical guarantee

In this section, we present asymptotic and non-asymptotic performance guarantees
of DPnP.



Algorithm 4 Proximal Consistency Sampler PCS(z,y,L,n) (adapted from
Metropolis-Adjusted Langevin Algorithm [98])

Input: starting point € RY, measurements y € R™, log-likelihood function of
the forward model £(+;y), proximal parameter n > 0.
Hyperparameter: Langevin stepsize v, and the number of iterations V.
Initialization: zg = .
Update: for n=20,1,--- ,N —1do

(1) One step of discretized Langevin: Set r = e /7 and

Znpl = 2+ (1=r) 4+ (1=7)V., L(20; y) +0V1 — 12w,  w, ~ N(0, I,).

This is equivalent to drawing z,, +1 from a distribution with density Q(+; z,),
where

3 12 = (rz + (1 =)z + 7*(1 = 1) V.L(z:9))||"
Q(z,z)ocexp(— 20 =12 )

(2) Metropolis adjustment: Compute

exp (C(zm%;y) — gllZnss — 90H2) Q(za3 204 1)

q= —
exp (L(zniy) = Fellon —al2)  @argizn)
and set
Znyl, Wwith probability min(1, q),
Zpgl =
i Zn with probability 1 — min(1, q).
Output: zy.

3.4.1 Asymptotic consistency

We first collect the asymptotic correctness of our subroutines PCS and DDS in
the following two lemmas. The correctness of PCS is actually well-known, see e.g.,
Tierney [117, Corollary 2].

Lemma 3 (Correctness of PCS). Under Assumption 1, with notation in Algorithm 4,

i the continuous-time limit:
v—0, N — oo,

the algorithm PCS outputs samples with distribution o exp(L(-;y) + %7H -—z||?).



The next lemma guarantees the correctness of DDS with exact unconditional
score functions.
Lemma 4 (Correctness of DDS). Assume the score function estimation $; is accurate,
i.e. 5, = s7. In the continuous-time limit:

_ Q-1
T — o0, ar—0,

— 1, unifomly in t,

Qi

both DDS-DDIM and DDS-DDPM output samples x obeying the denoising posterior
distribution p*(z* = x| 2* + e = Tnoisy)s € ~ N (0, Iz).

We are now ready to state our main result, which concerns the asymptotic
correctness of DPnP.
Theorem 1 (Asymptotic consistency of DPnP). Under the settings of Lemma 4 and
Lemma 3, the following holds. Let €1 > €5 > -+ be a decreasing sequence of positive
numbers satisfying lim;_,.o e, = 0, and 0 = kg < k1 < ko < --- be an increasing

sequence of integers. Set the annealing schedule as follows:
N = €1, fOTkl,1§k</€l,l:1,2,~"

Let miny_; 5... |ky — ky_1| — 00, the output &y, of DPnP converges in distribution to
the posterior distribution p*(-|y) for | — oo.

In words, Theorem 1 establishes the asymptotic consistency of DPnP under
fairly mild assumptions on the forward model (cf. Assumption 1): as long as the
sampled distributions of DDS and PCS are exact, then running DPnP with a slowly
diminishing annealing schedule of {n;} will output samples approaching the desired

posterior distribution p*(-|y) when the number of iterations K goes to infinity.

3.4.2 Non-asymptotic error analysis

We now step away from the idealized setting when the sampled distributions of
DDS and PCS are exact. In practice, there are many sources of errors that can
influence the sampled distributions of DDS and PCS: non-diminishing v and finite
number of sampling steps N in PCS, and score estimation error and finite number of
discretization steps T" in DDS. In effect, these non-idealities will make the subroutines

PCS and DDS inezact. In other words, the distribution they generate will slightly



deviate from the distribution they ought to sample from. In this chapter, we model
such deviations by the total variation distance from the distribution generated by
PCS (resp. DDS) to the ideal distribution proportional to exp(L(z;y) — ﬁHiB — &]]?)
(resp. p*(a* = x|x* + mpe = Ty, 1 )) uniformly over all iterations. Analyzing these
total variations errors is out of the scope of this thesis, and we point the interested
readers to parallel lines of works, e.g., Chewi et al. [22], Li et al. [72], Mangoubi and
Vishnoi [82], among many others. In our analysis, we will assume a black-box bound
for the total variation errors of PCS and DDS, which can be combined with existing
analyses of the respective samplers to bound the iteration complexity of DPnP.
Theorem 2 (Non-asymptotic robustness of DPnP). With the notation in DPnP
(Algorithm 3), set n, =n > 0. Under Assumption 1, there exists A\ == \(p*, L,n) €
(0,1), such that the following holds. Define a stationary distribution m, by

my(2) o< p*(2) gy (),
where g, is defined by

. 1 2’5 y)— L5 ||lz—z'||2
= o)« (5) = Gy | €I e~ WO, 17

we CORT

where x denotes convolution. If PCS has error at most epcs in total variation and
DDS has error at most epps in total variation per iteration, then for any accuracy

goal €,cc > 0, with K =< %, we have

1 1
TV (Pae: ™) S Eace\/ X* (P2 || ) + 37— (epps + epcs) log ( ) : (3.18)

acc
Before interpreting Theorem 2, we observe that go(x) = %), thus m(z) o
p*(2)eX@¥) coincides with the desired posterior distribution p*(-|y). Thus Theorem 2
tells us that, assuming a constant annealing schedule 7, = 7, the output of DPnP
converges in total variation to the distribution m,, which is a distorted version of the
desired posterior distribution up to level n, with sufficiently many iterations.

A few remarks are in order.

Non-diminishing 7. It can be seen from Theorem 2 that even with a nonzero 7,

DPnP already enforces the data prior strictly. On the other hand, the measurement



consistency is distorted by an order of 7. This is usually tolerable, since the
measurements are themselves contaminated by noise, thus when 7 is smaller than the
noise level, the distortion would be tolerable. In practice, it is beneficial to choose

an annealing schedule of {7}, which will be elaborated in Section 3.5.

Spectral gap and worst-case convergence rate. The term 1 — ) is known as
the spectral gap of the associated Markov chain of DPnP. In many situations, it can

be shown that 1 — A 2 —L—.
~ poly(d)

p* and negative quadratic £. In such cases, the factor ﬁ in the right hand side of

see e.g. Vono et al. [124] for the case of log-concave

(3.18) can also be improved significantly [4]. However, under the minimal assumption
in this chapter and without any additional assumption on p* and £, 1 — A can
be exponentially small in the worst case, thus our result does not contradict the

worst-case lower bound in Gupta et al. [44].

Provable robustness. Theorem 2 indicates the performance of DPnP degenerates
gracefully in the presence of sampling errors. To the best of our knowledge, this is
the first provably consistent and robust posterior sampling method for nonlinear

inverse problems using score-based diffusion priors.

3.5 Numerical experiments

We provide numerical evidence to corroborate the promise of DPnP in solving both lin-
ear and nonlinear image reconstruction tasks. We denote DPnP with the subroutines
DDS-DDPM and DDS-DDIM as DPnP-DDPM and DPnP-DDIM respectively.

3.5.1 Synthetic data

To demonstrate the correctness of our algorithm, we run DPS [23| and DPnP on a
simple linear inverse problem under two-dimensional Gaussian mixture prior. Here,
the unconditional distribution pg is a 2-dimensional random vector generated by a
GMM:

po=0.6-N([-3,-1]",0.75I) + 0.4 - N'([1,1] ", 0.751).

Our observation model is a simple rank-one linear measurement:

y=(a,x), a=]/I, —1]T.
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Figure 3.1: Illustration of the simple inverse problem for a Gaussian mixture model.

Assume we observed y = —0.5 and wish to sample from the posterior distribution
p(zly), depicted in Figure 3.1. We run Monte Carlo simulations to evaluate the
performance of DPS and DPnP: each algorithm is run for Nyc = 10000 times,
obtaining Nyc outputs per algorithm. We then estimate the probability density of
the outputs of each algorithm via a kernel estimator. We compare these densities with
the true conditional probability density p(x|y), which can be computed analytically
for GMM. The result is depicted in Figure 3.2. It can be seen that DPnP is able
to fully approach the true posterior distribution, while DPS fails in capturing the

weights of differents modes.

3.5.2 Inverse problems

We consider the following linear and nonlinear inverse problems in our experiments.

Phase retrieval. We consider phase retrieval with a coded mask, which is a
classical inverse problem [16]. For a 256 x 256 image x (for each color channel) in
our experiments, we first generate a random mask M € R?6*256 (which is shared
across color channels), then apply Fourier transform F to M ® z, where ® denotes
the Hadamard (entrywise) product, and finally preserve only the magnitudes of
the Fourier transform. Formally, the forward measurement operator is A(z) =
mag(F (M © x)), where mag(-) computes the entrywise magnitude of a matrix with

complex entries. The measurement noise is again set to be white Gaussian, with
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Figure 3.2: Output distribution of different posterior sampling algorithms. DPnP is able
to recover the true posterior distribution.

variance 0.2.

Quantized sensing. Quantized sensing refers to the task of reconstructing an
image from its low-bit quantized version. Here, the forward measurement operator
is a one-bit per channel, dithered quantization operator. More precisely, it applies

entrywise the following stochastic function @) with dithering level 8 > 0:

epixel /0

1, with probability —~—~
Q(pixel) = , b ..y - "
—1, with probability Tremelro

where pixel € [—1, 1] is the value of each pixel in each channel. The measurements in
quantized sensing are therefore one-bit-per-channel images. The dithering level 6 is

set to 0.4 in our experiments.

Super resolution. The forward model for super-resolution is the bicubic downsam-
pling operator [63], which is a linear operator (in fact, a block Hankel matrix). We
use a downsampling ratio of 4 in all our experiments. The measurement noise is set

to be white Gaussian, with variance 0.2.



3.5.3 Experimental setups

We compare DPnP with the state-of-the-art DPS algorithm [23] and LGD-MC
algorithm [111] on the FFHQ validation dataset [60] and the ImageNet validation
dataset [101]. We use the same pre-trained score functions as in [23],* and all images

are normalized to fit into the range [—1,1].

Annealing schedule. For DPnP, we use a heuristic strategy to choose the annealing
schedule 75 in DPnP (Algorithm 3). As seen in the theoretical analysis (Theorem 2),
if we set all the 1, = 7 for some constant > 0, then DPnP converges to a distribution
7y, which can be regarded as a version of the posterior distribution p*(-|y) distorted
by an order of O(n). The smaller 7 is, the more accurate the final distribution will
be. On the other hand, it was also seen that in many cases, the spectral gap is (n),
hence the convergence time is O(%) Therefore, smaller n would make it take longer
to converge.’

To strike a balance between the accuracy and the convergence rate, we adapt
an gradually decreasing schedule for 7, similar to Bouman and Buzzard [11]. In
the first few iterations, we set 7, to be a large constant. After this initial phase,
we decrease 7, slowly, eventually to ny which is chosen to be a small constant. An

example of such an annealing schedule is

Mo =1 =" ="MNK,, 7o >01isa large constant,
k—K

Nk = (TZK/UO)K’KOO no, Ko<k <K, mng >0 asmallconstant,

where Ky < K is the length of the initial phase, which can be chosen as, e.g.,
Ky = K/5. For all the numerical experiments, we set 79 = 0.4, ny = 0.15, Ky = 4,
K = 20. The annealing schedule {n;} of DPnP is fixed across all tasks, while
DPS and LGD-MC are fine-tuned with reasonable effort for best performance. All

experiments are run on a single Nvidia L40 GPU.

Initialization. In Algorithm 3, the initial guess , is set to be a properly scaled

Gaussian random vector. Notwithstanding, from Theorem 2 it can be infered that

“https://github.com/DPS2022/diffusion-posterior-sampling

5Strictly speaking, while the number of iterations required to converge increases as 7 gets smaller,
the computational complexity of PCS and DDS per iteration will decrease. However, in experiments,
the decrease is not strong enough to offset the increase in the total number of iterations, thus the
overall computational complexity still increases as 1 becomes smaller.
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Figure 3.3: Samples of different algorithms for phase retrieval, quantized sensing, and
super resolution, where DPnP generate images of higher quality and recover fine details of
the image more faithfully than the state-of-the-art DPS [23] and LGD-MC [111] algorithms.



using a heuristic posterior sampler as the initializer could decrease x?(pz, || ), hence
potentially improve the convergence speed of DPnP. By using existing algorithms
like DPS or LGD-MC as initializers, DPnP can improve upon the results of existing
algorithms towards the correct posterior distribution efficiently and provably. In our
experiments, we find it helpful to initialize DPnP with LGD-MC, which accelerates
the algorithm significantly.

3.5.4 Results

Visual results. The samples generated by different algorithms are shown in
Figure 3.3. It can be seen from these results that, DPnP is capable of solving both
linear and nonlinear problems, and, in comparison with state-of-the-art algorithms,

performs better in recovering fine and crisper details.

Performance metric. We report the performance metric of DPnP in terms of
LPIPS and PSNR — which are two of the most relevant metrics for inverse problems
— on the FFHQ and ImageNet datasets in 3.1 and 3.2, respectively. Since DPnP-DDIM
has similar performance with DPnP-DDPM but admits much faster implementation,
only DPnP-DDIM is evaluated. It can be seen that DPnP-DDIM performs strongly

on both datasets, albeit taking about 1.5x more computation time.

Table 3.1: Evaluation of solving inverse problems on FFHQ 256 x 256 validation dataset
(1k samples).

Super-resolution Phase retrieval Quantized sensing Time
(4x, linear) (nonlinear) (nonlinear) per sample
Algorithm LPIPS ] PSNR 1 LPIPS| PSNR 1 LPIPS| PSNR 1
DPnP-DDIM (ours) 0.301 24.2 0.376 224 0.293 24.2 ~ 90s
DPS [23] 0.331 23.1 0.490 174 0.367 21.7 ~ 60s
LGD-MC (n =5) [111] 0.318 23.9 0.522 16.4 0.317 23.9 ~ 60s

3.6 Related works

Given its interdisciplinary nature, our work sits at the intersection of generative
modeling, computational imaging, optimization and sampling. Here, we discuss some

works that are most related to ours.



Table 3.2: Evaluation of solving inverse problems on ImageNet 256 x 256 validation
dataset (1k samples).

Super-resolution Phase retrieval Quantized sensing Time
(4x, linear) (nonlinear) (nonlinear) per sample
Algorithm LPIPS | PSNR 1 LPIPS| PSNR 1 LPIPS| PSNR 1
DPnP-DDIM (ours) 0.416 21.6 0.562 134 0.363 23.0 ~ 240s
DPS [23] 0.473 20.2 0.677 13.4 0.542 18.7 ~ 150s
LGD-MC (n =5) [111] 0.416 20.9 0.592 12.8 0.384 22.3 ~ 150s

Algorithmic unrolling and plug-and-play image reconstruction. Composite
optimization algorithms, which aim to minimize the sum of a measurement fidelity
term and a regularization term promoting desirable solution structures, have been
the backbone of inverse problem solvers. To unleash the power of deep learning,
Gregor and LeCun [41] advocates the perspective of algorithmic unrolling, which
turns an iterative algorithm into concatenations of linear and nonlinear layers like
in a neural network. Venkatakrishnan et al. [120] recognized that the proximal
mapping step in many composite optimization algorithms can be regarded as a
denoiser or denoising operator with respect to the given prior, and proposed to
“plug in” alternative denoisers, in particular state-of-the-art deep learning denoisers,
leading to a class of popular algorithms known as plug-and-play methods [15]; see

Monga et al. [84] for a review.

Regularization by denoising and score matching. Vincent [122| pointed out a
connection between score matching and image denoising, which is a consequence of
the Tweedie’s formula [31]. The regularization by denoising (RED) framework [99]
follows the plug-and-play framework to minimize a regularized objective function,
where the regularizer is defined based on the plug-in image denoiser; Reehorst and
Schniter [96] later clarified that the RED framework can be interpreted as score
matching by denoising using the Tweedie’s formula. Kawar et al. [61] developed a
stochastic image denoiser for posterior sampling of image denoising using annealed
Langevin dynamics. Fang et al. [33| provided a framework to learn exact proximal

operators for inverse problems.

Plug-and-play posterior sampling. Motivated by the need to characterize the
uncertainty, tackling image reconstruction as posterior sampling from a Bayesian
perspective is another important approach. Our method is inspired by the plug-

and-play framework but takes on a sampling perspective, exploiting the connection



between optimization and sampling [125]. Along similar lines, Bouman and Buzzard
[11], Laumont et al. [65] proposed Bayesian counterparts of plug-and-play for posterior
sampling, where they leveraged the connection to score matching for sampling from
the image prior, but did not consider score-based diffusion models for the image prior,
which is a key aspect of ours; see also Sun et al. [116]. Coeurdoux et al. [25] extended
the split Gibbs sampler [123] in the plug-and-play framework, and advocated the
use of score-based diffusion models such as DDPM [49] for image denoising based
on heuristic observations. In contrast, we rigorously derive the denoising diffusion
samplers from first principles, unraveling critical gaps from naive applications of the
generative samplers to denoising, and offer theoretical guarantees on the correctness

of our approach.

Score-based diffusion models as image priors. Several representative methods
for solving inverse problems using score-based diffusion priors alternates between tak-
ing steps along the diffusion process and projecting onto the measurement constraint,
e.g., Chung et al. [23, 24|, Graikos et al. [39], Kawar et al. [62], Song et al. [108, 110].
However, these approaches do not possess asymptotic consistency guarantees. Song
et al. [111] proposed to use multiple Monte Carlo samples to reduce bias. On the
other hand, Cardoso et al. [17] developed Monte Carlo guided diffusion methods
for Bayesian linear inverse problems which tend to be computationally expensive,
and Dou and Song [30] recently introduced a filtering perspective and applied parti-
cle filtering. Although asymptotically consistent, these approaches are limited to
linear inverse problems. Trippe et al. [118], Wu et al. [126] introduced sequential
Monte Carlo (SMC) algorithms for conditional sampling using unconditional diffusion
models that are asymptotically exact. Mardani et al. [83] developed a variational
perspective that connects to the regularization by denoising framework. Gupta et al.
[44] showed that the worst-case complexity of diffusion posterior sampling can take

super-polynomial time regardless of the algorithm in use.

3.7 Discussion

This work sets forth a rigorous and versatile algorithmic framework called DPnP for
solving nonlinear inverse problems via posterior sampling, using image priors pre-

scribed by score-based diffusion models with general forward models. DPnP alternates



between two sampling steps implemented by DDS and PCS, to promote consistency
with the data prior and the measurement likelihood respectively. We provide both
asymptotic and non-asymptotic convergence guarantees, establishing DPnP as the
first provably consistent and robust score-based diffusion posterior sampling method
for general nonlinear inverse problems. Our work opens up many interesting questions,
which we single out a few below.
o Accelerated posterior sampling. Due to the modular design, it is straightforward
to incorporated existing accelerated samplers for both DDS [80] and PCS [81]

to speed up the inference, which is of broad practical interest.

o Non-differentiable forward models. While we assume the log-likelihood function
L(+;y) to be differentiable to apply MALA for PCS, it is straightforward to
adopt other samplers that only assume zero-order oracle access to L(-;y) for

non-differentiable forward models.

® Guided generation. While we focus on solving inverse problems, our design
might provide some insights into improving the quality of controlled or guided

generation [111] as well.



Chapter 4

Explicit Rates for Diffusion-Based

Solvers under Sparse Priors

The DPnP framework developed in the previous chapter establishes a general non-
asymptotic theory for diffusion-based solvers. At the same time, it leaves several

important questions unresolved.

® The convergence bound in Theorem 2 depends on the quantity 1 — A\, known as
the spectral gap of a Markov chain tied to the DPnP dynamics. Unfortunately,
this spectral gap may be small in theory. In the worst case, it can decay
exponentially with the problem dimension [44]. As a result, the abstract
guarantee provided by the general theory may not be sufficient to explain the

practical performance of the method.

e More broadly, the existing theory does not account for the empirical observation
that many heuristic diffusion-based solvers, such as DPS, often produce mean-
ingful reconstructions on structured inverse problems encountered in practice,
even in regimes where their stationary distributions are provably different than

the true posterior distribution.

The goal of this chapter is to take a first step toward resolving these issues in
a concrete and mathematically tractable setting. Rather than pursuing complete
generality, we focus on denoising problems equipped with sparse priors. This setting
serves as a useful testing ground: it is rich enough to capture important phenomena
arising in applications, while remaining amenable for analysis.

Our main message is that, under sparse priors, one can go substantially beyond the

35



abstract worst-case theory. In particular, we show that a simple heuristic diffusion-
based solver can effectively leverage sparsity and achieve explicit quantitative rates
for basic inverse problems. These results paves the way to further understanding
of why diffusion-based methods can succeed in practice even when general-purpose

spectral-gap bounds appear prohibitively pessimistic.

4.1 Background

We begin by introducing the sparse prior that will be used throughout this chapter.
Our canonical model is the Gaussian—Bernoulli prior, which provides a simple and
analytically convenient description of sparsity. Informally, each coordinate is zero
with high probability and is otherwise drawn from a Gaussian distribution. This
prior captures the basic principle that the unknown signal is supported on only a
small fraction of coordinates, while the nonzero entries themselves have a continuous
distribution.

Definition 1 (Gaussian—Bernoulli prior). Let s,n € N, with s < n. A random
vector

X=(Xy,...,.X,) eR"

is said to follow the Gaussian—Bernoulli model with sparsity s and dimension n,
denoted as GB(s,n), if its coordinates are independent and identically distributed
according to

X~ (1— %)50+%/\/(0,1/s), i=1,....n.

Equivalently, one may write
where

S

B; ~ Bernoulli(—), Z; ~N(0,1/s),

n
and all random variables {B;, Z;}_; are mutually independent.

In particular, each coordinate satisfies

and conditional on X; # 0, the value of X; is distributed as A (0,1/s). Thus X is



sparse when s < n, with expected support size
IEH Supp(X)H =s.

A heuristic diffusion-based solver. Existing diffusion-based posterior sampling
algorithms typically involves adding a guidance term in the reverse diffusion equation.
In the present chapter, we work with a particularly simple instance of this principle,

which dates back at least to Aali et al. [1]. The algorithm generates iterates by

Thi1 = Tg + Nk <V log py, (1) + M VL (245 y)) + /20 &k, §r ~N(0,1), (4.1)

where 1 > 0 is the step size, t, > 0 is the diffusion level, A\; > 0 is the guidance
strength, and L£(z;y) is the measurement log-likelihood introduced earlier.
To keep the discussion focused, we specialize throughout this chapter to the most

basic inverse problem, namely denoising. Thus the observation model is
Y =T, + o(, z, ~ GB(s,n), ¢~ N(0,1). (4.2)

Accordingly, the measurement log-likelihood takes the form

r—y

x — yl|? n
L(z;y) = N 51082(27“72), VL(z3y) =~ 02

202

Inserting this expression into (4.1), and using an approximate score §,(x) in place of

the exact score V log p;(z), we obtain

Tht1 = Tk + Nk <§tk(9€k) - %(% - y)) + v/ 20k &k Sk~ N(Q 1), (4.3)

We see that the guidance term simply pulls the iterate toward the observation y,
with a strength modulated by Ag.
We now specify the choice of algorithmic parameters that will be analyzed in the

sequel. Fix an iteration budget K € N, a terminal diffusion level

T =Crvn (4.4)

for a sufficiently large universal constant Cr > 0, and an early stopping threshold



7 > 0. The quantity 7" will be the largest value attained by the schedule (¢;), while
7 will be the smallest. We also introduce a parameter A > 1, which we refer to as
the time-dilation parameter; its role will be clarified below.

The parameters are chosen as follows.

® Erponential diffusion schedule. We use a geometrically decreasing diffusion

schedule from 7" down to 7, namely

T\ kK
tk:T<f> . k=01,... K (4.5)

In particular, tx = 7. The associated step sizes are defined by
nk‘:A(tk_tk’+l)7 k:O,l,...,K—l. (46)

Thus the physical time scale determined by the discretization is dilated by the

factor A relative to the decay of the diffusion level.
® [ncreasing guidance strength. The guidance coefficient is chosen to be

0.2

\p —
" 9, + 1602 logn’

k=01,... K. (4.7)

In particular, A; is small when t;, is large and increases gradually as the diffusion
level decreases.

Let us briefly comment on the motivation behind these choices. The exponential
schedule (4.5) is standard in implementations related to the variance-exploding SDE,
whose reverse-time discretization resembles (4.3) without the guidance term. The
extra factor A in (4.6) is borrowed from the time-dilation idea of Guo et al. [43]: it
distinguishes the rate at which the diffusion level ¢; decreases from the amount of
algorithmic time spent at that scale, thereby allowing the chain more opportunity
to mix before the noise level is further reduced. At the level of intuition, one may
think of t; as controlling the landscape being explored, while 7, controls how long
the algorithm is allowed to explore that landscape. We suspect that this parameter
is mainly an artifact of the proof, and is removable with more refined analysis.

Finally, the schedule (4.7) is designed to reflect the empirical behavior of diffusion
posterior sampling heuristics such as DPS. At early stages, when the diffusion

level is high and the score term dominates, the guidance is deliberately weak; this



prevents the dynamics from being overly constrained by the measurement before
sufficient exploration has taken place. As the diffusion level decreases, the guidance
becomes stronger, gradually steering the iterates toward configurations that are
more consistent with the observation. In this sense, the algorithm transitions from
a predominantly prior-driven exploration phase to a more data-driven refinement

phase.

Assumption on score estimation error. We assume that the score estimator
satisfies an L? error bound along a family of auxiliary distributions designed for the

denoising problem. More precisely, define

» eyl
i (z) o< pe(x) exp 2(2t + 1602 logn) '

We assume that, for a sufficiently small universal constant ¢ > 0,

K-1

Z B,y [V 10g piy (X)) = st (X" <. (4.8)
k=1

Assumptions of this type are standard in the diffusion sampling literature, where
the expectation is typically taken with respect to the marginal p,, ; see, for example,
[7, 72|. In the present denoising inverse problem setting, however, the reference
distribution must reflect the additional information provided by the observation
y. The measure IT{ serves this purpose. Because our guidance strength decays
according to (4.7), whose continuous-time analogue appears as the Gaussian tilt
in the definition of IT}, the distribution II} behaves similarly to p; at large noise
levels, while at small noise levels it concentrates near the observation y, and hence
near the ground truth x,. This captures the intuition that, as the inverse problem
solver approaches the true signal, score accuracy in a neighborhood of x, becomes

increasingly important.

4.2 Main results

We now state the main guarantee for the heuristic solver introduced above in the

sparse denoising setting.



Theorem 3. Fiz an early stopping time 0 < 7 < 0%, Assume the score estimation
error bound (4.8), and that

2 Ca

for some sufficiently small universal constant c, > 0.
Consider the denoising problem (4.2). Run the heuristic solver (4.3) with the
parameter schedules specified above by (4.4)—(4.7), with initialization

2t
o ~N(0 —°1>
If , ,
n i
and

(4.11)

2

T T

K> Cn ((1 +no?logn) log?(n/T) N A2n10g5(n/7)>

with sufficiently large universal constants Cy,Cx > 0, then the output xy satisfies,

with probability at least 0.99, that for every coordinate i € [n],

ologn, i€ supp(x,),

VTlogn, i ¢ supp(x,).

|2xc () — 2. ()| S

Moreover, with probability at least 0.99, we have perfect support recovery:

{i k(@) = C/Tlogn} = supp(.)

for some universal constant C' > 0.

When choosing A = @( . /2) the above theorem gives an iteration complexity of

- 5 1 2
K:@( n n —|—n0).

s302T T2

The theorem shows that, in the sparse denoising model, the diffusion-based heuristic
recovers the signal with coordinatewise accuracy that cleanly distinguishes between
the active and inactive coordinates. On the true support, the reconstruction error is

bounded by the noise level up to a logarithmic factor, while away from the support



the algorithm drives the coordinates down to the much smaller scale /7 determined
by the early-stopping time.

It is worth emphasizing that the theorem concerns a highly nonconvex, score-
driven dynamics rather than a classical thresholding or convex optimization method.
The result therefore gives theoretical evidence that the combination of score-based
diffusion models and likelihood guidance can indeed exploit the sparse prior to solve
inverse problems in a quantitatively meaningful way. This provides one explanation
for the empirical success of heuristic diffusion-based solvers in inverse problems.

A few remarks are in order.

Remark 1 (Interpretation of the coordinatewise bounds). The conclusion separates
the two tasks that any sparse recovery procedure must perform: identifying the
support and estimating the nonzero amplitudes. For indices i ¢ supp(z,), the
theorem guarantees that the output remains extremely close to zero, with residual
magnitude controlled by /7. Since 7 may be chosen polynomially small in the
problem parameters, this provides a strong form of approximate support recovery.
For indices on the support, the error bound is of order ¢ logn, which is consistent
(up to logarithmic factors) with the scale of the fluctuation of the ambient Gaussian
noise.

Remark 2 (Comparison with prior art). Our analysis requires only a Gaussian
initialization, in line with the standard practice of diffusion models. This contrasts
with existing analyses that rely on a carefully designed initialization [129] or require
an unspecified burn-in period before entering the regime where explicit convergence
can be established [68].

Remark 3 (Comparison with Langevin dynamics). One can also obtain a convergence
guarantee for Langevin dynamics targeting [I¥ with sufficiently small 7 > 0, for
instance through a Holley—Stroock perturbation argument. However, such a guarantee
relies on access to the exact score function. This requirement is difficult to meet
in practice, especially when 7 is small and the target distribution becomes highly
singular.

Remark 4 (Polynomial complexity). A key feature of Theorem 3 is that both the
iteration count K and the time-dilation parameter A are bounded by quantities
that are polynomial in n, 77!, and o~!. Thus, at least in this model problem, the

algorithm avoids the exponentially slow behavior that might be suggested by the



worst-case spectral-gap perspective discussed earlier.

Remark 5 (Role of the stopping time 7). The parameter 7 should be viewed as the
target resolution at which the algorithm is terminated. The theorem does not claim
exact recovery of the zero coordinates; instead, it shows that these coordinates are
shrunk to scale /7. Decreasing 7 therefore improves the off-support accuracy, but it
also affects the required computational budget through the polynomial dependence
on 7~ 1. In this sense, 7 governs the tradeoff between computational effort and the

final level of sparsity one wishes to enforce.

4.3 Proof outline

Our proof hinges upon the concept of Wasserstein action [5|, which we introduce
below.

Definition 2 (Wasserstein action). Let (p¢):cfa,5 be a family of probability distribu-
tions in R? with finite second moments, which is further assumed to be an absolutely

continuous curve in the W5 metric, and let

16l = lim Wa(piss, pt)
b 6—0 |5|

denote its metric derivative whenever the limit exists. The Wasserstein action of the

curve is
A( pt) te[ab = / ‘P‘t dt.

Equivalently, if v; is a velocity field solving
Oipr + V- (prvy) = 0,

then

A((p)ieay) = inf / 0|72 ) dt

Oept+V-(prve)
We divide the proof of Theorem 3 into a series of lemmas. We define an auxiliary

family of measures by

2
T —y
I} (dz) o< pi(x) exp <_ 2(2t Mr 1602H10g n)> o



We will compare the distribution of x; against the law of II] at appropriate time
points.

We begin with a technical lemma that bounds the Wasserstein action of the curve
of the auxiliary measures.

Lemma 5 (Action bound). Let

Then T
A, S nlog——l—s”yH2 log < n )
oS 800

where we define og = 40+/logn.
The next lemma compares the law of the algorithm output xx with the auxiliary

measure.

Lemma 6 (Comparing with the auxiliary measure). There ezists a universal constant

C > 0 such that

KL (I1Y||Law(zx)) < KL(TT[Law(ao)) + C ( + —log T og? —) A, (412)

AN Kt
[yl ? A’n 2 T
+C’(K2—I—K210 n+K log log

In the above error bound, we further need to control the initialization error
KL(IT ||Law(xg)), which is the goal of our next lemma.

Lemma 7 (Initialization error). Under the assumption of Theorem 3,

lyllz

It remains to study the auxiliary measure, as done by the following lemma.
Lemma 8 (Localization of the auxiliary measure). There ezist universal constants
¢, C > 0 such that the following holds. There exists an event G with P(G) > 0.999,
and on G, if X ~ I1¥, then with probability at least 0.999,

ologn, 1 € supp(,),
[ X (@) — 2. ()] S . Vi € [n].

VTlogn, i ¢ supp(x,),



Putting these together, we are now ready to prove Theorem 3.

Proof of Theorem 3. For simplicity, let
L =log n
T
Let

ologn, i€ supp(xy),

E=qxeR":Vien], |[z(i) —x(i)| S
{ V7logn, i ¢ supp(z,)

By Lemma 8, there exists an event G such that
P(G) > 0.999,

and on G, if X ~ IIY, then
[IY(E) > 0.999.

It therefore suffices to show that Law(z ) is close to I1¥ in total variation.

We shall also condition on the event

Iyl < 1,

which holds with high probability, say, 0.9999, by Chebyshev’s inequality.
Step I: action bound. By Lemma 5,
A, Snlog I + sl|y||* + n—z/Q log? (ﬂ)
T 00S 500
Using ||yllz < 1 and 02 = 1602 logn, we get
A, S nlogg + s+ %log2(£>
Since (4.9) implies .
= S logn’

b



we have

log i < log n
so o

Recall that T'= Cr+/n. Then
T
log — XlogE =1L, logT' < logn.
T T

Therefore )

n n
< 2(
A, Snl+ —a2 log (0>.

Set )

n o (M
os3/? log (;)

A, < CA. (4.13)

A=nlL-+

We have shown that

Step II: initialization error. By Lemma 7,

no oyl no 1
KL(II%||Law(xg)) < 7z T 2 <= +=].
Since T' = Cr+/n, choosing Cr sufficiently large yields

KL(IT% || Law(z0)) < 107°. (4.14)

Step III: KL control at time 7. Applying Lemma 6, and using (4.13), (4.14),
lyll2 < 1, and
log(T/7) < L,

we obtain
1 L3 L? no?logn L?  A*nL’®
KL(TTY||L <10°4+C(~+—)A+C .
(IT7l|Law(zx)) < + (A + KT> + (KT2 + K72 + Kr )
(4.15)

The condition (4.10) implies, after enlarging the constant there if necessary, that

A
= <1075,
C’A_ 0



Next, the term AL3/(K7) is dominated by the last term on the right-hand side
of (4.15). Indeed, since A > Cy A,

A2nL?® A2nLp AL3
> C} = CR AnL? - —.
Kr — Ca CiAn Kt
It therefore suffices to note that
AnL? > 1,

where in the inequality we used (4.9). Hence

AL3 A2nlLb
< C
Kr — Kr

Thus (4.15) simplifies to

_ A (1+no?logn)L?  A?nL5
KL(IIZ Law(wx)) < 1070+ €7+ C ( - Lok

Now choose the constant in (4.11) sufficiently large. Then each of the last two terms

is at most 107", and therefore

KL(ITY||Law(z ) < 1072

Step IV: transfer of localization from I1Y to Law(x ). By Pinsker’s inequality,

1
TV(Law(zg), 1Y) < \/5 KL(TTY||Law(zk)) < V5 x 107° < 0.008.
Hence, on the event G,
Law(zg)(E) > TIY(E) — TV(Law(zk), I1¥) > 0.999 — 0.008 > 0.991.

Therefore
P(xx € E) > P(G)-0.991 > 0.999 x 0.991 > 0.99.

This proves the claimed coordinatewise error bound. O



4.4 Related works

In addition to the literature in diffusion discussed before, this work is further related

to analysis of posterior sampling and sparse inference.

Theory of posterior sampling with diffusion priors. Most existing theory
for posterior sampling with general diffusion priors only provides asymptotic consis-
tency guarantees. Several provably consistent approaches are developed, based on
techniques such as titled transport [14], plug-and-play [127], and sequential Monte
Carlo methods [17, 30, 126]. However, none of these methods admit non-asymptotic
performance guarantees. [68] developed a deterministic recovery theory leveraging
the connection between diffusion and denoising operators [59], however it does not
provide a convergence guarantee with polynomial complexities since it hinges on an
unspecified burn-in phase for convergence. A notable recent development is Xun
et al. [129], which developed a provably efficient posterior sampling algorithm using
annealed Langevin dynamics with polynomial iteration complexities, assuming the
prior distribution is log-concave. They subsequently went beyond the log-concavity
assumption by assuming access to direct measurements of the signal of interest at

sufficiently low noise levels, which generally are not available in practice.

High-dimensional sparse inference. Bayesian approaches has long been applied to
high-dimensional sparse linear regression, e.g., George and McCulloch [37], Ishwaran
and Rao [55], Yang et al. [130]. Due to the challenge of sampling from multi-
modal distributions, recent efforts have been focused on developing efficient sampling
algorithms tailored to the sparsity-inducing distributions, such as the spike-and-
slab prior [57, 64, 85]. Our work can be specialized to this case, providing a
complementary algorithmic angle with efficient sampling guarantees, highlighting

the benefit of annealing provided by diffusion priors.

4.5 Discussion

The result presented here applies to the heuristic solver (4.3) for the sparse denoising
problem (4.2) under a Gaussian-Bernoulli prior. Beyond this specific setting, it
provides a first step toward a mathematical understanding of diffusion-based inverse

problem solvers and, more broadly, guided diffusion models. The analysis highlights



several directions for future work:

e Compressed sensing. An important next step is to extend the theory from
denoising to linear inverse problems such as compressed sensing. Establishing
analogous guarantees would likely require new ideas that combine structural
properties of the forward operator, such as restricted isometry property, with a

quantitative analysis of the diffusion dynamics.

e General sparse prior. The Gaussian-Bernoulli model serves as a convenient test
case because the its diffused version admits explicit formulas. However, many
applications involve richer sparse priors, such as low-rank or group-sparsity.
Extending the result to broader classes of sparse priors would help clarify
the extent to which diffusion-based solvers adapt to realistic low-dimensional

structures.

e Other types of solvers. In practice, diffusion-based inverse problems are often
solved using a wide range of tools, including predictor-corrector methods,
proximal or projection-based updates, annealed Langevin variants, and our
plug-and-play samplers. Developing a unified theory that covers such algorithms

would be highly valuable.



Chapter 5

Polynomial Iteration Complexity for

Riemannian Diffusion Models

In this chapter, we first introduce the RSGM algorithm in De Bortoli et al. [27] for
completeness. Then, we offer a polynomial convergence guarantee in Theorem 4.
This chapter is based on [128|.

5.1 Diffusion on a manifold

We recall the setup for diffusion processes on Riemannian manifolds introduced in
Cheng et al. [21], De Bortoli et al. [27]. Let (B;);>o be a standard Brownian motion
in R? and U, : R — T, M any orthonormal frame at . The Geometric Brownian

motion solves

dXt = UXt o dBt,

where o denotes Stratonovich integral, and its transition density p;(z,y) with respect

to p solves the heat equation

1
atPt(H y) = §AMpt<7 y)

Equivalently, Brownian motion can be defined abstractly as the solution to the

martingale problem for the operator %A M- Concretely, for any f € C°°([0,00) x M),
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the process

M/ = F(t, X)) — (0, Xo) — / (85+%AM) (s, X,)ds
0

is a martingale with respect to the natural filtration of X. More generally, a forward

diffusion process with drift is given by
dXt = bt(Xt> dt + UXt O ch

with Fokker—Planck equation d;p; = —V (bipy) + %A mpe- Note that in this setting,

the following process is a martingale for smooth f:

M = f0,X) - £0.%0) - [ (asf R %AMf) (5, X)ds.  (5.)

Let p; denote the density of X; w.r.t. u, and define the score s; := V log p;. The
time-reversal identity on manifolds yields a reverse SDE on a given time interval

0, T]:
dX, = (=b,(X;)+ Vlogp,(X,))dt+Ug odB,, pg, =pxy, t € [0,7], 7 =T~

Again, in practice, we often only have access to an approximation $; of V log p;,
which can be trained with the Riemannian score matching technique as in De Bortoli
et al. [27].

On compact manifolds, —A, admits a spectral gap Ay > 0. Any initial distribu-

tion mixes to the uniform distribution u along the heat flow with rate e~

Forward and backward processes. For Riemannian diffusion, We use the standard

heat flow as the forward process for simplicity:
dXt = UXt @) ch XO ~ Do.
The time-reversal identity yields the reverse-time SDE

dY, = Viegp,(Y,)dt + Uy, odB;, Yp~pp, t€[0,T], T=T—t. (5.2)

Then time-reversal theory implies that Yj @ Xo.



Assumptions on the manifold and the score. Throughout our analysis, we
assume the manifold M has bounded curvature and has nondegenerate normal
neighborhoods. We also need mild regularity assumptions on the score estimate s;.
This is formalized by the following assumptions.

Assumption 2 (Regularity). Let (M, g) be a connected, compact d-dimensional
Riemannian manifold. We assume:

(A1) Positive injectivity radius: there exists some K > 1 such that the injective

radius > 1/K.
(A2) Uniform curvature bounds: for the same constant K (which obviously can

be enlarged if necessary), we have
max { Diam(M), |Ru| o, | VRm|| ||V2Rm||Loo} <K

(A8) Regularity of score estimates: there exists a polynomial poly(d, K), such
that

I|5:(x)|| < poly(d, K) (||Vlogpt(x)|| + t_lDiam2(/\/l)) ., VYre M.

In Assumption 2, we made the standard “bounded geometry” assumption; similar
assumptions also occur in Cheng et al. [20], De Bortoli et al. [27]. A positive injective
radius ensures that we have sufficient room to operate on the tangent spaces as a
proxy of operating on manifolds, since for every x € M, the exponential map exp, is
a diffeomorphism on the geodesic ball within injective radius. Bounds on Riemannian
tensors rule out pathological cases, which helps to control the error propagation
along the reverse diffusion. Lastly, compactness ensures a positive spectral gap of
A with Ay > 0, which is necessary to guarantee that the forward process mixes.
The mild assumption (A3) on the score estimates avoids excessively large drifts in
diffusion, and can be implemented easily in practice by clipping. In addition to the
above, we also need a standard assumption on the score estimation error [18].

Assumption 3 (Score estimation error). There exists escore > 0 such that

N
Z k tk 1 EHS%(Y;%) VIngtk(Y;k)Hz < 8zcore'
k=1



Goal. Our goal is to show that the reverse-time SDE (5.2) can be approximated
with §, in place of the exact score and with a discrete process (yx) with polynomially

many steps, such that the output of the discrete process obeys
Tv(p07 Lawyo) <e+ Escore

for some small ¢ > 0 and for e, sSome characterization of the score estimation

error.

5.2 Discretization of the reverse-time SDE

Recall the reverse-time SDE defined in (5.2). We discretize it at equidistributed time

T—-6
5:t0<t1<-..<tN:T, tk_tk—IET::h, ]{;:1’7]\/'

In Algorithm 5, we provide an outline of discretized reverse-time SDE on Riemannian
manifold, modified from De Bortoli et al. [27]. In each reverse step k € {N,..., 1,0},
we select an orthonormal frame Uy, at y,, then sample Gaussian noise g, and lift
it to the tangent space T}, M using the orthonormal frame, obtaining G}, € T,, M.
Afterwards, we propose a tangent update Ay = hs;, (yr) + VhG), and the project
to the manifold using the exponential map. To prevent the update from exitting
the injective radius, we perform a rejection sampling step that rejects exceedingly
large update. The algorithm terminates at k = 0 and returns the final iterate yo. In
this way, we ensure every update is well-defined in normal coordinates during the

algorithm.

5.3 Theoretical guarantee

We are now ready to present our main quantitative guarantee of RSGM, as outlined
in the following T'V-accuracy bound.

Theorem 4. Assume Assumptions 2 and 3 hold. There exists some universal
constant C,C" > 0 such that the following holds. If T > /\—Cl(dlog(Kd) + K +log(Y)),



Algorithm 5 Riemannian Score-Based Generative Models (RSGM)

1: Manifold (M, g); score §;; early stopping time § > 0; reverse time grid 0 =ty <
t; <--- <ty =T, step size h = t;, — ty_q; initial xy ~ g (uniform distribution);

2: for k€ {N,...,1,0} do
3:  Choose an orthonormal frame U}, at 7, which is a linear map from R? to

T, M.

4 gy ~N(0,I;) inRY Gy = Upgr € T, M.
5. Ay + hé;, (yx) + VR Gy € T, M

6: if [|Ax] < h'/* then

7 Yp_1 expyk(Ak)

8 else

9: Yk—1 ~ b

10:  end if

11: end for

12: return g

then the output yo of Algorithm 5 obeys
TV(ps, Law()) < € + C'eseore + VAT poly(d, K,671),

where h is the discretization step size, A1 > 0 is the mixing rate of the geometric
Brownian motion on M, i.e., the smallest eigenvalue of —Apq in L ().

A few remarks are in order.

Iteration complexity. The error bound decomposes cleanly into three terms: ¢
results from mixing of the heat semigroup at the spectral gap A1, €score Captures error
from imperfect score estimation, and VAT poly(d, K, 1) is the discretization error
controlled by the step size and curvature. Consequently, choosing T' < A\ *(dlog d +

2

log(d/e)) and h = poly(d,ETl)T’ then the TV error is bounded by & + e4ore after

polynomially many iterations

poly(d, K,671)

N=T/h =
/ ey

Compared to prior convergence rates in the Wasserstein metric [27|, which
require exponential complexity, we achieve polynomial iteration complexity for

Riemannian diffusion models for the first time. Nonetheless, we emphasize that



Table 5.1: Comparison of the current theoretical guarantees on diffusion probabilistic
models on FKuclidean spaces and manifolds. Here, Ay > 0 is the spectral gap of the Laplace—
Beltrami operator.

Work Structure Metric Iteration complexity Data distribution
[7] Euclidean TV O(d/e?) bounded moment
[72] Euclidean TV O(poly(d)/¢) bounded support
[71] Euclidean TV O(d/e) bounded moment
[27] Manifold W, exp(O(d)) e /™M smooth, strictly positive
This work Manifold ™V 9] (%{9) None (early stopping)

TV and Wasserstein distances are incomparable with each other in general, and
our guarantee complements prior Wasserstein results [27]| by ensuring distributional
closeness in a different notion with a much smaller number of iterations. We provide

a concrete comparison with prior art in Table 5.1.

Possible improvements. We note that the bound established in Theorem 4 holds
under very mild geometric assumptions, requiring only constraints on the injective
radius and Riemannian curvature. The purpose of this study is to demonstrate that,
in the manifold setting, the exponential blow-up in 7" can be avoided and polynomial
complexity can be achieved. To keep the exposition as simple as possible and to
clearly highlight the key ideas, we have not attempted to optimize the current bound
on the degree of the polynomial. Potential approaches for sharper bounds include:
(i) a better design of discretization schedule, possibly adaptive to the manifold
geoemetry, and a more careful computation of discretization error, such as those in
Li and Jiao [69], Benton et al. [7] (notably, the dependence on § might be improved
to poly-logarithmic in this way); (ii) a tailored analysis for TV error that does not
rely on Pinsker’s inequality, like those in Li and Yan [71]|, may also be extended to
manifolds; (iii) a tighter version of our Minakshisundaram-Pleijel parametrix bound.

We leave these improvements as future work.

5.4 Proof outline

Throughout the proof, we assume that

h < 1
~ poly(d, K,6-1)’

(5.3)



since otherwise the bound in Theorem 4 would be trivial (recall that TV distance is
always bounded by 2). We start by recalling the sequence considered in RSGM. Let
(Ye)kego,...ny be given by Yy ~ p and for any k € {0,..., N —1}:

expy, |héy, (Vi) + VhGy|, |[|hé, (Ye) + VR G| < hV4,

drawn from pu, otherwise.

Y=

This defines a sequence of probability transition kernels Etk,tH. For simplicity,
we denote this by Iek Let g, be the law of Y;,. We have

qo = qNKNKn_1 -+ - K.

Similarly, the probability transition kernel from time ¢, to ¢;_1 in (5.2) is denoted
by K, +,_, or K in short. We have

po = PNKNKn_1 -+ K.

Our goal would be to bound TV(py, ¢o) as in Theorem 4, by decomposing the

total error into four components:
(initialization error)+ (score error)+ (drift discretization error)+ (BM simulation error).

More concretely:
e Initialization error arises from initializing Yy with u instead of the true
marginal py;
e Score error arises from imperfect score estimation;

¢ Drift discretization error arises from approximating the continuous-time

drift §,(Y;) by its “time-frozen” counterpart $;, (Y3, );

* Brownian motion (BM) simulation error is a distinctive feature of the
manifold setting. Unlike in Euclidean space — where the transition kernel of
Brownian motion over [tg, t;_1] is exactly Gaussian with variance (ty — tg_1) —
the transition kernel of manifold-valued Brownian motion cannot be simulated
exactly by any discrete-time process, even after time discretization. This

inherent inexactness gives rise to this final error term.



The first two components are relatively easier to bound using well-established
tools: mixing rate bounds of heat flow [119] and Girsanov transform [18]. For the
drift discretization error, recent techniques developed in the Euclidean setting |7] can
also be adapted with modifications that account for the manifold curvature. However,
the last component — the Brownian motion simulation error — represents the core
challenge in the manifold setting, which fundamentally denies a direct extension of

Euclidean analysis.

Step I: Constructing auxiliary kernels via localization. In view of this, we
first introduce an intermediate random process that separates the drift discretization
error from the BM simulation error. Constructing such a process, however, involves
additional technicality. In particular, the frozen drift §;, (Y3, ) is a vector in the tangent
space Ty, M, and is therefore only well-defined at the fixed point Y. This poses
a compatibility issue: as Brownian motion evolves continuously on the manifold,
it immediately departs from Y}, rendering the frozen drift ill-defined. Careful
geometric considerations are thus required to reconcile the piecewise-constant drift
approximation with the intrinsic curvature of the manifold.

In our analysis, this is handled using localization by the construction of an
auxiliary sequence of transition kernels K7**. These kernels do not appear in the
algorithm itself; they serve solely as an analytical tool to facilitate the proof. These
kernels expose the behavior of the time-reverse SDE (5.2) when the estimated score
S; is frozen to be a constant vector field in between discretization steps, meanwhile
keeping the continuous Brownian motion.

Let 1 : [0,00) — [0, 1] be a smooth cutoff function, i.e.,  is decreasing, 7|1 = 1
and 7)|400) = 0. Such a function can be chosen such that || + |[7”| + [5”| < 100.
Recall that the injective radius of M is lower bounded by 1/K, and the curvature is
upper bounded by K. Define

472
w = W: Uw(r) =Nn\—=1> r Z 07 (54)

where ¢, > 0 is a small universal constant. We have 77W|[0,%} = 1 and 7| w,00) = 0.
For t > 0, x,y € M, define the following vector field on M:

F12(y) = (dexp,)iog, y (Mu(p(z,y)) - 5:(2)) € T,M.



Intuitively speaking, .7 ,(-) is the “constant” velocity field $;(x) in normal coor-
dinates, which represents our idea of freezing the drift term for a time period. The
dexp, in the formula is responsible for identifying 7, M with T, M. ! On the other
hand, the cut-off function 7, is necessary to keep all our discussions restricted to the
injective radius, so as to avoid pathologies of cut locus.

With this in mind, we are ready to define K3"* as the transition kernel from time

ti to tp_1 of the reverse-time SDE
dYr = Ay, (Yo)dt + Uy, odWy, 7=T —1t, 7€ [tp 1t (5.5)
and in addition,

P = pn KR - K3, k=N,N—1,---,0.

Step 1I: Decomposing different sources of error. We now decompose

TV (o, 0) < TV(po, p3™) + TV(DE™, q0) < v/2KL(po || p3*) + TV(p3™, q0),

aux

where the last inequality used Pinsker’s inequality. To control KL(po || p3**), we
further introduce the counterpart of .#; , using the exact score function Vlogp;:
FT0(y) = (dexp,)iog, y (1 (p(2,y)) - Viogpi(x)) € TyM.

We apply Girsanov’s theorem [51] to compare (5.5) with (5.2), in a way that is
standard in recent literature [18, 27]. Denote the path law of the solution of (5.2) by
Law(Y"), and the path law of the solution of (5.5) by Law(Y?"¥). Girsanov’s theorem
asserts that the KL divergence KL(Law(Y") || Law(Y?")) is upper bounded by the
expectation of the squared norm of the difference between the drift terms in the two

SDEs.2 More concretely,

N tr,
KL (Law(Y) || Law(Y*")) < Z/ E||Vlogpi(Y:) — Fim, (V)| dt.
k=1 " th—1

! Generally speaking, it is more natural to use parallel transport to identify different tangent spaces.
However, this would later lead to a more complicated treatment of the perturbed heat equation
with variable drifts. We choose to use parallelism in normal coordinates instead for simplicity.

?In its classical form, Girsanov’s theorem requires integrability such as Novikov’s condition to



Since py and pd*™* are marginals of Law(Y") and Law(Y ") respectively at time ¢ = ¢,

by post-processing inequality, we have

N th
Kiipo || 37 <3 / E ||V log pu(¥:) — Sy, (V)| dt
k=1 Y tk—1

tk—1

N th
< 22/ E|[Viogpi(Y:) — Sy, (Yo)Pdt
k=1

~
drift discretization

N ty
2237 [ Bl () = L, (P (5.6)
k=17 tk—1

J/

TV
score matching

[t remains to decompose TV (p3", qo). To isolate the initialization error, we introduce

4@ = PNnKNKn—1 -+ Ky
By triangle inequality and post-processing inequality, we have

TV(PE™, q0) < V(™ 45) + TV(45, %) < TV(PF™, 45) + TV (pw, aw) -

~
BM simulation initialization

Step III: Controlling initialization and score errors. By our design, qy = p,
and TV(pn,qn) = TV(pn, ). This is known as the mixing rate of heat flow in
total variation norm, and has well-established bounds, e.g., Urakawa [119]. The
score-matching error, on the other hand, can be controlled with an analysis on the
distortion on the Riemannian metric in normal coordinates. We compile the bounds
into the following lemma.

Lemma 9. There exists a universal constant C > 0, such that whenever T' > 1, we

have

TV(pn,qn) < eC(KJFleE:d)e—A—;(T_%)7

hold. In our setting, this can be bypassed with a localization argument as in Chen et al. [18].



and
N ty
S [ Bl (00 = S, ()P < 220
k=1 tk—1

Step IV: Controlling drift discretization error with 1t6/Stratonovich cal-
culus and Li-Yau estimates. The drift discretization error defined in (5.6) has a
similar form to the discretization error for the Euclidean setting |7], though addi-
tional complications arise due to non-constant 7 , .- The idea is to study the time
derivative of E||V logp;(Y;) — LY, (Y,)|[?, which in view of 0, logp, = —3Ampe
(negative sign due to reverse time) involves space derivatives of logp, up to third
order. Fortunately, after applying It6/Stratonovich calculus to simplify the expres-
sion, a key property in the proof of the Euclidean setting carries over: third-order
derivatives of log p; cancel out. The remaining first and second-order derivatives can
be controlled by Li-Yau estimates on the log-gradient of the heat kernel. We obtain
Lemma 10. Under the assumptions in Theorem 4, there is a universal constant
C > 0 such that

N 173 CdS K8
S [ EIVIogn(y) - 7y, ()P < SN,
k=1 " tk-1

Step V: Controlling BM simulation error using parametrix estimates.
Our approach is inspired by the following consequence of post-processing inequality

and Pinsker’s inequality:

N

TV(3™,45) < VKL [ 45) < 4| 2> KL || pp Ke).
k=1

This leads us to compare the kernel K3** and Iek In normal coordinates, the Fokker-
Planck equation shows that these two are the solutions of the heat equations with the
Euclidean Laplacian and with the manifold Laplace-Beltrami operator. We utilize
the Minakshisundaram-Pleijel parametrix theory [8] in geometric analysis for this
comparison, and establish a quantitative bound in polynomially small radius and

polynomially short time (cf. Lemma 38).



5.5 Related works

There are two lines of work that are most closely related to ours: convergence theory
for Euclidean diffusion models, and sampling algorithm on manifolds. We review

these works below.

Non-asymptotic convergence theory for Euclidean diffusion models. Early
convergence analyses of diffusion models require L.-accurate score estimates [26]. For
stochastic samplers such as DDPM [49], early bounds under Lipschitz/smoothness
assumptions of the data distribution admit an O(T~2) iteration complexity in the
total variation distance assuming Lo-accurate score estimates [18|, with subsequent
analyses relaxing the Lipschitz assumption yet retaining the same complexity [7, 66,
72]. More recently, Li and Yan [71] has improved the iteration complexity to O(T1).
For deterministic samplers, Chen et al. [18] established polynomial convergence
with exact scores, and Li et al. |72] established a convergence rate of O(T ') under
Lo-accurate scores. See Beyler and Bach [9], Li and Jiao [69], Liang et al. [77]
for additional analyses that established convergence in the Wasserstein distance
and improved discrete-time rates. Several works [53, 70, 76, 94] also developed
non-asymptotic convergence rates of diffusion models under the manifold hypothesis,
suggesting diffusion models are adaptive to low-dimensional structures. This line
of work should not be confused with ours, where the diffusion process is designed

specifically to be constrained on the manifold.

Sampling on Riemannian manifold. Cheng et al. [20, 21| analyzed the geometric
Euler-Maruyama (EM) discretization for time-homogeneous SDEs, and proved a
polynomial complexity guarantee under dissipative-distant geometric assumptions on
the manifold. See also Bharath et al. [10] for follow-ups. Guan et al. [42] proposed a
Riemannian proximal sampler with convergence guarantees under the log-Sobolev
inequality. Various sampling algorithms are also studied for a related problem known
as sampling from constrained spaces |3, 115]. Nonetheless, convergence analyses of
Riemannian diffusion models under general data distributions remain highly limited,
with De Bortoli et al. [27] being the only prior work with non-asymptotic convergence

rates.



5.6 Discussion

We developed a discrete-time theory for Riemannian diffusion models showing
that a polynomial stepsize suffices for TV-accurate sampling under mild geometric
conditions. In particular, our results show that choosing a stepsize polynomially small
in manifold parameters achieves any prescribed TV target without exponential blow-
ups in dimension or curvature. This complements prior Wasserstein-type guarantees
which requires exponentially manp steps. Several important future directions remain

open.

e Sharper bounds. For simplicity, we did not attempt to establish sharp bounds for
the error terms in our analysis, and it is likely that the degree of the polynomial

in the bound could be improved significantly by refining our analysis.
® Analysis of deterministic samplers. We focused on DDPM-style stochastic
samplers in our analysis. For practical purpose, it is also tempting to develop

an analogous theory for DDIM-style deterministic samplers.






Chapter 6

Manifold DPnP: Constrained Solvers

with Riemannian Diffusion Models

Having established the theoretical foundations of manifold diffusion models, we
proceed to develop the framework to solve constrained inverse problems with prior

knowledge encoded by diffusion models.

6.1 DPnP as a heat flow

We begin by recalling the structure of DPnP. At each iteration, the algorithm

alternates between two sub-samplers.

1. A prozimal consistency step, which, given the current iterate Z;, samples from

the distribution with density proportional to

1 .
exp (ﬁ(a:;y) - Q—UZHJJ — kaz) )
k

Here L(z;y) denotes the likelihood function, and 7, > 0 is the annealing

parameter at iteration k.

2. A diffusion denoising step, which, given the intermediate point 1 samples

from the distribution with density proportional to

. 1 .2
pep( gl - o l?)

63



where p* is the distribution of clean data.

In Euclidean space, these two steps are natural: the quadratic penalty ||z — z||?
plays the role of a proximal regularizer, preventing drastic changes across iterates
while allowing either the likelihood term or the prior term to reshape the distribution.
On a manifold, however, this formulation immediately raises a conceptual difficulty.
What should replace the Euclidean quadratic cost ||z — z||* when z and z lie on a
curved space?

At first sight, two natural candidates present themselves.

e Fxtrinsic Fuclidean distance. One may embed the manifold isometrically
into an ambient Euclidean space and use the squared ambient Euclidean
distance. This approach is unsatisfactory for several reasons. Although Nash’s
embedding theorem guarantees the existence of an isometric embedding, such
an embedding may be difficult to construct explicitly and may require a
much higher-dimensional ambient space than the intrinsic dimension of the
manifold, creating substantial computational overhead. More fundamentally,
the resulting distance is not intrinsic: it depends on the chosen embedding.
Different embeddings can distort global geometries in different ways. For
example, points that are far apart along the manifold may become artificially

close in the ambient space.

® Geodesic distance. A more intrinsic alternative is to replace ||z — z||* by p(z, 2)?,
where p is the Riemannian geodesic distance. This choice respects the geometry
of the manifold, but it is generally expensive to compute and often difficult to
differentiate globally. Even more importantly for our purposes, it is not clear
how to sample efficiently from the corresponding Gibbs distributions in a way

that is compatible with the Riemannian diffusion framework introduced earlier.

A crucial observation of this chapter is that the proximal form of DPnP admits an
equivalent dynamical interpretation that avoids these difficulties altogether. Rather
than viewing each substep as sampling from a Gibbs distribution with a quadratic
penalty, we reinterpret the algorithm as a short-time evolution under a suitable
heat flow. This reformulation is especially valuable on manifolds, since Brownian
motion and the heat equation possess canonical intrinsic analogues in the Riemannian
setting.

More precisely, each proximal sampling step can be realized as the terminal



distribution of a reverse-time diffusion over a time interval of length n*. Composing
the two substeps of DPnP therefore yields a piecewise diffusion process: the first
segment enforces the prior through reverse heat flow from the data distribution, while
the second enforces consistency through reverse heat flow from the likelihood-weighted
distribution.

To state this precisely, let

qo(w) oc exp(L(z;y))

be the consistency density, normalized so that gy is a probability density whenever
the normalizing constant is finite. For ¢ > 0, let p; and ¢; denote the heat evolutions
of py == p* and qq, respectively; that is, p; and ¢; are the densities of Brownian
motion at time ¢ initialized from p* and qq.

With this notation, one iteration of DPnP can be characterized as follows.
Theorem 5. Fiz x € R and n > 0. Starting from X, = x, one step of the prozimal
consistency sampler followed by one step of the diffusion denoising sampler with

annealing parameter n is equivalent in law to running the diffusion

\% log Qr]Q—t(Xt) dt + dBt, 0<t< 7]2,
dXt —
Vlog poye—i(Xy) dt +dB;, 7> <t < 212,

where (By)i>o is standard Brownian motion, p; is the heat flow starting from p*, and

q: s the heat flow starting from

qo() o< exp(L(z;y)).

More precisely, the output of one full DPnP iteration is given by the endpoint X,
of this piecewise diffusion process.

This theorem provides the key bridge from the Euclidean formulation of DPnP
to its manifold counterpart. The right-hand side is expressed entirely in terms of
Brownian motion and score fields of heat-evolved densities, both of which admit
natural intrinsic generalizations on a Riemannian manifold. In particular, the theorem
suggests that the correct manifold analogue of DPnP is not obtained by searching for

a direct replacement of the quadratic penalty ||z — z||?, but rather by transporting



the equivalent heat-flow formulation to the manifold setting.

This viewpoint has both conceptual and practical advantages. Conceptually,
it reveals that the split Gibbs structure of DPnP is fundamentally a discretized
alternation of heat flows. Practically, it leads to an implementation based on
Riemannian Brownian motion and manifold score models, thereby avoiding the need
for extrinsic embeddings or repeated geodesic optimization. This will serve as the
starting point for the manifold constrained solvers developed in the remainder of

this chapter.

6.2 Formulation of Manifold DPnP

We now formulate DPnP intrinsically on a general Riemannian manifold. The
heat-flow interpretation from the previous section suggests that the correct mani-
fold generalization should be built not from a direct replacement of the Euclidean
quadratic penalty, but rather from reverse-time Riemannian diffusions associated

with heat-evolved densities.

6.2.1 Notation

Recall that (M, g) is a connected, compact d-dimensional Riemannian manifold with
normalized volume measure u. Let B} denote Brownian motion on M, namely the
diffusion process with generator %A M- For any probability density pg on M with
respect to u, we denote by

py = €27 po

its heat evolution, that is, the density at time ¢ of BtM initialized from pyq.

Given an observation y, define the consistency density

£ () = ﬁ exp(L(z;y),  Z(y) = /M exp(L(z:y)) dpu(a),

Here L£(-;y) is the same measurement log-likelihood function as in the Euclidean
formulation.

Let
P, Ayt = GEAMan (61)



and define the corresponding time-dependent score fields
sp(x,t) == Viogp(z), sq(z,t) == Vlog g, ().

6.2.2 Reverse Riemannian diffusion as the manifold proximal

operator

The heat-flow characterization from the previous section immediately leads to an
intrinsic sampling operator.
Definition 3 (Reverse Riemannian diffusion operator). Let py be a probability

density on M, let p, = e28M Po, and let

sp(x,t) = Vlog pi(z).

For > 0, define RD}(z) to be the law of X2

w2, Where X; solves the reverse-time

Riemannian diffusion
dX; = s,(X;,n? — t)dt +dBM, Xo ==, 0<t<n’ (6.2)

This operator is the manifold analogue of one Euclidean proximal sampling step.
Indeed, when M = R?, the Brownian motion B reduces to ordinary Brownian
motion, and (6.2) becomes exactly the reverse heat-flow SDE from the previous
section.

We may therefore define manifold DPnP as the alternation of two such reverse
diffusions, one associated with the consistency density g;, and one associated with
the prior density p*.

Definition 4 (Manifold DPnP). Fix an annealing schedule {1}, Starting from
o € M, define the iterates

Tppl NRDZS(xk), kaNRDZ’i(xH%), k=0,1,...,N — 1. (6.3)

The output x is called one sample generated by manifold DPnP.

In expanded form, this means that the proximal consistency step is given by the



terminal point of
dX, = s,(Xy,n} —t)dt +dBM, Xo=ax, 0<t<n?
and the prior denoising step is given by the terminal point of
dX; = sp(Xpmp =) At +dBM,  Xo=a41,  0<t <.

Implementation of the exponential map. In the above algorithm, we assume
that the exponential map on the underlying manifold can be computed efficiently.
This assumption is satisfied for many manifolds that arise in science and engineering.
Examples include flat tori, or products of circles, which appear naturally in angular
and phase synchronization problems [106]|, and Grassmannians, which provide the
natural search spaces for subspace learning and related low-rank estimation problems
[46]. For these matrix manifolds, explicit formulas and efficient numerical implemen-
tations of geodesics, exponential maps, and closely related retractions are standard

in Riemannian optimization [2].

6.2.3 Discretization by geodesic random walk

To implement the above diffusions, we discretize them using an Euler—-Maruyama
scheme as in Chapter 5. Given an estimated score field §(-,t), this yields a discrete
approximation of (6.2). Specifically, over a time horizon n* > 0 with m inner steps

and step size h = n?/m, we set
20 =7, tj:nQ—jh,
and iterate
Zj+1 = €XPy, (h 8(2j,t5) + \/Efj), & ~ N0, [sz./\/l)a j=0,....m—1 (64)

The output z,, is our numerical approximation of RDZ(x).

In practice, the score fields s, and s, are not available in closed form and must



Algorithm 6 Manifold DPnP

Input: complete Riemannian manifold (M, g), observation y, annealing schedule
{me 5=y, prior score oracle 3,, consistency score oracle 3,(-,-;y).

Hyperparameter: numbers of inner discretization steps {m,(f) }]k\fz_o1 and

{mP )

Initialization: sample z¢y ~ © on M.
Update: for k =0,1,--- ,N —1do
(1) Proximal consistency sampler, PCSq: set

l‘k_‘_% = GRW(xkygq(a ’ Jy)vnlzuml(ﬁq)) :

This approximates one sample from the reverse Riemannian diffusion associ-
ated with the consistency density g;.
(2) Denoising diffusion sampler, DDSy: set

$k+1 = GRW<$k+%7§p7nz’7m§€p)> '

This approximates one sample from the reverse Riemannian diffusion associ-
ated with the prior density p*.
Output: zy.

be replaced by learned or approximate score oracles
Sp(x,t) = Viogp(z), Sq(x,t) = Vog q,+(x).

For the prior step, §, is provided by the manifold diffusion model. For the consistency
step, 3, may be obtained either analytically when the forward model is simple, or by
a separate score-approximation procedure.

We may now state the full algorithm in Algorithm 6. The subroutine for geodesic

random walk in shown in Algorithm 7.

6.3 Theoretical analysis

In this section, we extend the theoretical analysis of DPnP to the Riemannian
setting. As in the Euclidean setting, we establish both asymptotic consistency
and non-asymptotic robustness of the resulting algorithm. These guarantees are

completely similar to their Euclidean counterparts. To avoid repetition, we only



Algorithm 7 Geodesic Random Walk Sampler GRW(z, 3,7, m)

Input: starting point z € M, time-dependent score field §(-, ), diffusion time
T > 0, number of discretization steps m.
Initialization: set h = T/m, zy = x.
Update: for n=0,1,--- ,m—1do
(1) Set the reverse-time level

t, =T — nh.

(2) Sample a Gaussian tangent vector
&n ~ N(0, I, p).
(3) Perform one intrinsic Euler step:
Znt1 = €Xp,, (h $(zn, tn) + \/Eén)

Output: z,.

state the final results without elaborating intermediate lemmas, and only sketch the

proof as needed.

6.3.1 Asymptotic consistency

W state the analogue of Theorem 1 for compact manifolds. Its formulation is
intentionally parallel to the Euclidean case.
Theorem 6 (Asymptotic consistency of manifold DPnP). Under a setting similar to
that of Lemma 4 and Lemma 3 but adapted to manifold DPnP, the following holds.
Let ¢ > €9 > --- be a decreasing sequence of positive numbers satisfying
lim;_,o g, =0, and let
0=Fky <kl <ky<---

be an increasing sequence of integers. Set the annealing schedule as follows:
N = €1, fOTkl,1§k<k’l, l:1,2,

If

min |kl’ — kl’—1| — OQ,
1=1,2,...



then the output zy, of the manifold version of DPnP converges in distribution to the
posterior distribution p*(- | y) as | — oo.

In words, Theorem 6 shows that once the Euclidean Gaussian corruption is
replaced by heat-kernel corruption on M, and the Euclidean proximal step is
replaced by its Riemannian counterpart, the same asymptotic consistency mechanism

continues to hold.

6.3.2 Non-asymptotic error analysis

As in the Euclidean analysis, practical implementations introduce approximation
errors: the manifold proximal sampler is run for finitely many steps with nonzero
discretization, and the Riemannian score-based denoising sampler uses approximate
scores and finitely many time discretization steps. We model these errors abstractly
through per-iteration total variation bounds, uniformly over all iterations.

Recall the definition of ¢,; in the beginning of this chapter. We define the

stationary distribution under annealing level n > 0 as

() o p* (), () (dr). (6.5)

Since M is compact and L is continuous, we again have, as in the Euclidean
setting, that
Q2 () — 179 uniformly in z € M

as 7 — 0, and thus 7, converges weakly to the posterior p*(- | ).
Theorem 7 (Non-asymptotic robustness of manifold DPnP). With the notation in
manifold DPnP, set ny =n > 0. There exists

A=A~ L,n) € (0,1),

such that the following holds.
Define m, by (6.5). If the manifold prozimal sampler PCSyq has error at most
epcs.m in total variation per iteration, and the Riemannian score-based denotsing

sampler DDS v has error at most epps,pm in total variation per iteration, then for



any accuracy goal €,cc > 0, with

o 1og(1/6acc)7

1—-A

we have

TV(p:gK, 7T?7) SJ €acc X2(pf1 H 7T77) +

6alcc> - (66)

Proof sketch. The proof is the same perturbative argument as in the Euclidean case.
Let K, denote the exact one-step kernel of manifold DPnP, and let /'6,7 denote the

inexact kernel implemented in practice. By assumption, their one-step discrepancy

1
T (epDs,m + epcs,m) log(

is bounded uniformly in total variation by

sup TV(P,(z,-), Py(z,)) < cpps.m + Epcs.um-
xTe

Since K, has invariant distribution m, and L*(m,) contraction factor A, a standard

stability bound for perturbed geometrically ergodic Markov chains yields

TV (Dise, ) S N X2 (P, || 7y) + K (pps,m + epcs.m)-

s log(1/€acc)
1—A

gives (6.6). O

Choosing

6.4 Numerical experiments

6.4.1 Synthetic data

We demonstrate the correctness of our algorithm on a simple model, where the
relevant score functions can be computed analytically. We take the state space to
be the flat product torus T?, represented by angle coordinates § € [—m, m)¢. We

consider an inverse problem

COS(QJ):Ol—i_)‘ng ngN(Ov]-)a j:177d_1



Intuitively, these observations reveal only part of the Euclidean embedding coor-
dinates of a point on T¢. Thus, although the problem is expressed in angular
coordinates, it corresponds to a simple linear inverse problem in the ambient Eu-

clidean representation. The target posterior distribution is then of the form

7(6) o p(d) exp{—%Q(@)}, Q) = A (cos(8;) — 0.1)".

In the noiseless limit A — 0, the target is supported on the constraint set
8, € {£a}, a = arccos(0.1), j=1,...,d—1,

while the last coordinate 6; remains unconstrained. Thus the target is supported
on 2¢7! one-dimensional branches of T¢. The prior p* is chosen to be a wrapped

Gaussian mixture. More precisely, we take
L
* d
p0) = wepr (0—p), o =035
=1

where w, > 0 and ZeLﬂ wy = 1. Here gogd denotes the wrapped isotropic Gaussian
density on T¢, defined by

1 0 — p+ 27m||?
@Ed(e_lu) = Z (—exp{_H a H }7 071“ € [_71—77T)d-

- 2mo2)d/2 202

The mixture is designed to be branch-rich but not already constrained. Namely, for
each sign pattern s € {#1}9"!, we include one or more components whose means
have the form

[y = (sa + 6y, Zg), « = arccos(0.1),

where z, € [—7, ) specifies the free coordinate and 6, € R?! is a nonzero offset.
Thus these components place mass near each constraint branch 61.;_; = sa, but not

exactly on it. In addition, we include a few off-branch components with means

e = (r¢, 2¢), re % sa for all s € {£1}971,



so that the prior has nontrivial mass away from the constraint set. Such prior makes
the projected law of raw prior samples nontrivially different from the constrained
posterior and therefore provides an informative test of the algorithm.

Starting from the uniform distribution on T¢ we run K = 60 manifold DPnP

iterations with a geometrically decreasing noise schedule, with
o = 18, Nk = 0.03.

In the A — 0 limit, both p, and g, can be calculated exactly (up to numerical
error) using the finite wrapped-Gaussian mixture representation of p. We run the

experiment for d = 2, 3, 4.

Evaluation metric. Because the limiting target is singular with respect to the
ambient volume measure on T¢, the literal total variation distance between the
continuous iterates and the limiting constrained target is always equal to one. We
therefore report two complementary diagnostics. The first is a projected total
variation distance: each constrained coordinate is projected to its nearest branch
in {£+a}, and we compare the empirical law of the resulting branch label together
with the free coordinate 6, against the exact projected target distribution. The
second diagnostic is the constraint RMSE, defined as the root-mean-square circular
distance of the constrained coordinates to the nearest branch. The former measures
whether the algorithm has the correct relative mass across branches and along the
free coordinate, while the latter measures whether the samples concentrate near the
constraint set.

The results are shown in Figure 6.1. Across all three dimensions, both the
projected TV distance and the constraint RMSE decrease rapidly and converge
to nearly zero as the number of iterations increases. This confirms that manifold
DPnP correctly targets the desired posterior distribution in this analytically tractable
setting.

6.4.2 Real-world data

We evaluate the performance of our algorithm on the earthquake dataset [87]. The

dataset contains the date, time and location of over 5700 significant earthquakes
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Figure 6.1: TV distance between the output distribution of manifold DPnP and the true
posterior distribution.

from 2150 BC to the present. Per standard practice, we divide the dataset into
training, validation, and test set, where the training set is used to train the score
neural network, the validation set is used to regularize the training process, and only
the test set is used to evaluate the performance of our algorithm. We visualize the

dataset below and our data split in Figure 6.2.
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Figure 6.2: Illustration of the earthquake dataset.

Score function. The score function is trained through an implicit score matching

precedure as in [27], on the training dataset specificed above.

Inverse problem. We consider the following inverse problem on the sphere. An
earthquake occurs at an unknown location x € S?, and a sensor located at y € S?

records a scalar signal whose strength is maximal when y = z and decays with the

distance from the source.



A natural model is to let the noiseless signal be

I(x,y) = exp(B(z,y) — B),

where 5 > 0 is a fixed parameter controlling the decay rate. Then I(z,y) = 1 when
x =y, and m(x,y) decreases smoothly as the distance increases.

Given a measurement u € R, we model the observation noise by
U | r,y NN(I(I,y),U2),

so that the likelihood is

()

p(u | z,y) o< exp (— 507

Suppose we have collected two measurements (y1,u;) and (ys, uz), and wish to
recover the earthquake location x. Even in the noiseless case ¢ = 0, elementary
geometry shows that this inverse problem has multiple solutions in general.

We therefore apply manifold DPnP to this problem, with the expectation that
the prior learned by the diffusion model provides the regularization needed to select
the correct solution among the geometrically feasible candidates. We compare
manifold DPnP against a baseline that does not use any prior information on the

data distribution. Formally, this baseline samples from the posterior

q(x) o< p(ur | z,y1) pluz | 2, y2).

Figure 6.3 reports the root-mean-square error of the reconstruction produced by
manifold DPnP, together with that of samples drawn from ¢. To reduce variance,
each algorithm is run N = 20 times and the final output is taken to be the spherical
average over all runs. The results show that manifold DPnP effectively exploits the

learned prior and substantially improves recovery of the true source location.

6.5 Discussion

This chapter shows that DPnP admits an intrinsic extension to Riemannian manifolds.

The key step is to transit from the direct proximal interpretation based on the
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Figure 6.3: Performance of manifold DPnP on the earthquake dataset.

Euclidean quadratic penalty to a reinterpretation of each substep through heat flow.
Once this is done, the manifold generalization becomes natural: Euclidean Brownian
motion is replaced by Riemannian Brownian motion, Euclidean score fields are
replaced by intrinsic score fields of heat-evolved densities, and the resulting algorithm
can be implemented through geodesic random walk. In this sense, the heat-flow
formulation is not merely a technical reformulation, but the conceptual mechanism
that makes manifold DPnP possible.

A main message is that constrained inverse problems on manifolds can be handled
without introducing extrinsic embeddings or ad hoc geometric surrogates. This is
important both conceptually and computationally. Extrinsic embeddings generally
depend on arbitrary modeling choices and may distort the geometry relevant to
the inverse problem, while geodesic-distance-based proximal formulations are often
difficult to compute and differentiate globally. By contrast, the present framework is
fully intrinsic and aligns directly with the score-based Riemannian diffusion models
developed earlier in the thesis.

The numerical experiments provide evidence that this intrinsic viewpoint is
practically meaningful. On synthetic examples, manifold DPnP accurately recovers
the target posterior distribution. On the earthquake localization task, it substantially
improves reconstruction error relative to a baseline that uses only the measurement
model and has no prior knowledge. Although the example is simple, it illustrates the
intended use case clearly: when the forward model alone leaves multiple plausible

solutions, the diffusion prior helps identify the one aligned with the data distribution



on the manifold.
Several directions remain open.
e Many heuristic solvers in the Euclidean setting have simpler forms while still
exhibiting strong empirical performance. It would be interesting to extend such
methods to the manifold setting and compare their behavior, efficiency, and

robustness with those of manifold DPnP.

e The current framework is developed for compact manifolds. Extending manifold
DPnP to noncompact manifolds would be highly desirable, but would require new
control of heat kernels, reverse diffusions, and long-time stability in the absence of

compactness.

¢ Deterministic solvers such as DDIM have enabled substantial acceleration for
diffusion models in Euclidean space. Designing analogous deterministic solvers in

the manifold setting is an interesting direction for future work.



Chapter 7
Conclusion

This thesis has developed a mathematical and algorithmic framework for using
diffusion models as priors for inverse problems. The central perspective is that
diffusion models are not only powerful generative models, but also effective tools
for incorporating prior information into reconstruction algorithms in a principled
plug-and-play manner. This viewpoint leads to a flexible class of solvers that combine
measurement fidelity with learned prior from data, without requiring the prior to be
expressible by an explicit handcrafted regularizer.

Beyond this algorithmic perspective, the thesis has established theoretical evi-
dence for the effectiveness of such methods. The analysis shows that diffusion-based
solvers are capable of efficiently integrating two complementary sources of informa-
tion: the measurement, which enforces data consistency, and the diffusion prior,
which regularizes the problem through learned statistical structure. In particular,
the results demonstrate that this interaction is not merely heuristic, but can be
understood rigorously in settings where provable convergence and recovery guarantees
are available. These results help explain why diffusion-based inverse problem solvers
can succeed in practice.

The thesis also extends this framework to constrained inverse problems on
manifolds. In many applications, the unknown signal is constrained on a lower-
dimensional manifold. By developing a manifold counterpart of diffusion plug-and-
play methods, the thesis shows that diffusion-based priors can be adapted to such
settings in an intrinsic way. Moreover, this extension retains efficient theoretical

guarantees, indicating that the benefits of diffusion-based regularization continue to

79



hold on manifolds.

Taken together, these results support a broad conclusion: diffusion models provide
a principled, versatile, and theoretically grounded framework for inverse problems.
They offer a powerful mechanism for encoding prior information, admit rigorous
analyses that clarify their effectiveness, and extend naturally to constrained and
manifold-valued settings. These findings contribute to a growing understanding of
diffusion models not only as generative tools, but also as a foundation for efficient
and robust computational methods in statistical inference.

Several directions remain open for future work. On the theoretical side, it is
important to extend the current guarantees to broader classes of inverse problems.
On the methodological side, further understanding is needed for the design of faster,
more stable, and more adaptive solvers. It is hoped that the ideas developed in this
thesis provide a useful step toward a unified mathematical theory of diffusion-based

inference.



Appendix A

Proofs for Chapter 3

A.1 Score functions of diffusion denoising samplers

A.1.1 Proof of Lemma 1

Proof. The marginal distribution (3.5) of the heat flow can be written as

y, @

Yo +Vte, Yy~op*, e~ N(0, ). (A1)
Comparing (2.6) and (A.1), it is not hard to check that
v, @ Vitix

t = %log(lth)'

Denote ¢ = 1 log(1 +t) as a short-hand. We have

1
th(m) = p\/lTrtXL(x) X Px, (\/mx> .

Therefore it follows that

1 1 1
Vioepy () = Valogpx | 77==7 | = =\ ree”)

where we used the definition s, = Vlogpy,. Plugging the definition ¢ = %log(l + 1)

into the above equation yields the desired result. O

81



A.1.2 Proof of Lemma 2

Proof. We first compute the probability density function of z. Recall that z =
W — Tnoisy; thus applying Bayes rule yields

pz(l’) = pw($ + xnoisy) = p*(17* =T+ xnoisy|x* +&= Inoisy)
_ p*(x + mnoisy)pE(_x>
DPar+e¢ (-Tnoisy)

o p*(w + xnoisy)p§<_$>a

where & ~ N(0,7%1;). Tt is straightforward to compute

pe(—2) = b _emma el
5 (2m) 72 |
therefore
1
P-() 0 (& + TnoisyJe 2211, (A.2)

We proceed to compute the probability density function of Z;. According to
(3.10), it follows that

P2, (T) = Pe-tz * P o=, ()

= /pe_t2<x,)pma(x — ') da’
. |l — ||
X /pz(e $/) exXp (—m dill'/
" o] 2 — ']
X /p (xnoisy + etx/) exp <_ 27]2 exp _2(1 _ e—2t) da’

* e S e
o /p (o) exp <— o0 " Jexp | — 21— o) Y da’.
(A.3)

where * denotes convolution, the penultimate line follows from (A.2) and the last

line follow from the change of variable 2/ — e (2’ — Zn4isy). One may exercise some



brute force to verify that

1

1 —
exp (—2—772”3:’ - xnoisyl|2) exp (-m”x —e (o - l’noisy)HQ)

||/ 1
= eX — ex I
p 2(/)72 + 62t _ 1) p 2<1 _ 672t)
| . ite
X exp (_2(772 + 2t — 1)) p\/l_e—%g € Tnoisy + m —e 2|,

where { is as defined in (3.13). Define

t—t,.2

e N — 1
2 2t —e
ne+et—1

’e_ Tnoisy +

)

D, = 772 +e -1, my(x) = e_fxnoisy + —nx

Plug the above displays back into (

02t 2|12
pz, () o< exp (—L”

2D,

where the second line applies the change of variable x’ — efz’ in the integral, the

penultimate line follows from p,-¢, (') p*(e'a’) (since 2o ~ p*), and the last line

follows from Xj @ ety 4+ /1 — e 2e.
Finally, from the above formula, we obtain

|||

t—i,2
B L e ~tnty
Vliogpz,(z) =V, (_2(772 T2t 1)> + Ve logpx; (e Tnoisy + 4 et — 1)

t—t,,2

e’y el~in Y et~in2y
:—772+e2t—1+7’]2—|—e2t—1scon t7e $n0isy+n2+62t_1 )

where we used the definition s; = Vlog px. O]



A.2 Discretization with the exponential integrator

A.2.1 General form of the exponential integrator

Consider a SDE of the form:
AM, = (o(T)M, + f(7,M,))dr + /BdB,, 7€ [0,7), Mo ~ Dy,

where v : [0, 7] = R, f:[0,75] x R? — R are deterministic functions, and 3 > 0
is a constant. Given discretization time points 0 = 79 < 74 < -+ < 73, < T, a naive

way to discretize the SDE is

Ti+1_MTi ~ (U(Ti)MTi+f(Ti7 MTi))(Ti-H_Ti)—i_\/EV Ti+1 — T4, L= 07 17 T 7k_17

where ¢; ~ N (0, ;) is a standard d-dimensional Gaussian random vector which is
independent of M,,. Although this approach is straightforward, it has the drawback
that the linear term v(7)M, is discretized rather crude. For example, for the OU
process where v = —1, f =0, § = 2, the SDE can be solved analytically as in (2.6),
while the above approach still has a discretization error.

A more accurate discretization, known to significantly improve the quality of
score-based generative models, is given by the exzponential integrator |131], which

preserves the linear term and discretizes the SDE to
dM, = (U(T)MT B f(Ti,Mﬂ.))dT +/BdB,, Té€nTn], i=0,1,---k

with initialization My ~ P On each time interval [7;, 7;41], this is simply a linear

SDE, which can be explicitly solved by

T T 1/2
N @ V-V Mﬁ( / eV(T)V(f)d%> £ VL) /B < / ez<V(r>V(%>)d%> -

Ti

where V is the antiderivative of v:



Taking 7 = 7;,1, we obtain
9 ) V(r)-V(m) ) T ) —V(F) 1~ >
MTZ'+]_ = e ( + ( )M’FL + e + ) ( )dr]— f(T’L)M’TL)
Ti4+1 ~ 1/2

which provides an iterative formula to compute Mﬁ. oy

A.2.2 Discretization of DDS-DDPM

Recall the definition of ¢; in (2.8). Plug the expression of V logpy, in Lemma 1 into
(3.7), and use the notation 7 = n? — ¢, we obtain, for ¢ € [0,7n?], that

1 rev -
dY™ = ———=s1 —— | dt+dB
T \/1—1-—7' 1 log(1+7) (\/1—1-—’7'> t

1 7_rev 5
= —76% log(1+7) (ﬁ) dt + dBt

Choosing discretization time points. To discretize this SDE, we first choose
the discretization time points. Recalling (2.4) and Lemma 1, it is most reasonable
to discretize at those time points 0 < 75 < - -+ < 7 < n? which satisfy

1

1 1
—log(1 =_log—. 0</¢<T.

This solves to
m=a;' -1 (A.5)

1

The requirement that 7, < n? translates to a, > s

choice of T":

which yields the following

1
T/::max{t:OSﬁST,ag>n2+1}. (A.6)



Applying the exponential integrator. Now we apply the exponential integrator

to discretize the SDE on each time interval 7 € [t,_1,t,], £ = 1,--- ,T" as follows:

1 ATréev
FE% log(1+7) < T+
V@ Y> dt + dB,.

dyre = — ) dt + dB,,

-7

The SDE can be integrated directly on 7 € [t;_1,1] (see also (A.4), with v = 0),
yielding
n°—te—1

Y;r[ev1 }//\'Trtev_Q(\/FK_ /_7_571) gtg (fyrev) / détdt

n?—ty

(:) —2(V/T — /Tim1) - &, (V df?rrzev) T VT T W

where w, ~ N (0, I) is independent of ?Trf". Set T, = Y we obtain

Ty )

l’g 1 = Ig —2 \/_ \/tg 1 8“(\/_%3) + tg — tg_l Wy, Wy ~~ N(O, ]d), (A?)

which is exactly the update equation in Algorithm 1, except that &7, is replaced by

the noise estimate &;,.

A.2.3 Discretization of DDS-DDIM

Plug in the expression of the score function of Z; in Lemma 2 into the probability
flow ODE (3.11), we obtain

n2+627'_1 T n2+627_

2 27 5 T—(7) 0,2
Ui 1 rev € —t(7) € nx
T geg o & noisy + —————— | dt,
147 e27__1€t(7.)<€ T y+7]

2 1 T—(7) 0,2 B T—t(7) 2
dZ7r_ev — n 7TVt + € n 18{(7.) eit(T)xnoisy + w dt
n

772 +627' _

where the second line used the definition (3.13).



Choosing discretization time points. Similar to the derivation in Appendix A.2.2,
we discretize at time points 0 = 75 < 71 < --- < 7 < 1%, which obey
- 1 1

t(Tg) :tg: élog@—g, EZO,l,...,T/, <A8)

which solves to
1 n*+ap;—1
T = = log - )
(7]2 + 1)043 -1

— 5 (A.9)

To make this well-defined, we require

"+ a—1 =0
(772+1)@g—1 ’

which is equivalent to
_ 1

> —F.
YT
This leads to the same choice of 7" as in (A.6). We also set

too = T77".

It is convenient to introduce a notation for the corresponding discrete schedule of 7,

denoted by ST
e WAV  y
n?+ae—1

Applying the exponential integrator. Now we apply the exponential integrator,

which discretizes the ODE on each time interval 7 € [t,_1,t,], t =1,--- T’ as

2 _ 27 ~ Te—1(T¢) 2Zrev

Zrev n 1 Zrev € —t(7e) € N 47,
Az = ———7™dt — g, | e " xnoisy + —————— | dt

T 7]2—{—627——1 T 627—175[( Y 7]2+627—€—1

2 1 . 2T U a ZZA;ev
S Ny VO (7, F I e Gl B I 3

n?+e¥ —1 e?m —1 (n? —Dug+1

where the last line follows from dividing both the denominator and the numerator in

the fraction inside &;, by ™. This is a first-order linear ODE on 7 € [t;_1, t,], which



can be solved explicitly (cf. (A.4)) by

A 2—1e > +1 4 —27 = =
gro - M 2V A L s o e T (o) — b)) en (Z0).
(> —Dug+1

for T € [ty_1,t], where

h(n,u) = — arctan L, (A.10)
ut—1
= = 2Zrev
¢ = \/arTnoisy + Vi am Zy (A.11)

(n? = Dug+ 1

Plug in 7 = t,_; in the above solution, and set z, = Z;j", we obtain

VP =1Due +1

Zp—1 = Zp + 772—117/4714‘1 hT],ﬂg,1 —hn,ﬂg e Eg s
V(2 —1Dag+ 1 V( ) (A( ) = h(n, 7)) er, (Ze)
(A.12)
= Vi am? 2
S =V Qnoisy + (772 _ 1)1]5 i 1
The initialization, which should ideally be zp = Z{i’ ~ Pz, , is approximated

by zr ~ N(0, ;). Recalling (A.11), this is exactly the update equation and the

initialization in Algorithm 2, except that ¢, is replaced by the noise estimate &, .

A.2.4 Discretization of PCS

We first note that the Metropolis-adjustment step in PCS (cf. Algorithm 4) is standard
following the classical form of MALA [98|. Therefore, we focus on explaining the
Langevin step. Recall the continuous-time Langevin dynamics for sampling from the

distribution exp(L(-;y) — #H —xz)?):
1
A2, = =V L(Zyg)dr+ 5 (Ze—a)dr+ V2B, 720, Zy~ N(0, L) (A13)

The classical form of MALA, as in [98], performs one step of a straightforward

discretization of (A.13) as the Langevin step, as follows:

Znpd R %o = YV, L(zn;y) + %(zn — )+ /2vwy,, w, ~N(0,1).



In our setting, due to the presence of the linear drift term n%(ZT — ), which can
be quite large when 7 is small, we apply the exponential integrator instead. Set the

discretization time points 7,, = ny, the exponential integrator reads as

dZ; = =Nz, L(Z,y; y)dT + %(ZT —2)dT +V2dB,, ny<71<(n+1).
Solve this linear SDE on ny < 7 < (n+ 1) directly (see also (A.4)) to obtain
Zwiryy L 12y + (1= 1)+ 1P (L= 1)V 70 L(Zys y) + VT — 720, 1w, ~ N0, 1),

where 7 := e~/7*, This is the same as the update equation for the Langevin step in

PCS (cf. Algorithm 4).

A.3 Proof of main theorems

A.3.1 Proof of Theorem 1

Proof. The proof is based on two lemmas on the one-step transition kernel of DPnP
and the asymptotic behavior of the transition kernel, which we will present soon.
First, we set up some notation. Denote

Py(T) = Parmpr enn(0,1) (T + e = 1) = T /p*<z)e szlle—zI2 g,

From the first equality, it is clear that p, — p* when n — 0%. We will also use the

notation ¢, defined in (3.17), which we recall here:

1 L(z3y)— g o—2]?
QW(x) = W/e Y 2n? dZ

In virtue of the Assumption 1, we know that ¢, is finite for all x € R%.

For convenience, we introduce a notation for application of transition kernels. For
a probability distribution p(x) and a probability transition kernel K (z,z’), denote
by p o K the probability distribution given by

po K(z') = /p(w)K(az,x')da:.



The first lemma characterizes the one-step behavior of DPnP in terms of Markov

transition kernels.

Lemma 11. Under the settings of Lemma 4 and Lemma 3, the one-step transition

kernel of DPnP with n;, = n s given by:
90(2) -5ty sl ks ls=a'| 4, | P7(&)
Kppnpy(,12) = (/ P dz | ——=.
! pal2) ()

In other words, if ), has distribution p;,, then the distribution of Ty is

pml(iﬁl) = Pz, © KDPnP,n(CL’) = /pg:«k (QI)KDPnP,n(x,iU/)dSU-

The proof is postponed to Appendix A.3.3. The next lemma analyzes the ergodic
properties of the Markov chain with transition kernel Kppnp,. These properties are
known [11] but scattered in different literatures, so we will provide a brief proof to

be self-contained.
Lemma 12. The Markov transition kernel Kppnp,, has the following properties:

(1) (Stationary distribution.) Let m, be the probability distribution defined by

() = cpp™(2)qy (),

where ¢, > 0 is the normalization constant such that [ m,(x)dz = 1. Then
Kppnp,, is reversible with stationary distribution .
(i1) (Convergence.) For any initial distribution p, the distribution of the Markov

chain with kernel Kppnp, converges to m,:
TV(po Kl()Pan m,) =0, n— oo, (A.14)

where Ké@npm is the n-step transition kernel of Kppnp,y-

The proof is postponed to Appendix A.3.4. We now show how to prove Theorem 1
with the above two lemmas. With the annealing schedule in Theorem 1, between

steps ki1 < k < k;, which consist of consecutive (k; — k;_1) steps, the transition



kernel of one-step of DPnP is Kppnp,. As (k; — kj—1) — 0o, Lemma 12 implies that
TV(ps, , 1) = TV(ps, 0 KSLiv 7y =0
pfbkl? Tey pxkl_l DPnPe, + T :

Under the assumption in Theorem 1 that &, — 0, we let [ — oo to see lim;_,o 7., =

cop*(-)e ) = p*(-|y), thus ps, — p*(-|y), as claimed. n

A.3.2 Proof of Lemma 4

Proof. For DDS-DDPM, we note that under the continuous-time limit in Lemma 4,

the discretization time points given by (A.5) verify

-1
0 =0, OgtS;lTP/fl I -5 =0, 17— (ﬁ) —1=7% T = 0.
Therefore, these discretization time points 0 = 75 < - -+ < 5% < n? form a partition
of [0,7?], which becomes infinitely fine in the continuous-time limit. Thus the
discretized integrator (A.7) converges to the solution of the SDE (3.7), which, as
we have already argued in Appendix A.1, produces samples obeying the denoising

posterior distribution p*(+|Znoisy), as claimed.

The proof for DDS-DDPM follows similarly, by observing that the discretization
time points in (A.5) form an infinitely fine partition of [0, c0) in the continuous-time
limit. O

A.3.3 Proof of Lemma 11

Proof. The proof is based on computing the transition kernel of the two subroutines.
We claim that
(i) Sampling with probability density proportional to exp(L(+;y) — #H c—z|?) is

equivalent to applying the following Markov transition kernel

1 caw)—gh e’ =2l

Kpcsp(z,2") = e
P 77( ) qn(x)

(ii) Sampling with probability p*(a* | 2*+ne = x), where ¢ ~ N (0, 1), is equivalent



to applying the following Markov transition kernel:

Lo sl a2
p*(z)e 2 .
pn<x>

Kops y(7,2") =
It is then clear that

Kopnp (2, 2') :/KPCS,n<x>Z)KDDS,H(Zaxl)dZ

as desired. We now prove the above two claims. For (i), note that by (3.16), we

gz ==l

know Kpps,(,-) o< p*(-)e 2 . Thus it suffices to compute the normalization

constant, which is
s Nz llE—zl? 5
p*(z')e 2 da’ = p,(x),

by the definition of p,. Therefore

xr —x 2
Kopsy(z,7') = —)p*(x Je 2 oz llz’ 2|l :

Pyl

as claimed. The proof of (ii) follows similarly. O

A.3.4 Proof of Lemma 12

Proof. We first introduce a fundamental lemma [93], which provides a simple method

to bound the total variation between two distributions.

Lemma 13 (Data-processing inequality). Let p,q be two probability distributions,
and K be a probability transition kernel. Then

TV(po K,qo K) < TV(p,q).

We now prove the two items in Lemma 12 separately.

Proof of (i). We first show that , is well-defined, i.e., [ p*(z)g,n(z)dz < co. This



— L |lz—=z|?
can be seen from Assumption 1, which implies ¢,(z) < [e 27 le==1" ., < 1, hence

/p*(x)qn(x)dx < /p*(a:)dx = 1.

To show that Kppnp,, is reversible with stationary distribution m,, it suffices to
verify

T () Kppap o (2, 7') = 7, (") Kppap (7, 2),  Va,2’ € R

However, it is easily checked that both sides are equal to

Lllz—z|?2— L5 ||z—2' * %
¢y </ qO(Z) e_27]2H [1? 202 l ”2dZ> p (ZE/)p (l’)

pn(2)

Proof of (ii). We define an auxiliary Markov transition kernel K, = Kpps,,0Kpcs -

More explicitly,

Koup(x, ') = /KDDs,n(fE»Z)KPCS,n(Zax/)dZ
\ 1 o £’ )
_ (/p (z)efﬁnzﬁukwuzw 2dz) u, (A.15)

py(z)

It is easy to see that

pe Klggnp,n =po Kpcsyo Kis Do Kpps,;- (A.16)

aux,n

Thus we are led to investigate the ergodic properties of K,y . Similar to the proof
of item (i) above, it is not hard to show that K, is reversible with respect to the

stationary distribution
fin(2) = cypy()qo(x) = Cnpn(x)eﬁ(m;y)-
Moreover, one may check that
Ty = fy © Kpps,)- (A.17)

It is apparent that pu(z') > 0 and Kay,(z,2")/py(2’) > 0 for all z,2” € RY. By
Tierney [117, Corollary 1|, such a Markov transition kernel obeys, for any probability



distribution ¢, that
TV(go K™ p,)) —0, n— oo.

aux,n’

In view of (A.16) and (A.17), we set ¢ = p o Kpcs,, and invoke the data-processing

inequality to obtain

TV(po Ké’;}npm, m,) = TV(qo K1 o Kbpps,y, iy o Kpps,y)

aux,n
< TV(go Koy, )
— 0,
as n — o0o. This completes the proof. O

A.3.5 Proof of Theorem 2

Proof. Denote by KPCS’” and K, pps,; and the transition kernels for PCS and for DDS,
respectively. Note that these may deviate from the transition kernels Kpcs, and

Kpps,,; defined for the idealized asymptotic setting in Appendix A.3. We have
TV(piy, ™) = TV(PiNf% o f(DDs,m )

< TV(PiN_% o Kppsy, ) + TV(PiN_% o Kpps,y; Piy 4 © Kbpps,,)

< TV(p:;;Ni% o Kpps,y, ™) + €pps,

where the second line is triangle inequality, and the third line follows from the
assumption in Theorem 2 that DDS has error at most epps in total variation, by
taking the input of DDS to be Ty 1.

Similarly, from p@N_% = Pin_1° Kpcs,, and the assumption that PCS has error at
most epcs in total variation, we can show

TV(p@N_% o Kpps,y, ™) < TV(psy_,© Kpcsy © Kpps,y, ) + epcs

= TV(piy_,© Kppnp,y, ) + EPcs-
The above two inequalities together imply

TV(piy, ™) < TV(piy_,© Kppap,y, ) + €pbs + €pcs.



[terating this process, we obtain
TV(piy, 1) < TV(ps, 0 Kipnps ™) + (N — 1)(epps + epcs)- (A.18)
It remains to bound TV(p;, o K| gx;&%, 7). For this, we need the following two

lemmas.

Lemma 14 (Comparing TV and y*-divergence, Polyanskiy and Wu [93]). For any

two distributions p, q, we have

TV(p,q) < VX3(pl a)

Lemma 15 (x*-contractivity of Kppap,). There exists some X = \(p*, L,n) € (0,1),
such that for any probability distribution p(x), we have

N
(o Kimpn 1| T) < XVx2(p | ).

A form of Lemma 15 is well-known for Markov chains with countable state
spaces, but relatively few sources provide a complete proof for the abstract setting
we consider here with continuous state space. For sake of completeness, we prove
Lemma 15 in Appendix A.3.6.

Combining the above two lemmas, we obtain

N—-1 N—-1 _
TV(ps, 0 K, 1) < /X021 0 Ky 1| 1) < X7 /320, |17,
Plug this into (A.18), we obtain
TV (e, ) < A1/ X2 (03, [[7m) + (N = 1)(epps + epcs)-

With N =< % such that AN™' <exp (— (N —1)(1 — X)) < €acc, the desired

result readily follows. O

A.3.6 Proof of Lemma 15

Proof. We need a few fundamental properties of reversible Markov chains, which are

collected below.



First we set up some notation. Define the Hilbert space L?(7) to be the space of
square-integrable functions with respect to measure 7, i.e., those functions f : R? — C
such that

| fll2(ry = </ If(:l:)\zﬂ(x)d:c) . < 0.

The first well-known property [103] offers a way to represent a reversible transition

kernel as a self-adjoint operator (infinite-dimensional symmetric matrix).

Lemma 16 (Self-adjoint representation of reversible Markov operator). Assume
K(z,2") is a Markov transition kernel that is reversible with respect to the stationary
distribution w(x). Then the integral operator K : L*(w) — L?(r) defined by

Kf(x) = / Kz, 2') f(«')da’

is self-adjoint and compact. For any probability distribution p(x) such that [ pZ((;)) der <

™

oo, we have
/p(x) K f(x)dz = /p o K(a) f(«')da'.
Moreover, the eigenvalues of KC are the same as those of K.

The following theorem is a generalization of the classical Perron-Frobenius theory
for finite-dimensional transition matrix to strictly positive operators. The form we
present here can be found in Schaefer [104, Theorem V.6.6]; see also Bourbaki |13,
Theorem II1.6.7] for a more elementary treatment which can also be adapted to the

form we need.

Theorem 8 (Jentzsch). Let K(x,z") be a Markov transition kernel. If K(xz,2") > 0
for any x,x' € R?, then K has a unique stationary distribution w. Moreover, 1 is a
simple eigenvalue of K, with m being the only left eigenfunction, and the constant
function 1 being the only right eigenfunction. In addition, there exists A € (0,1) such

that any other eigenvalue of K has modulus no larger than \.

We are now ready to prove Lemma 15. We divide the proof into the following

steps.

Step I: controlling the eigenvalues of Kppnp,. Recall the auxiliary kernel

Kauxy defined in (A.15). It is a standard result in linear algebra or function analysis



[12] that K,ux, = Kpcs,, © Kpps, has same eigenvalues as Kppnp,, = Kpps., © Kpcs -
From (A.15), it is easy to check K,ux,(z,2") > 0, thus Theorem 8 implies 1 is a
simple eigenvalue of Kppnp,,. Moreover, there exists A == A(p*, £,n) € (0, 1), such
that any other eigenvalue of K, has modulus no larger than .

Since Kppnp,, has the same eigenvalues as K, ), and, by Lemma 16, the operator
Kopnp,; also has the same eigenvalues as these two, we conclude that Kppnp,, is a
self-adjoint compact operator on L*(mr,), of whom 1 is a simple eigenvalue. Moreover,

any other eigenvalue of Kppnp, has modulus no larger than A.

Step II: establishing the contractivity of Kppnp, in L*(m,). It is easy to verify
that the constant function 1, which takes value 1 for any = € RY, is a eigenfunction
of Kppnp,, associated to the simple eigenvalue 1, thus is the only (up to scaling)
eigenfunction associated to that eigenvalue. It is also a unit-length eigenfunction,
since ||1{|z2(r,) = (f 1 m,(2)dz)"/* = 1. Therefore, the operator Kppnp,, — 117 is a
self-adjoint operator whose eigenvalues have modulus no larger than \, where 117 is

the orthogonal projection onto 1 in L*(m,), defined by
117 f( /f )y (2)da', Vo € R

Using the fact that ICDpnp,nllT = 11TICDP,1|>777 = 11", one may show (Kppnp,, —
11NN = ICDPnF,77 — 117 by expanding the product, see e.g. Saloff-Coste [103].

T

Consequently, ICDPan —11" is a self-adjoint operator whose eigenvalues have modulus

no larger than AV, i.e.,

| KOppy — 117, <AV, (A.19)

(mn)—L*(mg) —
where || - [|2(r,)—12(x,) denotes the operator norm on L*(m,).
Step I1I: bounding the inner product of po Kg\,i)npm — 7, with any square-

integrable function. Note that when x?(p || 7,) = oo, the conclusion is trivially

true. For the rest part of the proof, we assume x?(p||m,) < co. Now, for any



f € L*(m,), by applying Lemma 16 iteratively, we obtain

[ po Khie @) @)de = [ ol e (o)
— [ 9la!) - (KBonp, ~ 11711 w)da" + [ pla) 117 p (o)
= [ 0a) (B~ 1100+ [ 5007, )

where the last line follows from the definition of 117 and [ p(z’)d2’ = 1. Rearrange

the terms to see

[ o K ) = ma(o) S0 = [ b (B, ~ 107N (420

In particular, taking p = m, yields

0= [ 1) (KBpnp, — 117) (0 (A21)

Substract (A.21) from (A.20), and then take absolute value, we obtain

‘/ (po Kéﬁip,n(ﬂs) — my(2)) f(z)dx

=| [ 06 = 70 - 0o — 11700

/ 2 1/2
< (/ o) — le') di'«") [ (Kpupy = 11 S @) 2,

()

<A@ m) - AVl (A.22)
Step IV: choosing an appropriate square-integrable function. Now, set

N
_ 20 Kipap,y(2) — ()
()

f(x)




It is easily checked that

[ o ke, 0) = 7y (@) F(0)de = oo K, | )

N
12 = X200 Kb, || 7).

Plug these equations into (A.22), we obtain

N
(o Ko | m) < XN (p | my),

as claimed.






Appendix B

Proofs for Chapter 4

We collect here the auxiliary notation and the supporting lemmas used in the proof.

Throughout, we write

A= —, @ =(1-No:+ AP i1/,

s
n
where ¢, denotes the density of N'(0,u). By definition, we can verify
Pt = qt® "
We also set
a; = 2t + 160° logn, bo(t) :=t, bi(t) =t+ —.

For t € [7,T] and z € R, let

1
re.(x) = Z

(r —2) ), pr.(dz) =1 () dx,

siref -5

and write

hio() = log i ().

Recall that we define an auxiliary family of measures by

1Y (dz) ==

Zi(y)

2 n

x p—

pe(x) exp(—%) der = ®pt,yi (i) dz;.
i=1

101



Lemma 17 (Explicit formula for Wasserstein action in dimension one [121]). Let
(pt)tcfap) C Pa(R) be absolutely continuous in Wo. Assume that each p; has density
fi, and let F} be the corresponding c.d.f. Then for a.e. t,

(12 (0. F(x))” "
o= | e

F;
((00)ecion) // a“ Cdedt

B.1 Proof of the action bound

so that

Proof of Lemma 5. The density II} factorizes over coordinates:

n
Yy _
Ht - ® Pty -
=1

For each coordinate i, choose a one-dimensional velocity field v;; generating the

curve t — p ., and define the product velocity field

Vi(xr, ..o xn) = (ve1(21), ..o ven(2)).

Because II! is a product measure, V; transports the curve t — II7, and

o ) = 3 [ o) ).

Rn

Taking the infimum over admissible velocity fields yields

Ay < Zn:z(yi)7

i=1

where Z(2) == A((py.:)tefrr)) . Thus it suffices to prove the following one-dimensional

estimate.

Lemma 18 (One-dimensional action bound). Assume the standing assumptions of

the sparse denoising model, with 0 < 7 < 02 and 02 < ¢/s® for a sufficiently small



universal constant ¢ > 0. Fix z € R, and consider

pr..(dz) o< g (x) exp (—%) dz, te[r,T].

Let f; ., and F,, be the density and c.d.f. of p; ., and set

’atth
d dt.
/ / ftz

Define
L, = log .
SO
Then T
< - 2
Z(2) S log + s2* +aos3/2L :

The proof is postponed to Appendix B.1.1.
Applying Lemma 18 coordinatewise with oy = 40+/logn and z = y;, and summing

over 1, yields

L2

T
Ayﬁnlog;—{—SHyHQ 3/2

which is exactly the claimed bound, given o7 < ¢/ 53 for sufficiently small constant
c>0. [

B.1.1 Proof of Lemma 18

Proof. Write

1
)‘Zfa ay = oy + 2t bo(t):t, bl(t):t+—,
n S
and
m = 1— A, T = A, Aj(t):at+b<) ]6{0,1}
Thus

1

A completion of squares shows that p; . is a two-Gaussian mixture:

ft,z = wO(ta Z)gO,t,z + wy (ta Z)gl,t@‘a Ft,z = C‘JO(ta Z)GO,t,z + wq (ta Z)G17t,27



where g;:. and Gj,, are the density and c.d.f. of the Gaussian law N (u;(t), v;(t)),
with

b;(t) azb;(t)
t) =1Lz, vi(t) = -2
115 (t) A (t) i () A, (t)
The mixture weights are
5
wilt,z) = = Wil ’,22

where

—~ 2
W (1.2) =m0, (1) /2 eXP(‘ y > |

For j € {0, 1}, define

, o o)
Vi(t, @) = f(t) + 20,(1) (x — p;(t)).
Since
DGt () = —gjr ()5t ),
we obtain
O F, . = wi(t, 2) (G — Goyz) — wolt, 2)go00 — wilt, 2)gr,¢r-
Therefore,
F. |2 _ 2 2 2 2 2
|at t,z| S 3&)1 (t, 2)2 (Gl,t,z GO,t,z) + 3&)0(t, 2)2 gO,t,zd}O + 3(«01 (t, 2)2 91,t,z1/f1 '
ft,z ft,z ft,z ft,z
> (Croae) — Goual))
Si(z) = wi(t, 2z 2/ Lta\T) 7 0\ dz,
t(2) 1(6:2) R fr-(x)
- (2)20,(t, 2)?
H:(2) = w;(t, 2/gj’t’zx ALLLPRN "
i(2) = w;(t, 2) s )
Then



Step I: Gaussian-shape terms H,; and H,;. Since f;, > w;(t, 2)gj+.2,

Hiu:) < wilt2) [

R 4v;(t)
A direct calculation gives

. _ (ap —2bi(1))z B a? 4 2b;(t)?
Mj(t)—W7 ; ( )—W

Hence

ab;(t)  ar - b;(t)
Using bo(t) =t, by(t) =t +1/s, a; = 02 + 2t, and 7 < 02, we get

0;(t)? <A 1 1
v;(t) ™~ a

T 1 : 2
0;(t) T
wi(t, z)-—+~dt <log —.
| et dStos
7=0
It remains to bound the mean-motion terms. For the slab component,

fu(t) = (UOA_I(i)/QS)Z

Since of < ¢/s,

/ wn(t, 2) () dt < & / : < s
T 0

g +3t+1/s)t ™

We claim that

To prove this, put

gj,t,z(l‘)@/Jj(t, :13)2 dr = wj(t’ 2) (ﬂj(t)Q + M) ’

(B.1)



Then Ay(t) = u+r, dt = du/3, and

1
wolt,z2) = ——=——,
1 —i—RteFt(z)
where \ P
~ u
R = —— Ly(z) = ———.
T AVu+r () 2su(u + 1)
Since A = s/n,
1 1—-Xx 1
logE:log By +§loguzr§LU for all u > op.
Thus

A
< mi IR
wo(t, z) < min {1, exp (C’LU Dsulut 7")) }

Increasing L, by a universal constant factor, it suffices to bound

<1 Z
4Z/ —min< 1 Ly — ————— du.
o . i min g 1 exp 2su(u 1) u

On u < r, we have su(u + r) < 2u, hence

A

>
2su(u+r) ~

A
du’
Therefore the contribution of v < r is at most

" Z
CagZ/ uw * min {1, exp (LU — E) } du.
0.2

0

If Z < 02L,, this is bounded trivially by

o Z
CJéZ/ utdu S5 S L.
08 0

Q

If Z > 02L,, the change of variables y = Z/u gives the bound

0300

4
2 Lo—c 90 r3
022 i y*min{l,e” ¥} dy < ZzLa < L,.



On u > r, we have su(u + r) < 2su?, hence

A S A
2su(u+r) ~ 4dsu?’

The contribution of u > r is therefore at most
0042/00 wmin< 1,exp( L, — i du
0= ). ’ 7 4su? '
If Zs < L,, this is bounded by
C’aéZ/ utdu < 0557 < 045° Ly < L.
If Zs > L,, the change of variables y = Z/(su?) gives
CJéSS/QZ_Iﬂf y 2 min{1,elo"¥} dy < 06133/2Z_1/2L2’/2 <035 Ly < L.
0
This proves (B.1). Consequently,
4 T
/ (Ho,t(z) + Hl,t(z)) dt 5 log ? + 322 + LO" (B2)
Step 1I: the switching term S;. Let
Hi(x; 2) = Gr.(x) — Gor.(T).

Since ft,z Z w1 (t, Z)gl,t,z7

Wit 2)* [ Hilz;2)?

dax.
wl(taz) R gl,t,z(x)

Si(z) <

By the Gaussian Hardy inequality, applied with 0,H; = g1, — go.t.2,

x.

Ht(l‘;z)2 dx < Ul(t)/ (gl,t,z(l‘) _go,t,z<x))2 d

R gl,t,z(x) R gl,t,z<x)



For Gaussian densities qg, g1 with variances vy, v; and means pyg, 1,

QO($)2 dx (%1

(p1 — o)

J

provided 2v; > vy. In the present setting,

q1()

exp<
U0(2U1 — UQ)

a; (32 + tog + 5t/s + 203 /s)

2’01 — Vo

)

201(t) — vo(t) = > 0.
' ’ Ao(t)Ar()
Thus
. 2
() 5 22 ”1(” P, (B.3)
\/’UO 2U1 — Uo(t))
where (1a(8) — polt)?
Et(Z) = ] .
2’01( ) — ’U()(t)
We proceed to bound the factor vl(t)z . Set
\/”Uo 21)1 'U()(t))
2
N, =3t + to 0+5t+%
Since
) 3t o} 8
(t+1/8)Ao(t) = 3t* + to? ot <N, < 3(t +1/5)Ag(1),
we have
Ny =< (t+1/s5)Ao(t).
Using
a/tNt
20, (t) — vp(t) = —— Lt
1( ) 0( ) Ag(t)Al(t)
it follows that ay(t+1/5)
+1/s
2 — — ' 7 )
v1(t) —wo(t) < D) = vy (t)
Therefore
2 3/2
U1 (t) 5 Ul(t) (B4)
\/UO 2'1]1 — Vo (t)) Vo (t)



Since

ot a(t+1/s)
U(](t) = Ao(t) and (%1 (t) A1<t> S Qg Ao(t),
we obtain
3/2 3/2
vi(t)?* o ()32 Ao(t) <a Ao(t) < Ao(t)
o (1) at t Vit
Thus ) A ()32
v (t) < Do(t)
Voo(t)(201(t) — wo(t)) Vit
Next write (t.2)
:wl y % :N I'i(2) B
Rt(Z) (,UO(t? 2) Rte s ( 5)
where
5 A Ao(t) - 2’2
ferxVae " wmeam ()
Since
wp = f w L
1_1+Rta 0_1+Rt7
we have D
w1 = wow10; log Ry, 9 wiw1 |0y log Ry|?. (B.7)
w1
Moreover,
. Z0a¢
M1 (t> - N0<t> - SA()(t)Al (t)
and )
27
E = <T .
15) = R (0) B + tod 55 + 2025) = Lt
Therefore
5 2Ft(z)
wolt, z)%wy (t, 2)eB ) < Rt—(z)ert(z) - fue . (B.8)
3 — 3
(1+ Re(2)) (1 i Rtert(z)>

Also, we will need an explicit formula for 0;log R:(z). Recall (B.5)—(B.6). Since
Ao(t) = Ay (t) = 3, we have

3tlog}~%t = 1 (Ao(t) B Al(ﬂ) _ g

2\ Ag(t)  Aq(t)



Using Ay (t) — Ag(t) = 1/s, this becomes

9, log By — m,
Moreover,
ATy (2) = — 2 Bo@AD) + Ao(DAL) _  32%(Ro(t) + Aa(t)
2s No(t)*Aq (1) 250(1)2A (1)
Therefore
3 32 (Ao() + M (1)

Orlog Ri(2) = dhlog B+ OT'(2) = 5o Ay~ 05 Ay (120 (1)

Hence

1 Iy(2)
S aom T ae

Combine the preceding estimates (B.3), (B.4), (B.7), (B.8), and (B.9), we obtain

the pointwise bound

|0y log Ry(z) (B.9)

(B.10)

2 Ao (t)3/? 1 L(2)\* Re?™®)
Si(2) S Vi <3A0(t)A1(t) + Ao(t)> <1+§terz(z))3

The next claim provides a deterministic integral estimate needed to integrate this
bound.

Claim 1. For every z € R,

T A 3/2 1 T 2 D 2T (2) 1
/ ot < + t<z)) fue dt S UL2 14—
N sAo(t)Ar(t)  Ao(t) (1 . ﬁtert(z)) s 50

The proof of the claim is postponed to the end of this proof.
Combining (B.10) with Claim 1, we obtain

/TS(z)dt<EL2 141 (B.11)
o ~s? sod’ '



Step I1I: putting things together. Using

Z(z) < 3/ (Se(2) + Hox(2) + Hi4(2)) dt,

together with (B.2) and (B.11), we get

T / 1
T(2) <log — + s2% + ~L2 1+ —.
T S s0;

Since so? < 1 by the assumption (4.9), the proof is complete. ]
We now prove Claim 1.

Proof of Claim 1. Set

1 A
u=2R2(t), a=op, r=s, Z=2  a=17
Then , p
r
1( ) u+r, t(z) (U) 2SU(U+T) QU(U—’—T),
and

ét:a Y .
\/u—i—r

Alsou =a+3t,sot =t(u) = (u—a)/3 and dt = du/3. We shall freely extend the
resulting u-integral to [a, c0), since the integrand is nonnegative.

Define
u+r

1 1 1
A 221 TZI — —1
(u) og oga+2og

f u

Since A = s/n, for all u > a, it can be verified that

n—s

1
log < log<1 + —2> < Lo,
so

0

<L, ‘logu+r‘

1 ‘
log —| =
« s
where the first inequality can be shown by considering the case s < n/2 and the case

s > n/2 where L, > logn by (4.9) separately. Therefore

La’ eA(u)i 1 < E u+/r.
) NS U



Let

e2w
) T a—
(W)= Genp
Then _ "
R eQFt 4 u
5 = " MO(T(u) — A(u)),
(1 + Rterxz))
and
d(w) < e v,
Write
1 T

Blu) = su(u+r) - w(u+r)

Using the previous display and changing variables from ¢ to u, the left-hand side of
the claim is bounded by

no[Cuvutr (oo TN g
I (Bw+ =) e - A ha.

We contend that

<21+,
a

We split the u-integral into the boundary region

which is the desired estimate.

u € |a,2al
and the bulk region
u € [2a,00).
On the boundary region, u < a, and t(u)_l/ 2 is integrable. Moreover,

Blu) = L <

SO




Therefore

Since u =< a,

and

Finally, it is elementary to verify

sup  (L+y)*®(y — A) S L.

y20, |A|SLos
Hence
Toa S L2414
a
We now consider the bulk region u > 2a. Since t(u) < u,
u,u—l—r Q/l—f— <u,/1+—
Thus

Lo < m/j " (B(u) + #)2 B(T (1) — A(u)) du.

It remains to show that the last integral is O(L2).
We split the bulk region into

D, :={T < 1}, Do :={'> 1, ' <4A}, Diain :=4{T' > 1, T' > 4A}.
First consider D_. Expanding the square,
r\’ 2
u(B+—> = uB? 4+ 2BT + —.
u u

We estimate the three terms separately.



For the uB? term, since ® < 1, we have

/D< uB(u)?®(T — A)du < /:ou (ﬁf du

For the mixed term, we again use ® < 1. If Z = 0, then I' = 0 and there is

nothing to prove. Otherwise, I' is strictly decreasing in v and

) = 1) (2 ) =T 2

u o u+r u(u+1)’
Hence
B(u)['(u) du = mf(u) du = Su Ty (—dl(uw)).

Since 0 <7r/(2u+r)<landI' <1lon D,

/ B(u)l'(u)®(I' — A)du < / B(u)'(u) du < / (—dI') S 1.

D<o D<o
Similarly,
[(u)? u+r
- du = () g (~dP(w) < Pu)(~dT(w)
Therefore ) .
/ PO g0 — 4y du 5/ ydy < 1.
D, U 0

Combining the three estimates,



Next consider Dj,.. Since I' > 1,

and hence
B+ T < T
Thus ) 2
o (30 )" T2
Set
W(u) = D(u) — A(u)
We have

Therefore, on {I" > 1},

1 1 r [(u)
W' (u) = -TI" Au)=T - — =
(v) (u) + Aw) () (u * u+ r) 2u(u + 1) u
Consequently,
v
U - F(u) loc

Since on Dy,

we get

loc



On Dtaib
SO

Therefore
O(M(u) — A(w)) S e~ T,

Using the change of variables y = I'(u), and the relation

)

/ F —cF(u) du
Dtall

l/ﬁ ye Y dy

0

1.

—I(u) < #

we obtain

N

/ F(Z)2 O(T(u) — ) du

A

A

Putting the three bulk estimates together gives

Tt S 4[14+ - (U4 Lo +1) S L2 )1+ 2.
a a

Together with the boundary estimate,
T<I2 )1+
a

Recalling that r = 1/s and a = o2, the original left-hand side is bounded by

as claimed.



B.2 Proof of comparison error

We need a few estimates on the score function before we proceed, whose proof is
postponed to Appendix B.2.1.
Lemma 19 (Regularity of score). Let

My = sup ¢ / IV log TT ()2 T (dx),

te[r,T)
Ly == sup sup t[|V?logIl{(z)[|,  Ls:= sup sup t*/* |V logII}(x)],
te[r,T] zeR™ te[r,T) zeR

and
Hy = sup & / 10,V log IT ()2 T1Y(d),

te[r,T)

where the tensor norms are Fuclidean operator norms. Then
Ml S 2”7

Ly <log(nt™t), Ly < log*?(nr™Y),

and )

2
i, < ol ne

—logn + nlog®(nt™1).
T T

We are now ready to prove Lemma 6.

Proof of Lemma 6. Recall the exponential schedule

KK k-1
bty = T(T) C o= At —te), we= Y = AMT — 1),
=0
and define
— NN e gy —
a ._A<1— <f) ) =0 Hw=T-3,  S=AT-7)

Then f(uk) = tk.

Let X be the piecewise-frozen interpolation of (4.3), namely

Xo=1x0,  dXy = (55,(Xup) + MVL(Xy5y)) du+V2dB,,  u € [uy, uppa)-



By construction, X,, has the same law as x;, for every k. Let @ denote the path law
of X.

Let P denote the path law of the reference process

dX, = (v log I, (X.,) + 'ﬂu(Xu)> du++v2dB,, X~ I,

where v, is a velocity field generating the reparametrized curve u — Hi—’(u), chosen so
that 5
A
~ 12 y
Uy du = —.
| Wy, e = 3
To see why this is possible, let v; be a velocity field generating the original curve
t — I} on [7,T]. Then X, ~ Hif(u), so in particular Xg ~ I1Y. Furthermore, v, can
be chosen so that .
[ el dt = 4,
Since t(u) =T — u/A, we have B
a1
du A

Therefore the reparametrized continuity equation is generated by

Consequently,

s 1 /S )
Uy du = — Hu du.
/0 [0 ‘|L2(ng(u)) u Az/o [z )HL2(ng(u)) u

Changing variables ¢t = ¢(u), so that du = —A d¢, gives

s T
T 1 A
/0 Hqu%Z(H%@) du = K/ o2y dt = A



We proceed to compare the law of X and X. By Girsanov’s theorem,

KL(P[|Q) < KL(IT7[|Law(zo))

+Z/

uk+1

X,) + VliegIl? (X,)

t(u)
- ~ 2
— 51, (Xu,) — M VL( Xy, ; y)H du
Recall that VlogII{ () = Vlogpy, (x) — A VL(2;y). Using triangle inequality gives

Uk+1

A
KL(P[|Q) <KL(I|Law(zo)) + 22 + Z/ Ep||Ap |2 du

K-1
+ (Uk:-i-l - Ulc)]EP”v lngtk (Xuk) — St <Xuk)||27 (B'12)
k=1
where
Apy = Vlogllj,, (X,) — Vlog ka()?uk)

Note that Ay, = fuik“ dV log Hif(u)()?u). Apply Ito’s formula to obtain

AV1ogTlY,, (X,) = Ay du+ V2V logITY, (X,) dB,,

where

1 - - -
Ay == 10NV logTT,\ (X,,) + V* log T, (X.) (Vlog I (Xu) + Uu(Xu>>

t(u) t(u

+ AVlogIT§,, (X.).

For u € [uy, ug+1], one has ¢, =< t(u) provided a < 1/2. Hence It6’s isometry and

Cauchy—Schwarz imply

EPHAk,uH?gz(u_uk)/ Ep|]ATH2dr+4/ Epl|V2 log ITY,, (X, )|J2 dr:

Uk Uk

Using Lemma 19, we obtain

H1 L2M1 |_2 an
Ep||A,|? < C e L A S B
PH H = (Aztz +— 5 t% t2 HU HL2 (%) + tz )



while

Cnl3

B[V log Ty, (Xl < =55

Integrating over [ug, uyy1] yields

Uk+1 5 < L%ﬁk Uk+1 19
Epl|Axul du S =55 [ [ lFagy, ) dr
Uk k Up

( H, LM, nl? nL§> )
Urs
A2t} t3 t2 t3

Summing over k and using n/ty = « gives

Uk+1
Z / SR INSTEL Ly R CA

(B.13)

+ (FTIATH 4 TTIMy b+ L) Ko

Substituting this into (B.12), and using

S
A
~ |12 _ Y
/0 ”Uu”m(ng(u)) du = A

we obtain

KL(P(|Q) <KL(IT| Law(wo)) + C(1+ = log(nr~ 1»%

lyll3  no? B3 —1 2
+C<A2T2 + A2 logn+;log (nT77) | Ka”.

From the definition of «, it is readily verified that

Alog(?/7) 2 A210g2(7/7)
< o7 <
oSS , Ka N .

Hence

KL(P||Q) < KL(IT4||Law(xg)) + C (A + K—logZ log? —) A,

yl13 ? An 2 T
+C<K2+K210gn+[( log log



Finally, by data processing under the endpoint map w — wg,
KL(ITZ | Law(x)) = KL(Lawpp(Xs)||Lawg(Xs)) < KL(P[Q).
which proves the lemma. O

B.2.1 Proof of Lemma 19

We first prove the following one-dimensional version of Lemma 19.

Proposition 1 (One-dimensional regularity). For every t € [1,T] and every z € R,

supt |y (z)] < log(nT™), (B.14)
z€R
sup |y, ()] S log®*(nr™"), (B.15)
zeR
[ et do < 2 (B.10)
L
2 2
t3/ |0uh; (@) PPy (2) doe S (% + 07 logn + log3(n7"1)). (B.17)
R

Proof. Write as before
9 1
a; = 2t + 160°logn, bo(t) ==t, bi(t) =t+-.
s

Recall that

7t,(7) o <(1 — X&) () + Ao, 1) (33)> eXp(— (z = Z)2>.

2(Zt

It is convenient to work first with the two unnormalized summands. For j € {0,1},

set

. (t

firz(x) = A;(t, 2) exp(—ﬂjT()ac2 + %7295),
where . .

z
1 t = — z = —,
6]( ) b](t) + atu 7t a,

and

Ag(t, 2) = (1= N)(2mby ()2 /@a0 - A (¢, 2) = \(2nby (t)) "/ 2e™*/(2a0),



Then

o fNO,t,z(:E) + fl,t,z(x)
B Zt,z

) Zt,z = /R(fo,t,z(u) + fl,t,z(u)) du.

re.()
Accordingly,
ht,z(x) = 10g(f0,t,z($) + .]El,t,z(x)) - log Zt,z7

so every z-derivative of h;, can be computed directly from foﬂf,z + fu,z.

Introduce

1 1 1
A= Bolt) = Ault) = 7 - t+1/s  t(1+st)

> 0,

and define the local posterior slab weight

Wi (x) = = fl’t’z(:f) .
fO,t,z(x) + fl,t,z(x)
Since the two summands share the same linear term -, ,x, their log-ratio is purely
quadratic: )
L(x A
log ]il’t’ (z) = B, + =22,
fO,t,z(x) 2
where

Al(t,Z) . A 1 t

By =1 = Zlog ———.
CER ) T BT T % s

In particular, B, is independent of z. Since A = s/n and t > 7,

|B;| < log(nt™h). (B.18)
Moreover,
1,1 1 A,
=3 ) -
%8 =33 t+1/s 2
Thus A )
@) =9( B+ Shat), 0 =
we () : + 5 %) (r) o

We shall also use the coefficient bounds

Bty st At oSSt el S1EY (B19)

~J



together with

Ay

14 2st At
oA, = — —
[0 t 2

B i e I A 8,B,| =
2l+st)2™~ t ~ 10:B:|

(B.20)

We next record the elementary softmax estimate that will be used repeatedly.

Claim. For every m > 0, there exists C),, < co such that

supu I(A+u) (1 — I (A+u)) < Crn(1+|A™), AcR. (B.21)

u>0

Proof of claim. Since 9(r)(1 — J(r)) < el for all » € R, it is enough to bound
ume ATyl

If A> 0, then A+ u > u, and hence
ume 1At <ume T < (.

If A <0, we split into two regimes. When 0 < u < 2|A|, we simply use J(A +u)(1 —
Y(A+u)) < 1/4, obtaining

u"H A+ u) (1 —9(A+u)) < 2™ A™.
When u > 2|A|, we have A +u > u/2, so
(A +u)(1 — V(A +u)) <ume ™ < .

Combining the two cases proves (B.21). O

We now compute the z-derivatives of h; .. Since

aa: IOg f.j,t,z(x) = _Bj(t)x + ﬁYt,za

we obtain

hy(2) = Y. — Bo(t)x + wy.(2) A, (B.22)

Differentiating wy .(z) = ¥(B; + §ta?) in z yields

w; (1) = wi () (1 — wy () Ay,



and therefore
h (@) = =Bo(t) + wiz(2) Ay + wi o (2) (1 — wy o () Afa?. (B.23)
Differentiating once more gives
hy'(2) = 3wy (2) (1 — wy () A7z + w2 (2) (1 — wy o (2)) (1 — 2wyz (@) Afz®. (B.24)

We now prove the four stated estimates.

Bound (B.14). From (B.23),
|7 ()] < Bo(t) + D¢+ we () (1 — wea(z)) A2,

Set

wi=—x?>0.

Then
wi . (z) = ¥(B; + u), Alr? = 2Au,

so by (B.21) with m =1,
wi (@) (1 — wi o (2)) Afa® = 20 ud(By + u) (1 — 9(By + u)) S A1+ |By).

Using Bo(t) <t and Ay <71, we conclude that

1+ | By

sup |hy . (2)] <
z€R ’ t

Multiplying by ¢ and invoking (B.18) proves (B.14).
Bound (B.15). From (B.24) and |1 — 2w, .(x)| < 1,

|7 (2)] < B () (1 — wiz(2)) Afle] + wie () (1 — wiz(2)) Afl] .
With the same substitution v = %xQ, we have

Az = V2APW 2, Aa]? = 282 AV,



Applying (B.21) with m = % and m = %, we obtain

sup |hy"(2)| S AYP (1 + | BiJ*?).
xER

Since Ay S t71, it follows that
2 sup [ (2)] S 1+ |Bi*? S log™2(n7 ),
r€R

which is (B.15).
Bound (B.16). Let

Tt,z = w0<t7 Z) gO,t,z + w1 (t, Z) gl,t,z

be the normalized Gaussian-mixture representation, where g;; . is the density of
N(:uj(ta 2)7 Uj(t))a with

b;(t)

aib;(t)
Qy —+ bj (t)

Qy + bj<t> ’

z, v(t) =

Nj(t z) =

Then
ax log itz (x) = 33: lOg fj,t,z(aj) = _ﬁj (t)iL‘ + Vt,z-

Let J € {0,1} be the latent mixture index. Conditional on X = z, the posterior law
of J is

P(J=1|X =2) =w.(x), PJ=0]|X =2)=1—uw.(x),

and therefore
h;z(x) =E[0,loggss.(x) | X = x].

By Jensen’s inequality,
[t (2)]* < E[|0:log g ()P | X = 2] .

Integrating against r, .(x) dz and then taking expectation in J gives

1
/mwwmwmszwmaﬂmm%wwwmwm
R =0 R



For a one-dimensional Gaussian with precision [, the Fisher information equals .

Hence

/R 10, 108 g3+ () Pgy0.0(x) dx = (1)
Since By(t) > Bi(t),

wl[\;)

/ 1 1 3
/‘h‘t,z(m)‘rtz( )d$<ﬁ0<):¥+_§_<
R ay 2

This proves (B.16).
Bound (B.17). Differentiating (B.22) in ¢, we obtain

8th;7z(x) = 0. — (OuBo(t))x + wi o () (0 Ar)x + A Opwr ().

Since

Wi (1) = 19(Bt+ A; 2)

its t-derivative is

Owr () = w2 () (1 — wia(2)) (&Bt n

atQAt 2)

Therefore

ath:f,z(x) = at’}/t,z - (atﬁo(t))x + wt’z(l')(atAt)Q}

+ wy . () (1 — wt,z(x))At(ﬁtBt):c
1

+ §wt,z(33) (1 - Wt,z(flf))At(atAt)xS' (B.25)

We now estimate the nonlinear terms. Set again

AV
$2

u: >0, wi . (z) = V(B + u).



Using (B.21) with m = 1, we obtain

we o (@) (1 — wi o () A0 By| || = V2|0, B,| Az/Q u'?9(B, + u) (1 —9(By + u))
S 10B A (1 + B2
5 A?/Q(l + |Bt|1/2)
St (1 + |BY?), (B.26)

since |0;By| = A¢/2.
Similarly, using (B.21) with m = 3,

wi- (1) (1= wi2 (2)) A A 2P = 227218,A0 AT 49(B, + u) (1 — (B, + u))
S OA AT (1 + | B

1/2
< At/
~ ot
St (1 + | B2, (B.27)

(1+1B,*?)

where we used |0 A < A/t
Combining (B.25), (B.19), (B.20), (B.26), and (B.27), we arrive at the pointwise

estimate
[zl 2] 1+ [B*”

|athf‘,,z<‘r>| SJ 12 12 13/2 (B28)
Consequently,
2% 2?14 B
|ath1,€,z<x)|2 S t_4 14 + 13 - : (B29)

It remains to bound the second moment of 7, .. From the Gaussian-mixture

representation above,

/R Pro(w)de = 3wyt 2) (st =) + ().

Since
b;(?)

aib;(t)
_ O\ L < (1) =
. +bj(t)|z| <z, ()

_—<aJ7
ag+b;(t) — "

|1 (8, 2)| =

we obtain

/ 2?r; . (r) dr < |z* + ap < |2|* + 2t + 1607 log n.
R



Integrating (B.29) against r, .(x) dz therefore yields

22+t +o0%logn 1+ |B?
t + t3 .

2
/ﬁ@tz ore (o) de <

Multiplying by 3, we find

2?2 o?logn
| +—g—|—]Bt\3.

ﬁ/%@mx () de <14 20
k. t ¢

Finally, since t > 7 and |B;| < log(nt™!), the constant 1 is absorbed into the

logarithmic term, and we conclude that

3 / 2 2* | o 30 —1
t |Och; ()71 2 () doe S < + —logn + log”(nr ))
R ’ T T

This is exactly (B.17). O
Now we return to the proof of Lemma 19.

Proof of Lemma 19. Using the product representation

n
Y _
Iy = ® Pty
i=1

we may write

log ITY (= thyl (z;) + Culy),

=1

where C(y) is independent of z. Hence

ViegIli(z) = (ht s (21), hi,yn(%)%

V21og Il (z) = diag(hy,, (z1), ..., b/, (z4)),

and V?logIl{(x) is the diagonal order-three tensor with entries h{’, (z;) on the

coordinate axes. Likewise,

8tv 1Og H%( ) (at tyl( )7 ce 7ath:€,yn (xn))



It follows that

IV*log T () || = max [hf, (z:)], [V logIl}(2)|| = max |h{, (z)],

1<i<n 1<i<n

and therefore

Ly < sup supsupt|hy,(z)| S log(nT™),
te[r,T] 2€R zeR

Ls < sup supsupt*/?|R)",(z)| < log®?*(nt7"),
te[r,T) 2€R zeR

by (B.14) and (B.15).

For the Fisher information term, Fubini and the product structure yield

[ 19 tox 11 (o) 1 ) —tZ/ 1, ()P T (do)
—tZ/\h )2 ()
< 2n

by (B.16). Taking the supremum over ¢ € [1,T] gives M; < 2n.
Similarly,

* [ o os i@ ) =3 [ 100 (@ s )
R™ -

< Z(‘y’ logn—l—log (nT~ 1))

||y||2
T

logn +nlog®(nt1),
-

by (B.17). Taking the supremum over ¢ € [1,T] proves the bound on Hj;.

B.3 Proof of initialization error

Proof of Lemma 7. Let

ar = 2T + 160* logn, bo(T) =T, b(T)=T+ -.



Recall that II} factorizes across coordinates:

Hg“ = ® PTy;>

i=1

where for each z € R,

PT,z = (1 - wT,z) 9o,z + Wr 2 91,25

and

b;(T) o arb;(T)

— 2 — , i €{0,1}.
ar + b;(T) T g+ by (1) AU

Gj. = N(m;z, rjz), mj =

On the other hand, by definition of the initialization,
2T

If we denote

2T
Y :N<Oa ?) )

then Law(xg) = v®™. By tensorization of relative entropy,

KL(ITE[|Law(0)) = D KL(pryll7)-
=1

It therefore remains to show that, uniformly for every z € R,

KL(prol) < A+ 2
pT,Z’YNTZ T

Since pr . is a convex combination of gy , and ¢, ., convexity of KL divergence in

the first argument gives

KL(pr,:[l7) < (1 — wr2)KL(go.-||7) + wr-KL(g1.2||7).

Thus it is enough to bound KL(g;.||v) for j € {0,1}.
Under the assumptions of Theorem 3, the quantity 1602 logn is bounded by a



universal constant. Hence
ar =2T 4+ O(1), b;(T) =T+ O(1), g €{0,1},
with constants independent of j. It follows that
ar +b;(T) =37+ O(1),

and therefore b(T) T4 o) .
J + -1
= = = — T
T ar+0,(T) 3T +0(1) 3 +OI),

while
» arby(T) (2T +O0M))(T+O0(1)) 2T
YT ar +b,(T) 3T + O(1) =5 oW

Now recall the formula for the relative entropy between one-dimensional Gaus-

sians: oy g M2
2 2
KUN 1, 0%) [ N(0,0%) = 5 (;- 1_1og;+;) |

Applying this with 4 = m;z, v> = 7%, and 0 = 2T'/3, we obtain

1/ r? r? m?2z?
KL(gj.lly) = = [ =2n — 1 — log -2 )
(93:17) = 5 (2T/3 8573 T 2T/3>

Because r? = 2L + O(1), we have

2

i -1
B =1+0(T7).

For quantities of the form 1+ u with uw small, one has
(1+u) —1—log(l+u) =u—log(l+u) = O(u?),

hence ) )

- ~ 1
I —1—log 5 S —.
2T/3 27/3 ~ T?




Similarly, since m;

=1+ O(T'), we have m? < 1, and therefore

m§z2 < 22
2T)3 ~

?.
Combining the last two estimates yields
1 2

z .
KUgsoln) S g + 2 G € {01}

Returning to the mixture and using the convexity bound,
1 2

z
KL(pr.» < =4+ —.

Finally, summing over coordinates gives

Y o ZE R A WU 1
KL ILaw(z0)) = > KL(prgl) S 3 (T— i ?) o Bl
i=1 i=1
This proves the lemma.

B.4 Proof of localization
Proof of Lemma 8. Recall

a, = 27 + 1602 log n.

Since 7 < 02, we have

a, =< o*logn, Var < oy/logn,

a, > 2T.
We define

ogn : . c
g = {||§||OO < Cylogn, ||z,e < Cy/282 . . mlr(l )|x*(z)| > —83/2}.
i€supp(xx

We first verify that the event G has overwhelming probability. The noise vector ¢

has i.i.d. standard Gaussian coordinates, so by a union bound and the Gaussian tail



estimate,

2
(1€l > Oviogn) < 2nexp( - 1981Y,

which is at most 107 for all n > 2 if C' > 0 is chosen sufficiently large.
Next, by the model for x,, each coordinate is either zero or Gaussian with variance

1/s. Hence again by a union bound,

C?log n)

P(HJS*HOO >C 10%) < 2nexp<— 5

which is also at most 10~* for C' large enough.

Finally, for the lower bound on the nonzero coordinates, note that

: . c - . . c
IP’(EIZ € supp(zy) @ |z, (i)| < m) < ;P<x*(z) #0, |x.(i)| < m)
Since P(x,(i) # 0) = A = s/n and, conditional on z, (i) # 0, z,(i) ~ N(0,1/s), we

get
c

P(x*(i) £0, |.(i)] < —) - §P<|G| < g) G~ N(0,1).

$3/2

Using P(|G| < u) < u for u € (0,1), we obtain

: , c
IP’(EIZ € supp(zy) @ |z, (i)] < m) <e

Thus, after choosing ¢ > 0 sufficiently small and C' > 0 sufficiently large, we indeed
have
P(G) > 0.999.

We now work on the event G. Since

n
y —
II7 = ® Pryi>
i=1

it is enough to analyze a single coordinate X; ~ p, ..
For each z € R, the one-dimensional posterior at time 7 admits the Gaussian-

mixture representation established earlier:

Prz = w0<7—7 Z) 90,7,z + wr (7-7 Z) 9,72



where g, ;.. is the density of a Gaussian N (u;(z),v;), with

b; (1) arb;(7)

L =27 je{o1l
a +bi(r) j€{0,1},

pi(z) = ()

and

Moreover, the mixture weights satisfy

wi (T, 2) A Jar+bo(7) exp(Z—Q( 1 1 )) '

wo(r,2) 1=\ ar +b1(7) 2 \a, +bo(r)  ar+bi(7)

We treat the off-support and on-support coordinates separately.

Case 1: i ¢ supp(z,). Then x,(i) = 0, and therefore on G,

lyi| = oG] < Cov/logn < +/a.

Also,

—_

1
a7+b0(T):aT+TxaT7 a7+b1(7):a7+7+—2—.
S

»

Since the exponential factor is increasing in |z| and |y;|* < a,, we have

2

2
o< — < ? < 1.
- (aT—i—bo(T) GT+bl(T)> = 2(ar +bo(7)) ~

Consequently,

) o A forhin) s
wo(r,y:) ~ 1 =X\ ar +b1(7) ~'n T

Under the small-noise assumption (4.9), we further have (by taking ¢, sufficiently

small)

() < =
W Yi) = 3000

Now consider the j = 0 component. Its variance is

Ta,

Vg = <rT
T+ar

)



and its mean satisfies

</T,

1o (yi)| = | S \/— >

because a, > 7. Therefore, for a sufficiently large universal constant M, a standard

Gaussian tail bound gives

IP’(|XZ»| > M+/Tlogn ‘ X~ gO,T,yi) <

~ 3000n°

Combining this with the bound on the exceptional mixture weight, we obtain

<|X|>M\/Tlogn‘ ) < TFo0m’ i¢S.
Case 2: ¢ € supp(z,). On G we have
. & .
) 2 55, v = @] = oGl S Var.

By the standing small-noise assumption (4.9), \/a, is much smaller than s~*/2; hence,

after possibly shrinking the universal constant ¢, there, we may assume

C
lys| > 25372

We now show that the posterior overwhelmingly favors the ;7 = 1 component.

Using
1
a; +bo(7) < a,, a, + b (1) < =

we get

a, + bo(T)

— = \/sa,

ar + bl (T)
Moreover,

1 1 > 1

)

a +b(T)  a;+bi(r) ™ a,

because a, < 1/s in the small-noise regime (4.9). Since |y;| > s7%/2, it follows that

y; < 1 _ 1 ) > 1
2 \a, +bo(7)  ar+bi (1)) ™ sPa,



Thus

/

DT i) > s e o).
S°Qr

Wo (T7 yz)
Again by the small-noise assumption (4.9), the exponential factor dominates the
prefactor by an arbitrarily large power of n. In particular, after shrinking the

universal constant ¢, in that assumption if necessary, we may ensure

wo(T, ;) < Qo)

Under the dominant 7 = 1 component, we have

(t+1/s)a,

X, ~ i) 01), =<
N(Ml(y) Ul) U1 aT—f-T-i—l/S

For the mean, we compute

ar
| (yi) — yil = P o) lyi| < sar|yil.

T+b1

On G we also have

. logn
il < ()] + 0G| Sy —

+a,.

1
1\Yi) — Ys Sar —O n sarlogn + sa;’”.
1 < g sa¥/? = 1 3/2
S

Both terms are O(,/a;) in the small-noise regime (4.9), so

Hence

|M1(yi> - yi| 5 VA2

Since also y; = x,(i) + O(y/a-) on G, we conclude that

pa(yi) = 2.(i) + O(var).

Because v; < a,, another Gaussian tail estimate yields, for a sufficiently large



universal constant M,

1
]P)<|X’L — .1'*(2)’ > M\/ ar logn ‘ XZ ~ gl,"':l/i) < (20”)3

Taking into account the negligible weight of the 7 = 0 component, we obtain

: 2 :
IP’(]Xi —z,(i)| > M+/a,logn ‘ Q) < 0 i€ S.

Finally, since v/a,logn < ologn, this becomes

IP’<|XZ~ — (i) S ologn ‘ g) > 1= o

We now combine the two coordinatewise bounds. For inactive coordinates,

| 1
IP’(H' X > MA/T ‘ )< : <—.
PES Xl > MyTlogn | G) <n- 7550 < 55

For active coordinates,

2 2
]P’(H' X — 2 ()] > MAJa, ) >< . < _
ieS: | z,(1)] > arlogn | G) <n 20n)F = 500072

Therefore, on G, with probability at least

1 2
1— — > 0.999
1500  8000n2 — ’

we have simultaneously for all ¢ € [n],

ologn, 1 €S,

VTlogn, i¢S.

[ X (@) — 2.(i)| S
This proves the lemma. O

B.5 Proof of auxiliary lemmas

The following lemma is well-known; we provide a proof here for sake of completeness.



Lemma 20 (One-dimensional Gaussian Hardy inequality). Let

1 (x —m)?

Gmw(T) = NGorT exp(—T),

r € R,

be the density of N'(m,v), where m € R and v > 0. Let H : R — R be absolutely
continuous, assume that

H(+o00) =0,

and
dr < 0.

H 2 / 2
[H [0
R 9mv (x) R 9mv (x)
Then

/ Hia) de <wv Mdz.

Qm,v<x> - R Qm,v(x)

In particular, if

nw = [ wds [ rway=o

—0o0

2
/h(:v) dx < o0,
R

Gm(T)

and

then

H(z)* dr < v/ hz)* dzx.

R Qm,v(m) Qm,v(x)
Proof. Write q := ¢y,,. Define

Then H = ¢G, and therefore

H =G+ G = q(G’ + %G)

Since
¢(x) x—m
q() v
we obtain
H'(x) = 4(2) (G (x) = —G(x) ).



Hence ()2
E i@ (6 -

Integrating over R and expanding the square yields

H’($)2
r ()

dx:/Rq(x) G'(m)de—Q/Rq(x)
+ /R q(a:)(x;—;n)QG(x)Q dz.

Using 2GG’ = (G?), the middle term becomes

—Qéﬂ@x_mﬂwgwww:—éﬂm

v
We now integrate by parts. The boundary term vanishes because

_z—m H(z)?
v v q(x)

and the assumptions imply that this quantity tends to 0 as x — +o00 along a sequence,

hence the usual truncation argument is valid. Therefore

r—1m

- [ a@ Gy de = [ (s ) G

A direct computation gives

(s ) = H) e 2y = ) L

Substituting this identity above, we obtain

—2/Rq(x)x ~ M ) () da :/

v R

(«@_ﬁx—yfﬁﬂ>gwy@.

v (%

Combining the last two displays, the (z —m)? terms cancel and we arrive at

/R f;’(($>2 da = /]R q(x) G’(x)deJr% /R ¢(z) G(z)* d.

z)



Since the first term on the right-hand side is nonnegative,

/R };((32 du > %/}RQ(Z‘) G(2)? da.

Finally, because H = qG, we have

and therefore

Mdm<v/wdx.

r (@) q(x)
This proves the first claim.

For the second claim, if

then H is absolutely continuous, H' = h a.e., and
H(+00) = / h(y)dy = 0, H(—o00) = 0.
R

Applying the first part with H' = h gives

H(z)” dr < v/ hz)* dx.

R Imo(T) G (T)

The proof is complete.



Appendix C

Proofs for Chapter 5

We present the proofs of the results in Chapter 5.

C.1 Preliminaries

We first introduce some tools we use in the rest of the proof.
Lemma 21 (Pinsker’s inequality, Polyanskiy and Wu [93]). For any two probability

distributions p,q on M, we have

TV(p,q) < V2KL(p || q).

Lemma 22. Let v be a vector field on M. In a local coordinate on M, we have
Ouvs = (Vov)P — I‘fwvv.

Here T'?_ is the Christoffel symbol, defined as

ay

1
Lo = 59" (Oagys + 03900 = Dsgon)-

Lemma 23 (Metric distortion in normal coordinates). There exist coefficients
c,C' > 0 polynomual in d and constant in other parameters, such that the following

holds. Let x € M. In the normal coordinates (0,) at x, for any y € M such that

141



p(x,y) < c¢/K, we have

lg(y) —I|| < CKd*(x,y),

10098y || < CKp(z,y),
|0asgrell < CK.

Proof. This is a quantitative version of the well-known Taylor expansion of ¢ in

normal coordinates (cf. Berline et al. [8, Proposition 1.28]):

1
Jop(exp, (1)) = dap — ngﬁs(m)WU€ +O((IRm] + [VRm[)[ulP),  [lull < ¢/K.

Let (eq)%_; be an orthonormal basis of T, M; normal coordinates at x are defined
by identifying a point exp,(z%e,) with its coordinate vector (). Denote by 0, the

coordinate vector fields.

Step I: Representation by Jacobi fields. Define the geodesic segment with

unit parameter s € [0, 1]:

v(s) ==exp,(sv),  v(0)==z, ~F(1)=y, F(s)=—7(s)

Then Vi =0 and |[§(s)| = |v| = 7.
Fix an orthonormal basis (e,)%_; of T, M and parallel transport it along 7 to

obtain an orthonormal frame (E,(s)) along ~:

Let Js(s) be the Jacobi field along 7 corresponding to varying the initial point in

direction eg in the normal coordinate chart, i.e.
Js(s) := d(exp,)sw(ses) € Ty M.
Equivalently, J3 is the unique Jacobi field solving

V2Js+Rm(Jg, )y =0,  Jg(0) =0, V,Js(0)=es. (C1)



Note that in normal coordinates, 0s|, = eg and the geodesic variation exp, (s(v+eeg))
yields (C.1).
Write J3(s) in the parallel frame:

d

Jo(s) =Y Jas(s) Eals),

a=1

and let J(s) € R™ be the matrix with entries J,5(s). Since E, is parallel, (C.1)

becomes the matriz Jacobi equation
J'(s) +R(s)J(s) =0, J0O)=0, J(0)=1, (C.2)
where the curvature matrix R(s) is defined by
(R(s)w), = (R (D" wBuls),5(5) )3(5), Eals) )
It
From ||[Rm|| < K and |¥| = r we have
IR(s)II < K [9(s)* = Kr*, s €0,1]. (C.3)
In normal coordinates, the coordinate vector fields at y = (1) are
Oy = d(exp,)u(es) = J5(1).
Since the frame at s = 1 is orthonormal, the metric coefficients are

952(y) = D5y, 05y) = (J5(1), (1) = D Jas(1) Jary (1) = (JD)TI(1)) 5,

Hence, as matrices,

gy) = 3(1)1(1). (C4)



Step II: Control of J(1) — I via Gronwall inequality. From (C.2), integrating
twice and using J(0) = 0, J'(0) = I, we get the exact Volterra equation

J(s) = sl — /Os(s —7)R(7) J(7) dr, s €[0,1]. (C.5)
Taking operator norms and using (C.3) gives for s € [0, 1]:
Bl < s+ Kr? /OS(S =) 3] dr-
A standard Gronwall argument yields
1J(s)| < Cs and |V (s)|<C  forallsel0,1], provided r < ¢/VK. (C.6)
Now subtract s/ in (C.5):
J(s) — sl = — /Os(s —7)R(7) J(7) dr.
Using (C.3) and (C.6),
1 1
PO =11 < [ =D RNl < ¢ [ (1= @) rar < oxr
Combine with (C.4):

g(w) =1 = (OO - 1) = (J1) - 1)

lo(y) — Il <€) — 1| < CEKr*. (C.7)

Step III: Control of first derivatives. We first control d,J(1) as a function
of the coordinate v. Let v — J,(s) denote the Jacobi matrix for the geodesic
Y0(s) = exp,(sv). Differentiate the ODE (C.2) w.r.t. v*:

9,J" + RO.J = —(9.R) J, 9,4(0) =0, 8,J(0)=0. (C.8)

Bound on 0,R. Recall R(s) represents the operator u — Rm(u, )% in the parallel



frame. Varying v changes both v and ; the corresponding variation field V,(s) :=
Oaw(s) along 7 is itself a Jacobi field with V,,(0) = 0, VV,(0) = e,, hence by the

same estimate as (C.6)
Va(s)l < Cs,  IVVa(s)ll < C. (C.9)

Using the product rule on Rm(-,4)% and our Assumption 2, together with |§| = r

and (C.9), one obtains the uniform operator bound

[0aR(s)| < C<||VRH1H [Va(s)|| 147 + R [ 4] Hacd(S)H)
SC’(K~S~T2+K-T-1)
< CKr, (C.10)

for all s € [0,1] (since s < 1). Here we used 0,7 = ViV,
Now solve (C.8) by the same Duhamel principle: integrating twice with zero

initial data gives
Du)(s) = — /0 (s — 7 (R(r) 0.3(7) + (@.R)(7) J(r)) dr. (1)
Using (C.3), (C.10), and (C.6), we obtain

10ad(s)]| <Ir? / (s — ) |0 ()| dr + C K / (s — ) 1)) dr

gm?/ (s — 7) [0.3(7) | dr + CKr 5°.
0

Apply the same Gronwall comparison as before (now with a forcing term CKr s%) to
conclude, for r < ¢/VK,
10, J(1)|| < CKr. (C.12)

Finally differentiate g = J'J:

00g = (0ad) "I+ 17 (0,J),



so by (C.6) (at s =1) and (C.12),
10ag (W)l < 2[[ 03 (W[ M) < C(Kr) -1 < CKr (C.13)
Step IV: Control of second derivatives. Differentiate (C.8) once more:
Oapd” + ROupd = —(045R) J — (04R) 05 — (05R) D d, (C.14)

with zero initial data at s = 0.
Bound on 0,5R. Under Assumption 2, 0,5R can be bounded uniformly by CK on
0, 1] as follows: expanding the second parameter derivative of Rm(-, )7 produces

terms of the schematic form

and also terms involving V4 (9V), all of which are controlled using [|V|| < 1, ||VsV|| <
1 and the fact that each appearance of % contributes a factor r. Concretely, one shows

(using (C.9) for both V,,, V3 and the same Jacobi estimates for their derivatives) that
|0a5R(s)|| < CK  for all s € [0, 1]. (C.15)
Now apply Duhamel’s principle to (C.14) with zero initial data:
Dus(s) = — /0 (5= 1) (ROusd + (@05R) J 4 (8uR) 95 + (5R) o) (7)
Take norms and use (C.3), (C.15), (C.6), (C.10), (C.12):
[0uad(s)] <K [ s = ) 0usd(r)] dr
+ C’K/Os(s —7)|[J(7)]| dT + C’(Kr)(Kr)/OS(s —7)dT.

Since |[J(7)|| < C7, the second integral is bounded by C'Ks® and the third is
bounded by CK?r?s? < CKs? provided r < c/\/E Thus for s <1,

10agd(8)]| < KTQ/ (s =) 0apd(7) |l dT + CK.
0



Applying Gronwall argument once more yields
10apJ(1)|| < CK. (C.16)
Finally differentiate g = J7J twice:
Bapg = (0apd) "I+ 3" (8apd) + (9ad) T (95d) + (85d) T (9ad).
Hence by (C.6), (C.12), (C.16) (and K?r? < CK for r < ¢/VK),

10apg (I < ClIdagI (W] - I + ClIIM[ 0sI(V)]| < CK + C(K7)* < CK.
(C.17)
This completes the proof. O

Lemma 24. Fix x € M. Define

J(z,u) = |detdexp,(u)| = \/detgij(expm u).
There exist universal constants c,C' > 0, such that for u € T, M with ||u]| < &, we
have the following bound on J(x,u):
‘J(:)s,u) - 1) < CdK ||ul)?. (C.18)

In particular, we have

c
<J <2 < —.
< I <2l < 7

N —

Proof. Work in normal coordinates at x so that exp, : Bew(0,1/K) C T,M —
Bgeo(,1/K) is a diffeomorphism and g;;(0) = &5, I'};(0) = 0.
From Lemma 23, we know that |g(exp,u) — I|| < CK||u||*>. In the region

|u]| < %5, we have

lg(exp, u) = 1] <

IS oY



Therefore, by Taylor expansion of determinants, we know

|det g(exp, u) — 1| = |det(I + g(exp, u) — I) — 1|
< Ctr(g(exp, u) — I)
< Cd-|lg(exp, u) = 1]
< 0d-CK]|ul*

This concludes the proof by adjusting C' if necessary. n

The metric distortion bound implies that geodesic is almost a straight line, in a
sufficiently small normal neighborhood. The following quantitative bound shall be
useful.

Lemma 25 (Geodesics are almost straight in small balls). There exist coefficients
¢, C' > 0 polynomial in d and constant in other parameters, such that the following
holds. Fix anyx € M and let 0 <r < c¢/K. Lety,z € B,(r) and v be the unit-speed

geodesic connecting y to z. Write
y(s) = exp; ' (y(s)) € LM ~ R*

for its representation in normal coordinates at x. Then:

(i) (Almost constant velocity)

sup |9(s) — y(0)| < CKr.
s€[0,4]

(ii) (Almost linear trajectory)

sup |y(s) — y(0) — sy(0)| < CKr®.
s€[0,4]

In words, in normal coordinates at x, any geodesic segment contained in B, (r)
deviates from the Euclidean line segment connecting its endpoints by at most O(Kr?)

in position and O(Kr?) in direction.

Proof. Work in normal coordinates at x. By bounded geometry and the choice of r,



the metric coefficients satisfy, in view of Lemma 23, that
lg(y) = Il < CKlyl*, 09wl < CKlyl, |yl <,
which implies the Christoffel symbols obey

IT(y)| < CKly| < CKT.

The coordinate representation y(s) of the geodesic satisfies the geodesic equation

J(s) + T3 (y(s)) ' (s)i (s) = 0.

Since + is unit—speed and ¢(y) is uniformly equivalent to the Euclidean metric on

ly| < r, we have |y(s)| < 1. Consequently,
14(s)| < CKr for all s € [0, ¢].
Integrating once gives
99) ~ 9O < [ liw]du < CErs < OKr?
0
proving (i). Integrating again yields

ly(s) — 5(0) — 5§(0)] < / / li(w)| dwdu < CKr s < CKr®,
0 0

which proves (ii). O

We spell out the constants in a few classical inequalities in geometric analysis.
Lemma 26 (Schoen and Yau [105, Thm. 4.6]). Let (M, g) be a complete Riemannian
manifold with Ric(M) > —K for some K > 0. Let H(x,y,t) be the heat kernel, i.e.,
the fundamental solution of (A — 2)u(z,t) = 0. Then, for every dsa, > 0 and a > 1,

2
H(t,z,y) < C(dsen,d, ) Vw(\/g)_l/QVy(\/%)_1/2 exp —%%—Cﬁ dsen Kt |,

where Vy(R) = pu(By(R)), C(dsen, d, ) = (1 4 dsen)™ exp(32), and C; = 2L

5Sch a—1"




To unleash the power of Lemma 26, we need the following lower bound on volume
of geodesic balls assuming bounded geometry.

Lemma 27 (Giinther’s comparison theorem). Under Assumption 2, we have

Va(r) > (2m)" / (M> 7 dt, 0<r<1/K.

[(d/2) VK

Here T is the Gamma function. In particular, whenr < c¢/K for some small universal
constant ¢ > 0, we have

/2

s 1
> d> d
Valr) 2 Jramy” = @r"

Proof. We observe that ||[Rm|| < K implies that the sectional curvature is upper
bounded by K, since by definition sec(u,v) = Rm(u,v,u,v). The first inequality
follows from the classical form of Giinther’s comparison theorem, see for example
Gray [40, Theorem 3.17]. The second inequality follows from the elementary bound
that sin(z) > 3z for « € [0, ¢], where ¢ is a small universal constant, and the crude
bound I'(z) < z*~! for z > 1. O

A complementary lower bound to Lemma 26 is as follows.
Lemma 28 (Li and Xu [73, Thm. 1.5]). Let (M, g) be complete, possibly with
Ric(M) > —K. For the (Neumann) heat kernel H(z,y,t) and all x,y € M, t > 0,

2K t)4/? p(x,y)? Ktcoth(Kt) — 1

> —d/2 ( _ U

H(t w.y) = (4rt) (2Kt _ 2t — 1)d/d eXp{ 4t (1 + Kt )} ’
2 d

H(t,z,y) > (4rt) exp[ m (1 + 3Kt> 4Kt (C.19)

The above bounds for heat kernel translates seamlessly to p;, since p; is a
convolution of py with H(¢,-,-). We formalize this in the following lemma.
Lemma 29. We have

inf H(t,z,y) < inf py(z) < su x) < sup H(t,x,y).
(b Htwy) s inf ple) < sup pulw) < sup H(E,z,9)

Proof. This follows from taking infimum and supremum respectively in the formula



(Duhamel principle)
p) = [ m(@HE (o)
M
[

The following lemma compiles a few follow-ups of Li-Yau estimates [45, 47| with
constants made explicit.

Lemma 30. Under Assumption 2, we have Han-Zhang’s inequality

V2 1
i =< Chz (— + K) (1 + log —suppt/z) .
Dt t Dt

On the other hand, we also have Hamilton’s Harnack inequality

2 T
V2log p; = Vo _ (V) (Vpr) o 1 (1 +log SUPPt/Q) g

~ —=9— CYH m
Dt pf 2t ’ y2

and

p; D

Ve l? 1
IV10g a2 = V2 < ¢ (; + K) log "2,
¢
Here C' > 0 is a universal constant, Cyz = CdK, Cham = CdK?2.

Proof. The last inequality follows from Hamilton [45, Theorem 1.1]. The proof of
the rest two inequalities require tracing the proofs of Hamilton [45], Han and Zhang
[47]. The details would be too tedious to reproduce here, so we leave pointers to
relevant proofs for interested readers.

To prove the second inequality, we trace the proof of Hamilton [45, Theorem 4.3]
to see that if A > 0 is such that

Apmpe < ? <d+log suppt/2)

Dt Dt
and R 4
su
I p;H <2 <d—i—1 ppt/Q) 7
Pi t Dt
then

V2p; _ (Vpd)(Vpy) "
b Dy




Here C' > 0 is an absolute constant. By Assumption 2, this implies
Cham < CKChyz.
Tracing the proof the main theorem in Han and Zhang [47, Page 9|, we can see
Chz < Ciy(1+ K) = CdK,

where Cly is the maximum of the coefficients before t~! and K in Li and Yau [75,
Theorem 1.2]. This was explicitly defined as Cd therein, by setting o = 2 there.
This completes the proof. n

Lemma 31. For any three points x,y,z € M, we have

pz,z)? N p(z,y)?
1—¢ ¢

> p(z,9)?, vVt € (0,1).

The equality is attainable at some point z, on the minimum-length geodesic from x
to y. Moreover, if x,y,z are within ¢ < 1/poly(d, K) distance to each other, then
the function

wie) = P2 PEIE

18 %_ngb—stmngly convezx in the normal coordinates at x (ory), where C' >0 is a

universal constant.

Proof. The first inequality follows from Cauchy-Schwarz inequality and triangle

inequality:

(1—t+1) (”(1_2 ¥ p(z;w) > (ol 2) + p(e,0))? > ol )

Let 7 : [0,1] — M be the constant-speed, minimum-length geodesic from x to y. It
is then straightforward to check that

p(x,z* ? p(z*ay 2
DE) BB, =0,




where A\, € (0,1) solves the quadratic equation

A2 (1))
—i

=1

Proving the strong convexity requires Lemma 23 and Lemma 24, which implies
that p(z,2)? and p(z,y)? are both (1 — Cd*>K?i)-strongly convex in the normal

coordinates. The desired conclusion then follows from

1 +1_ 1
1—t ¢t t(1—t)

The proof is completed. O

C.2 Initialization error

We require the following result from Urakawa [119, Proposition 2.6].
Lemma 32. Denote H(t,x,y) the heat kernel on M. Assume

A = sup sup tY?H(t, x, x).
t<l zeM

Then for any probability distribution pg, its evolution along heat flow Op; = %AM
satisfies

TV(p ) < VAe 2D 1>,

We combine this with the Li-Yau upper bound (Lemma 26) to obtain
Lemma 33 (First part of Lemma 9). Under Assumption 2, there exists a universal
constant C' > 0 such that

TV(pn, 1) < eC(K+d 10g(Kd))e—ﬁ(T_%) ‘

Proof. Plug the bound in Lemma 27 into Lemma 26 and use the fact that the

supremum of heat kernel sup, , H(t, z,y) is decreasing in ¢ (by convolution inequality),



we obtain

A< (Cd/K)%eCK
<exp(C'K + C'dlog(Kd)),

for some universal constants C, C' > 0. Note that we absorbed d log K into K +dlogd.
The desired claim follows. O

C.3 Score matching error

We now prove the second inequality in Lemma 9.

Lemma 34. Under the same assumptions as in Theorem 4, we have

Z [ B, 08 = i, O < 22
te—1

Proof. This is relatively straightforward. Notice that in normal coordinates, by

Lemma 23, we have

||‘5ﬂtk7ytk (Y;f) - tZ,Ytk (Y;f)||2 = gaﬂ(yt)(gt - Vlogpt)a(étk (}/tk) - Vlogptk (Y;fk))ﬁ

< |lg(Yo)ll - 1134, (Yz,) — V log pr, (Vi) |I?
< 2||§tk(Y;fk> - V1ngtk(ytk)“2

for p(Y:,Y:,) < ¢/K, and is 0 otherwise due to our cutoff n,. Therefore
B[l v, (V1) = Fir v, (VOIP < 2E|13,, (V) — Viogpy, (Y3,

and consequently,

123
| B 00 = Zi, () Pt

Mz

£
Il

1

N
Z te — th—1 E”Stk(nk) VlOgPtk(YtQH = 2€score
k=1

This proves the claim, as desired. [



C.4 Discretization error

Lemma 35. Under the same assumptions as in Theorem 4 and assuming (5.3)
without loss of generality, there is a universal constant C' > 0 such that for ty — h <

t < t, we have

E[[Viogpi(Ye) = 75y, VDI” < —5—(t — 1),
Proof. For convenience, set the reverse time
T =1, — 1.

The main challenge is that Li-Yau estimates provide sharp uniform control up
to second-order derivatives of logp,, but a naive calculation of the difference
Viog p(Yy) — Z’;Ytk (Y;) involves third-order derivatives. More precisely, a straight-
forward Taylor expansion will introduce a factor of 0,V log p;, which, by reverse-time
heat equation 0.p; = —%A MPt, contains third-order derivatives of p;. We bypass this
difficulty by making use of 1t6’s calculus to show that third-order derivatives cancel
out; this is inspired by Benton et al. [7], where a similar strategy was employed to

the Euclidean setting.

Step I. Applying Itd6/Stratonovish formula. We first compute 0,V logp;.

Since the forward heat equation is O;p; = %A MPt, we have

0 1_ /A
0. Viogp = —dVlogp, = —V (t_pt> _ 1y ( Mpt) |
ygs 2 Pt

Use the manifold quotient rule and the identity Ay logp, = % — [V log p¢|]? to

rewrite
AMPt

D

= A log py + ||V log py|>.

Therefore, we have

1_ /A 1 1
O.Vlogp, = —=V ( Mpt) = ——VAumlogp — =V||Vlogp
2 D 2 5

1
= —QVAM log p; — V2 log p; - V 1og py.



On the other hand, it is straightforward to calculate

Vi, (V) (V)"
Pt 2 .

VZlogp, =
Now, from It6’s formula, we know
AV log p;(Y;) = (9,V log p)(Yy)dr + V7 log pi(Y:)(V log p(Yy)d7 + Uy, o dW3)
1
+ §AMV log p(Yy)dr
1
= —§VAM log p,dr — V?log p; - V log p,dr + V2 1og p, - V log p,dr
1
+ V2log p; - Uy, o dW, + §AMV log pydT
1
= 5(AmV = VA log pidr + Vlog p; - Uy, o dW,

1
=3 Ric*(V log py, -)d7 + V2 log p; - Uy, o AW,

where the last line follows from Bochner’s identity (AyV — VA f = Ric(Vf, ),
and Ric? denotes the (1,1)-tensor obtained by raising one index in Ricci curvature.

Notice here the cancellation of third-order derivatives.
On the other hand,

1
A5y, (Y0) = V.75, (V) - (Vdogpudr + Uy, 0 dW)) + S A0Sy, (Yi)dr.

In normal coordinates, .7 y, is a constant vector field inside B (0,w/3), therefore

we have (cf. Lemma 22):
Voayt:,sz (Y;f)ﬁ = ng‘gﬂt:,nk (Y;t)7 = Fngv logptk (Y;k)v p(Yiv Ytk) < w/?),
and similarly, when p(Y;,Y;,) < w/3, we have

A, ()" = = R, 9 logp (1)

— 977 (9T + T2 5 + TETS, ) Velog py, (¥3,).



Step II. Bounding the coefficients. Combine the above formulas with the

estimates given in Lemma 23, we obtain for some universal constant C' > 0:

IRic*(V log pr, )| < CKI|V log pi(Y7)]],
|V, || < ORIV 108, Vi)l 0¥ Yey) < w2

|ans v, | < CRAIV 108, (Vi) oY Ysy) < /2.

Outside the geodesic ball By, (w/2), the field 7 v, 18 non-zero only inside
By, (w). Between these two balls, we have to take into account the radial derivative
of the cutoff function 7,,, whose first order derivative is bounded by Cw~! and second
order derivative by Cw™2 by our construction of 7, (recall that || + |n”| < 100).
Apply Lemma 22 and Lemma 23 again, this time we bound

|V,

‘ < CKw™ |V logps, (Y2l

|ans v, || < K229 log (Vi)

We now apply Itd’s formula on manifold (i.e., take expectation and invoke the
martingale property in (5.1)). We set up some shorthand notation for simplicity.

Define
& = E||Vlogp(Yy)[|? + E[V log py, (Y, )11 + E|[V log py (Y1) I,

Fi = E|Viogp(Yy)[[* + E||V log py, (Yi,)[I* + E[|V log pi(Y2)[|*,

and

G =E [([[V1ogpe(YO)lI? + IV log py,, (Y, ) I* + 11V log pe (Y IP) Lipvivi, /sy ] -



Then apply It6’s formula and collect the above bounds to see (cf. Benton et al. [7])

2

kYt

’%E((wogmm — oy (V)

< CK%E, + CK*Ww™2G,
< CK*6, + CK*w* F [PV, Y,,) > w/3)

1 ’ Sup ps;2 _
< CK*d —+dK2> Elog! 2= (1 +w 3/P(p(Y:, Yi,) > w/3) ) .
- <t e N 078 B VROV, Ye) > w/3)
(C.20)

Here the last line follows from Lemma 30.

Step III. Controlling expectations via Chebyshev and Li-Yau estimates.

To bound Elog* 2222 we note that

ps(Ys)
1 1
E{— ) = —nd :/d =1.
<pt(Yt)> /ptpt . a

By Chebyshev’s inequality, we have

and then

< C.

We then apply Li-Yau’s estimate (Lemma 26) combined with Lemma 27, Lemma 29
to obtain sup log ps/2 < suplog H(s/2,z,y) < dlog % + K's, where the first inequality
follows from p, /2 being the convolution of py with H(s/2,z,y). These together shows

CdK*

4
4S“pp5/2g(0dlog5l+01(s) <=
S

ps(Ys)

Elog



Here we used logg <(C (§)1/4’ and s >t > 0.

Step IV. Controlling exit probability via stopping time. It remains to
bound the probability P(p(Y;, Y:,) > w/3). This would follow from a stopping time

argument. We claim that given ¢, — ¢t < h, we have

2
PPV Yi) > 0/3) < oxp (25, ) <t (1)
. —
where the last inequality follows from (5.3). Plug this back into the desired conclusion
of the lemma is proved.
We now prove (C.21). Let o be the largest ¢ < t; such that p(Y;,Y;, ) > w/3. We
have

P(p(Y;,Yy,) > w/3) <P(o > 1).

In the interval [0, #4], ¥; stays in the geodesic ball By, (w/3), and follows the SDE

(5.2). In normal coordinates, this can be spelled out explicitly:

dY;* = V* log pi(Yy)dt + A5(Yy) o AW/

1
— (va log pe(Y?) + 5(07/1%)1457) dt + Agdw/, (C.22)

where A is the square root of the matrix representing the coefficients of the Laplace-

Beltrami operator
1

Vvdet g
It can be checked with the help of Lemma 23 that ||[A — I|| < CdKw?, and

10,4]] < Cd? Kw; we omit the computation that has a similar pattern as many of
Sup; /5
t

Oa(y/det g - g*70p).

the previous arguments. Furthermore, we have ||V log p:(Y:)|| < (67! + K) log
by the same argument via Lemma 30 as before. This time we combine the uni-

form bound provided by Lemma 28 with Lemma 26 to conclude logsupp# <

(071 + K + dlogd)? Diam(M)* < (67! + K + dlogd)?K*? by Assumption 2. This
shows
sup |[Viogp|| < (671 + K + dlogd)* K. (C.23)

Therefore, in view of Lemma 23 to convert the above bound to normal coordinates,
and together with the aforementioned bound for A and 0,A, we see that the drift



term up to time o will not exceed

1
sup||V* log pi (V) + 5(8714};)14[”“ (tp—0) OO '+ K +dlogd)*K*(ty —0) < ;’—2
(C.24)
where the last inequality used (5.3). On the other hand, the bound on A implies

that the quadratic variation of the martingale part does not exceed
tg
/ ASAYAE = 2(ty — o).

By Burkholder-Davis-Gundy inequality [97], the tail of f;’“ Agth’B is O(1)-subgaussian,

thus we have
b w —c(w —24/p(ty — t))?
P(o> H Axdw’l|l > =) < .
(a_t, /J ﬁth > 12) _exp< P

In view of (5.3), combine this with (C.24) and (C.22), we have proved (C.21) as

claimed. O

Lemma 36. Under the same assumptions as in Theorem 4 and assuming (5.3)

without loss of generality, the discretization error obeys the following upper bound:

N ty CdS K8
S [ EIVIogn(y) - 7y, ()P < SN,
k=1 tk—1

where C > 0 s a universal constant.

Proof. This follows directly from Lemma 35. O

C.5 Brownian motion simulation error

In this section, we handle the Brownian motion simulation error using the machinery
of Minakshisundaram-Pleijel parametrix. A complete introduction to this heavy
machinery would require establish a whole system of notation and lemmas in geometric
analysis, which is unduly burdensome. We instead refer the interested reader to
Berline et al. [8] for a comprehensive treatment, and point to results there whenever

needed.



C.5.1 Overview

Our aim is to prove the following lemma.
Lemma 37. Under the same assumptions as in Theorem 4, and assuming (5.3)

without loss of generality, we have
TV(p3*™, q5) < VAT poly(d, K,01).

To better explain the idea of the proof, we ignore the rejection sampling procedure
in the construction of Ek temporarily. Our starting point is the observation that by
Fokker-Planck equation, /€k is the heat kernel associated to the Euclidean Laplacian
with drift .4, y, , in normal coordinates. On the other hand, K3 is also a heat
kernel with the same drift, but associated to the manifold Laplace-Beltrami operator.
The following lemma shows that the two solutions coincide up to first order in time,
at least in a polynomially small neighborhood of initial point and in a polynomially
short time.

Lemma 38. Let F™(t, z,y) be the (generalized) heat kernel for the operator H =
5AMm + (Fiw,» V). Define the Euclidean density

1 lu = i, (@)1
WW:W“"(‘ w ) uenM

and let ®(t,z,y) be the density of the push-forward by exp, of n,p:(-;x) with respect

to the volume measure, where n,, is the cutoff function defined in (5.4). Then there

exists polynomial poly(d, K') with universally constant coefficients, such that for all

0<t< W and for all p(y,Y;,) < 2112, we have
FA(L, Y, y)
——2 1| < poly(d, K,5 )t
O(t, Yy, y) ! )

With Lemma 38 in hand, it is tempting to calculate the KL error with the



following heuristic:

. o(h,Y;,,")
aux gaux aux H y Lk
KL | 72K S B [P0 Y, og gy
FR(R,Y, ") 2
<E [ F*hy, =2/ _ 4
~ / ( y Lk ) ( (I)(h,lftk,)

< poly(d, K,071)h?,

where we ignore the fact that Lemma 38 holds only in a small neighborhood; the
first line is post-processing inequality, and the second line stems from the fact that

for two distributions p, ¢, we have

fot- o)
. /p(q;p _O(q;QP)Q)
oG

given ¢ — 1 is sufficiently small, where the last line follows from fp=[qg=1

From this, we conclude that the accumulated error along N steps is bounded
by poly(d, K)h?N = poly(d, K)hT, and the desired bound follows from Pinsker’s
inequality.

Apart from Lemma 38, the above computation is the essence of this proof. The
rest of this section is mainly devoted to proving Lemma 38, and then formalizing
the above computation by handling exceptional events of exiting the polynomially

small neighborhood.

C.5.2 Proof of Lemma 38: a parametrix estimate

We begin the proof of Lemma 38. For simplicity, denote by v the normal coordinate
representation of §, (Y, ). Naturally, our initial test solution is the drifted heat

kernel, as simulated by our discretized process:

1 |u — vt||?
or(u) = 2nt) 2 exp (_Q—t , u€R:



Before we compare this with the manifold heat kernel, there is one subtlety we
need to keep in mind. The density ; is with respect to the Lebesgue measure on T, M,
not with respect to the volume on M. We compute and define the corresponding

density on M as follows:

det dlog, y|*
O(t,z,y) = oi(log, y)VA(z,y), Alx,y) = ﬁ7 y € By(w).

Here all quantities are computed in normal coordinates. The factor A(z,y) is known
as the van Vleck-Morette determinant. From Lemma 23 and Lemma 24, we know
that

1
< < < — .
5 S Alry) <2, ifplz,y) Kd (C.25)

We consider the generalized Laplacian

1

As in Lemma 38, denote by F7 the heat kernel of H at time t; — t;_;. We also

propose an approximation of F* by
U(t,z,y) = G(t, z,y) exp(P(z,y)) v/ Az, y),

. 1 P’ (z,y)
G(t)xay) = Wexp(_ 94 )

where for any two point z,y € M, letting ~ : [0, 1] — be a constant-speed geodesic

connecting x to y, we define

o) = [ (S, 015D %V(S)>gds.

The auxiliary function ¥ bridges F'** and ® in the following sense. On the one hand,
we relate @ and ¥ with the following lemma:

Lemma 39. There exists a polynomial poly(d, K) with universally constant coeffi-

cients such that the following holds. For any 0 < r < 0<t<

1 1
poly(d,K,6-1)’ poly(d,K,6—1)



and for all z,y € By, (r), we have
y) —1y(,.3
— 1| < poly(d, K, )(r* + 1).

On the other hand, we have the following asymptotic expansion:

FP(t,x,y) = W(t,,y) - (1 + Ztiui(%y)> , t—=07,
=1

where u; are smooth functions that can be computed explicitly via a recursive formula
[8]. We will not need the formula here, but instead require u; and the remainder
terms to be bounded properly. Such bounds have been well-established, which we
wrap up into the following lemma. Recall the cutoff function 7,, with radius w defined
in (5.4). It is clear we can replace w with any ¢ > 0 to define a cutoff ), of radius «.
Lemma 40 (adapted from Berline et al. [8]). Fiz a positive « < 1/ poly(d, K'). There

exists a smooth function ui(x,y) on M x M such that
[ ]|oo + [Vt ]| < poly(d, K,571),
and for all 0 <t < 1/poly(d, K), y € B,(¢), we have

(0 — H) n(p(z, y)) U (t, 2, y) (1 + tus(z,9)]| < vyt 2,y) + 1yt 2,y),  (C.26)

where

1
T77<t7 €, y) < E pOlY(d, K)]lgﬁp(x,y)ﬁb G(t7 €, y>7 (0273‘)

TMJ(t’ €, y) <t pOIY(d7 K, 5_1)]lp(:c,y)§L G(ta Z, y) (CQ?b)

Proof. The inequality on wu; follows from Theorem 2.26 in Berline et al. [8|, with H
the same as our H and therefore F' = (7}, y, , V). Note that all the coefficients in H
are bounded in C* by poly(d, K)(1 + ||-7, v, lc>(m)), which is further bounded by

poly(d, K, ') as we will show momentarily. In fact, by Lemma 23 and Assumption 2,



(A3), we have

153, ez = 170w, e + IV Sy oo + 1V 7 v, Nl
< poly(d, K) w™*(1 + ||V log pr, (Y3,)]).

and then we control |Vlogp;, (Y3,)| < poly(d, K,071) via (C.23), yielding the
claimed bound (recall that w™' = poly(d, K') by definition).

We proceed to prove (C.26). We follow the proof of Theorem 2.29, item (iii) in
Berline et al. [8], and choose the cutoff function 1 there to be 7, as defined in (5.4),

and with the differential operator B defined in Berline et al. [8], we have

(0 = H) [2(t, 2, y) (1 + tur (2, 9))]]

1
< —poly(d) G(t,z,y) + t- Gt 2, y) - [(Byua) (. y)].

-~

::Tw

Vv
=iry, Vn, related terms

Here B, can be viewed as a coordinate-transformed version of H, applied to the
variable y (precise definition can be found in the reference), and us is the second
order term in the expansion. Similar to the argument we used to bound ||u], in

virtue of Theorem 2.26 in Berline et al. 8], we have
HQIUQHLOO(,LL) S pOIY(d> K7 571)'

The claimed bound follows from combining the above inequalities. O]

We now state the Volterra series representation of heat kernel.

Lemma 41 (Volterra series, Theorem 2.23 in Berline et al. [8]). Fiz a ¢ > 0. Let

\Ijl(ta flf,y) = UL(P(%Z/))‘I’(@ xay)(l + tul('%?/))a
Tl(tvxvy) = (at - 7_[) \I]1<t7xay)'

Define the time-space convolution operator x as

(f*g)(t z,y) —/O/f(t—S,x,Z)g(&z,y)u(dZ)dS-



Then we have

\1114—2 \111*7“1, where ri‘k::rl*u-*rl,
—_———

k times

on any domain such that the series on the right hand side converges absolutely
uniformly.

Lemma 42 (Iterative bounds for Volterra series). There ezists a polynomial denoted
by poly(d, K,071) with universally constant coefficients such that the following holds.
Assume 0 <t < 1/ poly(d, K.671), take v = 4t°/'2d in the definition of U. Then we
have, for all p(x,y) < t°/'2 = 1/(4d), that

Z“I’I*H (t,x,y) <t-poly(d, K,0 ') G(t,z,vy).

Proof. Recall Lemma 40, and denote by P the polynomial factor poly(d, K) therein.
Denote by AAF the dilated standard simplex

k+1
AAR = {(s1, -+, sp41) 0 8 > O,Zsi =A}, A>0.
Fix some k > 1. Set zg = x and zp = y, we have

k
k pk
‘\111*7‘1|txy <t*P Akls/./\/tk—lzll

1 Zi—1,%4 L _
X (1{p(zi17%)9} + M)] pEED(d2),

G(Sz‘, Zi—1, Zi)

LS;

(C.28)

We split the integral in (C.28) into a local part and an outlier part. Define a small

“local” region

={(z1,  ,z-1) : p(zi, ) <20, pzima, ) < 0f2, i=1,-- k}.



We further define

Lioc() ::/R (HG(si,zi_l,zi)> u®(k_1)(dz),

k

1 _
IOUt(S) = /72 (H G(Sia Zi—1, Zi>]lp(zi,1,zi)§L (1 + E]lp(zil,zi)>L/2>> ,u®(k 1 (dZ)
c 1 i

It is clear that

‘\Ill * rfk| (t,z,y) < tkPk/ (Lioc(s) + Lout(s)) ds. (C.29)
tAk—1

We will establish bounds for I, and I, respectively.

Bounding the local integral. For ease of understanding, we begin by computing
the first integral in [, with respect to z;. Extracting the factors containing z;, we

need to calculate

1 1 , 2 ’ 2
/ ( e exp <_P(x )" pla, 22) ) (dz). (C.30)
{p(z1,)<20}

27s1)%?2 (278, 251 25,

To proceed, we will invoke Lemma 31. Let z, be a minimizer of

pz, 2)* Pz, 2)?

Vi) = s1(s1+ s2)71  sa(s1 + s2)

1 p(xv Z2)2‘

By Lemma 31, V(z,) = 0. Since V(z) > 0 whenever p(x, z) > p(x, z3), we know that
2, € B,(2t). Moreover, Lemma 31 and Lemma 23 together imply

(81 -+ 82>2
S1S2

V(z) > (1 —-Cd°K?%) - p(z,2)% Vz€ By(4).

Here, the second inequality follows from strong convexity given by Lemma 31 and
a comparison of geometric distance and Euclidean distance in normal coordinates

fueled by Lemma 23. Denote for the moment that

0:=1—Cd*’K?*.



Plugging this back into (C.30), we obtain

1 1 p(z, 21)2 p(z1, 22)2
— — d
/ <o (2m81)%2 (2759)4/2 b 251 259 p(dz)
{p(z1,2)<2}

— / 1 1 exp (_M> p(dzy)
{p(z1,)<2} (27T81)d/2 (27T82)d/2 2(81 + 82)

</ : ! exp st saplz, 2] pleza) p(dz)
- {p(z1,x)<2} (27T81)d/2 (27T82>d/2 28182 2(81 + 82) !

p(z, 22)? / 1 1 0(s1+ s2)[| 2]
<4 - — dz
= 26D ( 2(s1 + 32)) (2751)/2 (2755) /2 exp 25189

. ) . d/2
— 4(9 d/2G . 21 - 192
(2m(s1 4 52)) (514 52,7, 2) (2751)%/2 (2ms2) /2 " 0(s1 + s2)

< 40_d/2G(31 + S92, 1, 229),

where the third-to-last line follows from change of variable to normal coordinates
at z, and from using (C.25) to bound the determinant; the penultimate line follows

from Gaussian integration. Now, we note that
02 = (1 — Cd®K?1)"%? < exp(2Cd*K?1) < 2,
give 1 < m. Putting these pieces together, we proved

1 1 0(35721)2 0(21722)2
— — d
/{p(zl,m)SQL} (27T81)d/2 (QWSZ)d/Q exp ( 251 25 p(dzy)

S 8G(81 + S9, @, 22).

Iterate the above argument for the integration over zp,--- , 2;_1 to obtain
k
Loe(s) < 8"- G (Z si,w,y) = 8" G(t,x,y). (C.31)
i=1

Bounding the outlier integral. Next, we show how to control I,,;. We first

write
k

k
1 p(zi1, %)
G(siszi1,21) = —————-exp | — 7 1. C.32
N [T p( 2 €3



We claim that for any z € R°, we have

k 2

— p Zi—1, Zz 1 L
T= HGXP ( d +1 ) ]lp(zifhzz‘)ﬁb (1+E]1P(Zi17zi)>b/2> < exp (_ 16td) .
(C.33)
The claim is proved at the end of this proof. It is tempting to plug this back into

(C.32), and argue that when ¢ is polynomially small, the integrand in I, becomes
exponentially small. However, this would not work since it does not resolve the

/2

singular factors Hk 15 in the integrand. For this purpose we need the following

crucial “freezing” trick, which follows trivially from 1 = 3= d Tt I +1

1

k
HG Siy Zi—1, Zz p(zi—1,2:)<t <1 + — ]1 p(ziz1 Zl)>L/2>
i=1

k
— (H(l + d_l)d/QG((l + d_l)Si, Zi—1, Zi)ﬂp(zil,zi)<L) T

=1

The idea is to keep the Gaussian behavior to resolve the s; 4/2 factors, and only single
out a very small proportion to demonstrate exponential smallness. Plug (C.33) into

the above identity to obtain

L2

k
X /C H [(1 + d*l)d/zG((l + d”)si, Zio1, Zi)]-{p(zi_l,zi)SL}} M@(kq)(dz)_

Integrate successively for each variable, convert to normal coordinates, and apply

Lemma 23, Eqn. (C.25), and Gaussian integration as we did in bounding I, we

obtain
k
/ (H G((1+d ")si, 21, Zi)]]-p(zil,zi)<L> p®E=(dz)
“ \i=1
< 8F(1+d~1)/2(ct) Y2 < 32%(et) /2,
Therefore

2

Towt(s) < 32F(ct)=%2 - exp <_1ELit d) < 328G(t, 1, y), (C.34)




where in the last inequality we used the assumption p(z,y) < t°/'2 = 1/(4d) and t <
1/ poly(d, K), so that exp(—:?/(32td)) < exp(—p(x,y)?/(2t)) and exp(—:?/(32td)) =
exp(—3dt=1/%) < (2mt)=9/2.

Putting things together.  We plug the bounds (C.31) and (C.34) into (C.29)

to obtain

| Uy % 7] (8,2, )] < tkPk/ (8% + 325G (t, z,y)ds

tAk—1
40
(k—1)!

< (40t)** 1 PFG(t, , y).

The desired conclusion of Lemma 42 follows from the above inequality by summing
over k and taking t < 1/ poly(d, K).

Proof of Claim (C.33). For z € R, let
J={i:p(zii1,zi) >1/2},

By definition of R, either J is nonempty, or there is iy such that p(x, z;,) > 2¢. For
1 € J, we note that

p(zii1, 2)? 1 02 1 L2
AL N ) < — 1+ — )< —
xp ( 2s;d ) < + 1si) P 8s,d + 1si ) P 16td )’

(C.35)
where the last inequality follows from s; < t, ¢ = 4t°/12d, and that t < 1/poly(d, K).
When J is nonempty, we readily deduce (C.33) as all the other factors are < 1.

When J is empty, let iy be such that p(x, z;,) > 2¢. We apply Cauchy-Schwarz

to obtain

Z p(ZiSl,’ zi) > Zkl - (Z p(zi_l,zi)) = % (Z p(zi—I,Zi)> .

v i=1

Then, by triangle inequalities, we have

io k 2 2
B p(zii1, i) 20
;1 p(zi1,2i) = p(20, 2iy) = p(,2i,) > 2, therefore ;1 e > ik



The desired claim (C.33) follows immediately, given that J is empty. [
We now have all the ingredients to prove Lemma 38.

Proof of Lemma 38. This follows immediately from Lemma 39, Lemma 41 and
Lemma 42. Note that in applying Lemma 39, we used r < /12 thus ® < ¢7/4 <
t. [

C.5.3 Proof of Lemma 39

By definition, we can compute

Dt

T = exp (o) v = vl ) exp (< olPt/2).

Note that ||v]| < C||Vlogp, (Y, )| by Lemma 23, which in turn is bounded by
_ 1 1

poly(d, K,6~1) by (C.23). When t < oy (RS < o]

1| < ||v||*t < poly(d, K, 1)t. Therefore, it suffices to show

=, we have [exp(—|[|v[*/2) —

‘(Ing y) ‘U= w(% y)’ < pOIY(d’ K’ 671>713'

Recall the definition of ¢). Note that since r < W,

poly(d, K, 57 1) is sufficiently large, the geodesic 7 from z to y is unique and is inside

when the polynomial

By, (r). In the normal coordinate on Y;, within radius r, the vector field ., v, is
represented by the constant vector v. We also recognize that in normal coordinate,
(1) —v(0) = log, y. We thus have

|(log, y) - v — ¥(z,y)| = |dasv™(¥7(1) — 7°(0)) —/0 gaﬁ(v(S))vagvﬁ(S)dS

| usta(s) = 8 7 s)as

<C [ latao) =71 ol - I (s s

< Clo] - pla.y) / CK (sp(z,y))*ds

< poly(d, K,6 "p(z,y)?,

as desired. Here the penultimate line follows from Lemma 23.



C.5.4 Proof of Lemma 37: handling exceptional events

Proof of Lemma 37. Recall that
A = pRKIR - K
and
Qo = PnKNKn—1 -+ Ky

We need to compare the kernel 3" with /Gk, k=1,--- N. To apply Lemma 38, we
define two auxiliary kernels /EZUX, /Ek that are “localized” version of 3" and Ek We
show the auxiliary kernels are close to Kj** and I/C\k respectively in total variation,

and establish bound on KL(K2** || K). Denote
Ro={y € M:p(z,y) <h?}, R = M\R,.

Recall the notation ® in the proof of Lemma 42. To distinguish the kernels at
different step, we denote ®;, as the corresponding ® at step k. Define IEZ“X, /Ek by

K™ (x, R3)

~3UX — aux ]1 ]1 .
K3 (z, dy) = K3 (x, dy) 1=, (y) + RO p(dy)lze,

~ f CCI)k(h7ZL',Z)M(dZ)

Ki(z. dy) = ®4(h, 2, y) g, (y) + = RS p(dy) g,

By converting to normal coordinate and invoking Gaussian integration in the same

way as in the proof of Lemma 42, we obtain

n(~gi) < |,

When h < 1/poly(d, K,671), it is apparent (e.g., follows from Gromov’s volume
comparison theorem) that u(R*) < 1/2, thus

1
Op(h,z, 2)pu(dz) < exp(—m). (C.36)

&
T

< u(Rz) < p(M) = 1.

| —

We observe that I%k differs from K by a rejection sampling with radius h'/4. With

the above bounds and the same Gaussian integration technique, we see that the



probability of rejection is bounded by

o hi/4y2 1
P(rejection at step k) < exp(— 6h ) < exp(—W). (C.37)
Summing up, We readily obtain
~ =~ 1
TV(’Ck, ICk) < eXp | — 16h1/6 . (038)
On the other hand, by using the stopping time argument as in the proof of (C.21),
we have
aux (& 1

Therefore, the following TV bound is obvious:

aux Naux 1

Now we compute KL(EZUX(I, ) Kila, -)). By definition, we have

I%z;“x (x,dy)

-

=T

+ <log K™z, Rs) )ic’k(x,R;).

LR (0, ) | Batr) = [ <1og

N

) K3 (x, dy)

ng Oy (h,x, z)u(dz)

L2

We control the two terms separately.

Controlling 77. We invoke Lemma 38 to see

K3, dy)

= —1

< poly(d, K,6")h.




Therefore, we use the elementary fact that log(1 + x) > x — 222 for x € [-1/2,1/2]

to obtain

Og’Ck (w,dy) _ | Kale,dy)

= g ="
Ki(x,dy) K2 (2, dy)
~ ~ 2
K™ (x, dy) K™ (x, dy)

<1-=
K (, dy)

+ poly(d, K, 07 ")h?,

provided h < 1/ poly(d, K,671). Integrate with respect to ]EZUX(Z', dy) over y € R,
to obtain

Ty < K3™(z,R.) — Ki(z, Rz) + poly(d, K, 5-")h

< 2exp(— ) + poly(d, K,51)h?

1
16h1/6
< poly(d, K,5 1)h?,

where the second line follows from (C.36) and (C.39), and the last line follows from
h < 1/poly(d, K,671) so that the exponential term is sufficiently small.

Controlling 7). This is strightforward given (C.39) and (C.36). We obtain in the

same way as above that

T, < exp(— ) < poly(d, K,671) < h*.

1
32h1/6

Summarizing the above, we have shown that
KL(K2(z,-) || Ki(z,-)) < poly(d, K, 5~ )h?.

Accumulate the error over all N steps using post-processing inequality and apply

Pinsker’s inequality, we obtain

TV(RR™ |lgg) < /poly(d, K,5-1)h2N < VAT poly(d, K,571),

since hN =T — 6 < T, as claimed. O



C.6 Proof of main results

Proof of Lemma 9. This follows from combining Lemma 33 and Lemma 34. [

Proof of Lemma 10. This follows from Lemma 36 and our choice of schedule AN =
T—-6<T. O

Proof of Theorem /. This follows from Lemma 9, Lemma 10, and Lemma 37. [






Appendix D

Proofs for Chapter 6

D.1 Proof of the heat flow characterization
Proof of Theorem 5. We prove a general reverse-time representation for a single
proximal step, and then apply it twice.

Step 1: a generic proximal step as reverse heat flow. Let ry be a probability

density on R?, and let

112
Tt = To * P, pi(z) = (27Tt)_d/2 exp (__||21|§| ) )

be its heat evolution. Fix 7 > 0, and consider the forward diffusion
dZt = th7 ZO ~ To, 0 S t S T.

Then Z; has density ;.

Now define the time-reversed process

~

Ly = L, 0<s<T.

By the standard time-reversal formula for diffusions with unit diffusion matrix, the
reversed process is again a diffusion, with drift given by the score of the time-(7 — s)
marginal:

dzs = Vlog rT_S(Z) ds + d/Ws, 0<s<m,

177



for some Brownian motion (Ws)ogsgr-
Condition now on the terminal value of the forward process, equivalently on the

initial value of the reversed process:

Under this conditioning, 7 is precisely the reverse-time diffusion started from =,
dX, = Vlogr, s(Xs)ds + dBs, Xo=u, 0<s<r.

Its terminal law is
Law(X,) = Law(Zy | Z, = x).

Since Z, = Zy + G with G ~ N (0,71,) independent of Z,, Bayes’ rule gives

_ 2
Law(Zy € du | 2, =) o< o(u) o o = ) du o ro) exp (<15 )
T

Therefore the endpoint X, of the reverse diffusion

dX, = Vlogr,_4(X;)ds + dB;, Xo =z,

has exactly the proximal law with base density ry and quadratic parameter 7.

Step II: application to the consistency substep. Take ry = p* and 7 = 7n?.
Then the diffusion denoising sampler from input z produces exactly the terminal

value at time n? of

dX; = Vlog q,2_4(X;) dt + dB, X =z, 0<t<n

Step III: application to the denoising substep. Let

qo(u) o< exp(L(u;y)),

and let ¢, be its heat evolution. Applying the same argument with ry = gy and 7 = 12,

we find that, conditional on the intermediate state X,., one proximal consistency



step is exactly the terminal value at time 2n? of

dXy = Vlogpa,e_(Xy) dt + d By, n* <t < 2n

Step IV: concatenation. Composing the two Markov kernels yields the piecewise

diffusion

Viog gp_(Xy)dt +dB,, 0<t <1
dX, = X — o
Viog poye—o(Xy) dt +dB;, n? <t < 2n?,

Its endpoint Xy,2 is exactly the output of one full iteration of DPnP, in the order
encoded by the displayed SDE. O]

D.2 Proof of the theoretical guarantee

The following well-known lemma is crucial to our analysis. Let Hy(x,y) be the heat
kernel on M, i.e., the distribution of the manifold Brownian motion starting from z.

Lemma 43 (Symmetry of heat kernel, cf. Berline et al. [8]). We have
Hy(z,y) = Hi(y,x), Y,y e M.

We now prove the theorems stated in Chapter 6. The argument is identical to
the proof of the corresponding Euclidean results in Appendix A, so we omit the
repeated steps. We record only the manifold-specific ingredients: the lemmas below
identify the transition kernels of the ideal manifold updates and characterize their
stationary distribution.

Lemma 44 (Transition kernels of the manifold SDE). Let P, be the heat semigroup
on M, with heat kernel Hy(x, z) with respect to p. Let ¢ : M — [0, 00) be continuous

and not identically zero, and define

he(e) = Ppla /Ht:cz 2) u(d2).



Fix T > 0. The time-inhomogeneous diffusion
dX, = Vlog hp_,(X,)dt + dBM, 0<t<T, Xy =z,

has transition kernel

_ hT—t (U)
hT_s(u)

K?,(u,dv) Hy (u,v) p(dv), 0<s<t<T.

In particular,
p(2)Hr(z, 2)
hr(x)

Proof. This is the standard Doob h-transform of Brownian motion by the positive

Kip(z,dz) = p(dz).

space-time harmonic function

(t, 33) — hT_t(ilZ') = PT_tQO(.QT).

Indeed, the heat semigroup property gives
/ hr_(V)Hy_s(u,v) p(dv) = Py_shr_(u) = hr_s(u),
M

so K7, is a Markov kernel. The Doob transform therefore has transition kernel

K (u,dv) = Z;::EZ% Hy_s(u,v) p(dv),

and its infinitesimal generator is
1
§AM + (V log hT—ta V),

which is precisely the generator of the displayed SDE. Taking s =0 and t =T, and

using hg = ¢, gives the terminal kernel. O]

Lemma 45 (Stationary distribution of manifold DPnP). For each n > 0, define
Yy(dz, d2) o p*(x) £ Ho (2, 2) p(dw) pu(dz).

Then the two conditional laws of v, are exactly the ideal data-consistency step and



the ideal diffusion denoising step of manifold DPnP. In particular, the exact manifold

update preserves the x-marginal

mfde) @) ([ o Hp(o.2) () ) i),

In other words, 7, defined above is the stationary distribution of manifold DPnP with

constant annealing parameter 1.
Proof. Applying Lemma 44 with (2) = e“#%) and T = 7?, the SDE
dX; = Vlog g2 +(X;) dt + dB;, 0<t<n? Xy =1,

has terminal transition kernel

eFCY H,o (2, 2)

Qn2 (z)

Kaen(z,dz) = p(dz).

Similarly, applying Lemma 44 with p(z) = p*(z) and T = n?, the SDE
dX; = Vlog pa,e_+(X;) dt + dBy, <t <27, X,z = 2,

has terminal transition kernel

pr(x)Hyp (2, 2)
p2(2)

Kdiff:’?(zadx) = H(diU),

By the symmetry of the heat kernel, this may equivalently be written as

p*(x)HWZ (z,2)
Pn2 (Z)

Kaif (2, dz) = p(dz).

Also, by the definition of heat kernel [8], we have

q(x) = //vt FEV Hy (2, 2) p(dz)

and

pi(z) = /M P (@) Hy(z, ) u(da).



Under 7, the conditional law of z given z is
Yo(dz | ) oc G Hoo (2, 2) pu(dz),

which is exactly the manifold data-consistency step.

On the other hand, the conditional law of x given z is
nlde | 2) o p* (@) Hyp(, 2) p(da).
At this point, we invoke Lemma 43 to see
Hyp(x,2) = Hp(z, 7).

Hence
'Yn(da: ‘ Z) o8 p*(l’) Hn2 (27$) N(dx):

which is exactly the posterior denoising law targeted by the Riemannian score-based
sampler.
Therefore, one exact step of manifold DPnP is exactly Gibbs sampling for ,,, and

so it preserves the xz-marginal of v,. This marginal is

) o) ([ e (o) ) ) ) = ).
where
R d0) 5 @) ) de), ) = [ S B (5, 2) )
M

It remains to pass to the limit » — 0. Since M is compact and L(-;y) is

continuous, the heat semigroup converges uniformly to the identity on C'(M). Thus

qr](m) - /M GL(Z;y)an (95, Z) ,u(dz) — eﬁ(w;y)
uniformly in x € M. Consequently,

my(dz) = p*(dz | y) o p*(2)e“¥) p(dx).



Combining this with the slowly diminishing annealing schedule yields the claimed

convergence in distribution of 2y, to the posterior p*(- | y). O
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