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Abstract

Reinforcement Learning (RL) faces significant challenges in real-world applications due
to the high cost of data collection and computation required to learn optimal decisions
in high-dimensional state-action spaces, which is often prohibitive for individual agents.
Federated Learning (FL) has emerged as a powerful paradigm for collaborative learning
across distributed agents while preserving data privacy. This thesis investigates federated
RL, where multiple agents collaboratively learn a global policy with the aid of a central
server while keeping data local. We develop principled federated RL algorithms across
synchronous, Markovian, and offline settings, and analyze how effective collaboration can
maximize sample efficiency and state-action coverage while minimizing communication

overhead.

First, in the synchronous setting, we show that simple averaging yields a near-optimal
linear speedup in sample complexity relative to the number of agents in both discounted
and average-reward settings, given appropriate parameter choices such as learning rates
and discount factors. We extend these findings to regimes with Markovian sampling and
offline datasets by introducing novel weighted averaging and pessimistic value aggregation
schemes, which compensate for the imbalanced training progress of agents and penalize out-
of-distribution actions. These methods enable the maximal utilization of heterogeneous and
limited per-agent coverage, achieving near-optimal sample efficiency. We further demon-
strate that collaboration substantially relaxes per-agent data requirements, requiring only
collective coverage of the optimal trajectories. Building on this, we show that different en-
vironments among agents can induce such coverage in online settings; when agents strictly
pursue their own interests through greedy execution, their collective disagreement fulfills
the exploration requirements for one another without necessitating any individual sacri-
fice. Lastly, we design communication-efficient protocols, including periodic and adaptive
aggregation, and prove that they preserve near-optimal sample complexity while signifi-
cantly reducing communication rounds. These results establish a theoretically grounded

and practical framework for collaborative decision making, highlighting the power of fed-
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erated learning in addressing the data scarcity and computational bottlenecks inherent in

large-scale RL while maintaining data sovereignty for individual agents.
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Chapter 1

Introduction

Reinforcement Learning (RL) (Sutton and Barto, 2018) is an area of machine learning for
sequential decision making, aiming to learn an optimal policy that maximizes the total
rewards via interactions with an unknown environment. RL is widely used in many real-
world applications, such as autonomous driving, games, clinical trials, and recommendation
systems. However, due to the high dimensionality of the state-action space, training of RL
agents typically requires a significant amount of computation and data to achieve desirable
performance. Moreover, data collection can be extremely time-consuming with limited
access in the wild, especially when performed by a single agent. On the other hand, it
is possible to leverage multiple agents to collect data simultaneously, under the premise
that they can learn a global policy collaboratively with the aid of a central server without
the need of sharing local data. As a result, there is a growing need to conduct RL in a

distributed or federated fashion.

Driven by the need to harness data and computation across agents, there is growing
interest in implementing RL in a federated manner: multiple agents can jointly learn
a global policy with the help of a central server without sharing raw data (Figure 1.1).
Although federated learning (FL) has been widely studied in other areas such as supervised
learning (Bonawitz et al., 2019; Kairouz et al., 2021; McMahan et al., 2017, Wang et al.,
2020), RL brings unique challenges that distinguish it from general FL algorithms. Notably,

long decision horizons induce delayed and highly correlated feedback, and data collection



is driven by agents’ behavior policies rather than i.i.d. draws, which can significantly affect
sample efficiency. Moreover, coverage of the state-action space is critical in RL: an incorrect
estimate for a single state or action can propagate through the dynamics and increase risks
across the domain. Consequently, federated methods must be specifically tailored for RL

to realize the benefits of collaboration in both efficiency and coverage.

This thesis focuses on principled designs of federated RL algorithms that leverage col-

laboration across agents to achieve the following primary objectives:

¢ Sample efficiency: We characterize how federated collaboration reduces the num-
ber of samples and iterations needed to learn optimal policies, highlighting near-
optimal linear speedup in the number of agents without the need for sharing local
datasets at agents. Our results demonstrate that, with novel aggregation schemes,
federated Q-learning can retain full linear speedup even under significant behavior

and reward heterogeneity.

e Collaborative coverage: To ensure robust performance across diverse scenarios, it
is crucial for RL agents to explore and cover a wide range of state-action pairs. In
federated settings, multiple agents can collect data from different regions of the state-
action space, thereby enhancing overall coverage and reducing the risk of insufficient
exploration. This highlights a new perspective on how federated framework can

benefit RL beyond sample efficiency, which has not been explored in FL literature.

¢ Communication efficiency: Communication between agents and a central server
is often the dominant bottleneck in federated settings. To ensure practical viability,
we design communication-efficient protocols that significantly reduce the number of
synchronization rounds while preserving near-optimal sample efficiency. Our results
show that by adaptively tuning learning rates and communication intervals, one can

minimize communication overhead without sacrificing the benefits of collaboration.
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Figure 1.1: The overview of the federated RL framework, where M agents interact with
their local environments or data and share their local models with a central server to learn
a global policy collaboratively, without sharing local datasets.

1.1 Thesis Contribution

This thesis makes the following contributions to the design and analysis of federated RL
algorithms in various RL settings, including synchronous, Markovian, offline, and online

regimes:

1.1.1 Sample Efficiency and Linear Speedup

We first present federated Q-learning algorithms in the generative-model setting, where
each agent has access to a simulator that returns independent samples for every state-action
pair, and show that simple averaging yields a linear improvement in sample complexity
(Woo et al., 2023). Within the same synchronous framework, we further develop feder-
ated Q-learning for average-reward MDPs, where the undiscounted infinite-horizon nature

typically requires substantially more samples and thus makes federated collaboration es-
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pecially valuable. With tailored parameter choices, we provide the first sample-complexity
guarantee for federated Q-learning in average-reward settings, showing linear speedup with
the number of agents (Jiao et al., 2026). We then extend the analysis to more challenging
regimes with Markovian sampling (Woo et al., 2023) or offline datasets (Woo et al., 2024),

where agents may have limited coverage and uneven training progress.

1.1.2 Collaborative Coverage and the Blessing of Heterogeneity

We analyze the benefits of collaboration in federated Q-learning, showing that federated
settings can substantially relax per-agent coverage requirements (Woo et al., 2025). We also
introduce pessimistic value aggregation to guard against overestimation when agents have
very limited coverage, which is especially pronounced with offline datasets, and provide
sample complexity guarantees under significantly weaker coverage conditions, requiring
only that the agents’ datasets collectively cover the optimal trajectories (Woo et al., 2024).
Building on this, we further demonstrate that the inherent heterogeneity of agents’ rewards
can naturally induce such collaborative coverage, enabling efficient learning through purely

greedy execution without any explicit exploration mechanism.

1.1.3 Communication-Efficient Synchronization Protocols

We develop and analyze communication-efficient protocols that substantially reduce com-
munication while retaining near-optimal sample efficiency. In particular, we study periodic
averaging (agents synchronize at fixed intervals) and adaptive aggregation schemes that
progressively increase communication intervals as training proceeds (Woo et al., 2023,
2024). Our communication-complexity results, derived for offline RL, show that by adap-
tively tuning learning rates and communication intervals one can greatly lower the number
of communication rounds without degrading sample efficiency (Woo et al., 2024). We also
establish near-optimal communication complexity guarantees, making federated RL more

practical for real-world deployment.



1.2 Related Work

Sample complexity of Q-learning. Q-learning (Watkins and Dayan, 1992) is one of the
most widely studied model-free RL algorithms, particularly in the context of discounted
MDPs. The finite-time sample complexity of Q-learning has been analyzed in various
settings: Beck and Srikant (2012); Even-Dar and Mansour (2003); Li et al. (2024a); Wain-
wright (2019a) have investigated the synchronous case with a generative model, while Li
et al. (2022b); Qu and Wierman (2020); Shi et al. (2022); Szepesvari (1998); Yan et al.
(2022) have focused on asynchronous and offline Q-learning. In addition, Li et al. (2022b);
Shi et al. (2022); Sidford et al. (2018); Wainwright (2019b) have proposed variance-reduced

variants of Q-learning and improved sample complexity bounds.

Offline RL. Offline RL addresses the problem of learning improved policies from a logged
static dataset. The main challenge of offline RL is how to reliably estimate the values
of unseen or rarely visited state-action pairs. To tackle this challenge, most offline RL
algorithms prevent agents from taking uncertain actions by regularizing the policy to be
close to the behavior policy (Fujimoto and Gu, 2021; Fujimoto et al., 2019; Siegel et al.,
2020) or penalizing value estimates on out-of-distribution state-action pairs (Kostrikov
et al., 2022; Kumar et al., 2020; Liu et al., 2020; Wu et al., 2019), which is also known
as the principle of pessimism. Recently, the pessimistic approach has been developed and
theoretically studied for various RL settings, such as model-based approaches (Jin et al.,
2021; Kidambi et al., 2020; Kim and Oh, 2023; Li et al., 2022a; Rashidinejad et al., 2021;
Xie et al., 2021b; Yin and Wang, 2021; Yu et al., 2020), policy-based approaches (Xie
et al., 2021a; Zanette et al., 2021), and model-free approaches (Shi et al., 2022; Uehara
et al., 2023; Yan et al., 2022). Most of these works have focused on the single-agent case
and suggested that the state-action visitation distribution induced by the behavior policy
should cover that of the optimal policy (Rashidinejad et al., 2021; Shi et al., 2022; Yan
et al., 2022), and the distribution mismatch among the two visitation distributions governs
the hardness of offline RL (Li et al., 2022a). Another interesting work (Shi et al., 2023)

considered offline RL from multiple perturbed data sources, requiring a centralized setting
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in which an agent has full access to all the datasets.

Average-reward RL. The average-reward MDP framework was first introduced by
Howard (1960), and it has been investigated in various settings. Model-based algorithms
for average-reward MDPs include Jin and Sidford (2021); Tuynman et al. (2024); Wang
et al. (2022, 2024b); Zurek and Chen (2024, 2025a,b), while model-free methods are studied
by Chen (2025); Ganesh et al. (2024); Wan et al. (2021, 2024); Wei et al. (2020). Policy
gradient approaches are explored in Bai et al. (2024); Kumar et al. (2025). Sample complex-
ity lower bounds are established by Bravo and Contreras (2024); Jin and Sidford (2021);
Wang et al. (2022). Most prior work focuses on the synchronous setting with a generative
model, though some, such as Chen (2025), consider the asynchronous setting with Marko-
vian trajectories. Many existing methods rely on prior knowledge of problem-dependent
parameters, such as the mixing time or the span of the bias function, which are typically
challenging to estimate in practice. Recently, Lee et al. (2025) developed a model-free al-
gorithm that achieves near-optimal sample complexity for average-reward MDPs without
requiring prior knowledge of problem parameters, leveraging recursive sampling as a vari-
ance reduction technique. While effective, this approach introduces additional algorithmic
and computational complexity, which may limit its practical adoption. In contrast, Jin
et al. (2024) proposed a simpler adaptation of vanilla Q-learning, relying only on dynamic
updates of horizon factors and learning rates. However, their method remains suboptimal

in terms of sample efficiency.

Federated RL. Federated RL (FRL) enables multiple agents to collaboratively learn
optimal policies, addressing limitations in sample availability and computational resources.
Recent work has studied sample complexity improvements in discounted and finite-horizon
MDPs, showing that federated Q-learning achieves linear speedup with respect to the
number of agents, without data sharing (Khodadadian et al., 2022; Salgia and Chi, 2024;
Woo et al., 2023, 2025). In addition, Zheng et al. (2024) analyzed regret for online federated
Q-learning, Woo et al. (2024) studied offline variants and the impact of collective data

coverage. Also, communication efficiency is crucial; Salgia and Chi (2024) established

6



lower bounds on communication complexity for discounted MDPs.

While most FRL literature assumes homogeneous environments, recent work addresses
the more realistic heterogeneous setting where agents differ in transition dynamics and re-
wards (Labbi et al., 2024; Yang et al., 2024a; Zhang et al., 2024). Many existing approaches
optimize a shared global policy based on average agent values (Wang et al., 2024a; Yang
et al., 2024b), often sacrificing individual utility for consensus. To mitigate this, person-
alized FedRL algorithms allow for individual policies. Zhang and Azizan (2026) achieved
linear speedup via affinity-based variance reduction, and Xiong et al. (2025) proposed a
personalized federated Q-learning algorithm with similar efficiency. However, these still
rely on environmental similarity or high-coverage fixed behavior policies. Recently, Labbi
et al. (2024) introduced online federated value iteration for heterogeneous environments,
achieving sublinear regret and linear speedup through active exploration. Yet, its reliance

on explicit UCB bonuses remains a hurdle for real-world deployment.

1.3 Notation

Throughout the thesis, we use A(S) to refer to the probability simplex over a set S, and
[K] = {1, -+, K} for any positive integer K > 0. In addition, f(-) = 5(9()) or f<g
(resp. f(-) = Q(g(")) or f = g¢) indicates that f(-) is order-wise not larger than (resp. not
smaller than) ¢(-) up to some logarithmic factors. The notation f =< g signifies that both

f <gand f 2 g simultaneously hold.



Chapter 2

Background and Model

In this chapter, we establish the formal mathematical and algorithmic foundations for the

federated reinforcement learning (RL) frameworks investigated in this thesis.

First, we define the core Markov Decision Process (MDP) formulations, presenting the
objectives and the corresponding Bellman equations for three primary settings: infinite-
horizon discounted, infinite-horizon average-reward, and finite-horizon MDPs. This com-
prehensive characterization of MDPs sets the stage for our subsequent algorithmic develop-
ments and theoretical analyses in federated reinforcement learning, as each setting captures
different aspects of long-term decision-making and requires distinct solution techniques.
Second, we formalize the data sampling models, ranging from synchronous generative mod-
els to asynchronous Markovian trajectories and offline datasets, that dictate how agents
collect information from their environments. Finally, we provide a high-level taxonomy of
reinforcement learning methodologies, distinguishing between model-based and model-free
approaches, as well as value-based and policy-based paradigms. This background situ-
ates our work within the broader RL literature and justifies our focus on Q-learning as a

primary tool for collaborative decision-making.

Together, these components serve as the structural basis for the federated designs and

theoretical analyses presented in the subsequent chapters of this thesis.



2.1 Markov Decision Processes (MDPs)

We consider a Markov decision process (MDP) represented by the tuple M = (S, A, P,r),
where & and A denote the state space and the action space, respectively. Furthermore,
P:S8 x A— A(S) indicates the transition kernel such that P(s’|s,a) denotes the prob-
ability that action a in state s leads to state s, and r : § x A — [0, 1] denotes a deter-
ministic reward function, where r(s,a) is the immediate reward for action a in state s.
Depending on the optimization objective and the decision horizon, we categorize MDPs
into infinite-horizon (including discounted and average-reward) and finite-horizon settings,

each governed by distinct optimality criteria.

2.1.1 Infinite-Horizon Discounted MDPs

We first consider the scenario where the agent’s interaction with the environment continues
indefinitely, a framework known as the infinite-horizon setting. When the decision-making
process has no fixed terminal time, the cumulative reward involves an infinite sum, which
may not naturally converge to a finite value. To ensure a well-defined and bounded ob-
jective, it is standard to introduce a discount factor v € [0,1), which assigns progressively
diminishing weights to rewards received further in the future. This discounted formulation
not only provides mathematical tractability by ensuring the convergence of total rewards
but also reflects the practical preference for immediate gains over distant ones. Under this
framework, the MDP is formally represented as a tuple M = (S, A, P,r,7), where the

components are defined as above, with the addition of the discount factor ~.

Policy, value function, and Q-function. To interact with the MDP, the agent follows
an action-selection rule called a policy. Formally, a policy is a mapping 7 : S — A(A),
where 7(a|s) denotes the probability of taking action a in state s. A fixed policy ,
combined with the transition kernel P, induces a probability distribution over the sequence
of states and actions, known as a trajectory. To quantify the long-term discounted total

reward of following a particular policy m, we define the value function V™ : S — R as



the expected discounted cumulative reward starting from state s:

VseS: V™(s) =E

ZVﬁT(St; ar) | so = 5] : (2.1)

In this expectation, the trajectory {s;, as, :}°, is generated by the agent’s behavior a; ~
7(-|s;) and the environment’s dynamics s, 1 ~ P(:|s,a;). Similarly, the Q-function
Q™ : S x A — R evaluates the quality of taking a specific action a in state s and thereafter

following policy 7:

V(s,a) e S x A: Q" (s,a) =r(s,a) + E thr(st,at) | so=s,a0=a

t=1

Since the rewards are bounded in [0, 1], the values for any policy 7 are also bounded as
™ ™ 1

Optimal policy and Bellman’s principle of optimality. The ultimate goal of rein-
forcement learning is to find an optimal policy 7* that yields the maximum possible value
simultaneously across all states, i.e., V™ (s) = max, V" (s) for all s € S. The existence of
such a policy is guaranteed (Puterman, 2014). We denote the corresponding optimal value
and Q-functions as V* and Q*, respectively. The optimal Q-function Q)* is the unique fixed
point of the Bellman optimality operator T, satisfying:

Q*(s,a) = (TQ")(s,a) =r(s,a) +~ Z P(s'|s,a) max Q*(s',d"). (2.2)
s'eS

Uniform ergodicity and mixing time. We introduce a subclass of infinite-horizon

MDPs that exhibit mixing behavior, formally defined as follows:
Definition 1 (Uniform ergodicity). Assume that for any policy m, there ezists a stationary

distribution V™, such that for any initial distribution q € A(S), the Markov chain induced

b

by ™ converges to v™ with a bounded mixing time tnix, €.,

tmix = inqt: drv((P™)'(q),v™) <
moscnin {1+ e (P (0),7) <

A~ =
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where dry(-,+) denotes the total variation distance between two distributions, and PT :

RS — R® is the transition probability induced by policy 7, defined as

(P™(@)(s) = Y P(sls',n(s"))a(s):

s'eS
We assume that tmix < 00.

The uniform ergodicity condition ensures that the Markov chain induced by any policy
converges to a unique stationary distribution at a geometric rate, which is crucial for
analyzing the convergence properties of learning algorithms in MDPs. The mixing time ¢y
quantifies how quickly this convergence occurs, and it plays a significant role in determining

the sample complexity of algorithms in infinite-horizon MDPs.

2.1.2 Infinite-Horizon Average-Reward MDPs

While the discounted formulation is mathematically convenient for ensuring convergence,
many long-term decision-making tasks, such as continuous control or steady-state opti-
mization, are more naturally captured by the average-reward framework (Howard, 1960).
In this setting, the agent aims to maximize the expected reward per time step over an

infinite horizon without diminishing the importance of future gains.

An infinite-horizon Average-reward Markov Decision Process (AMDP) is represented
by a tuple M = (S, A, P,r), where S = {1,...,S} and A = {1,..., A} denote the finite
state and action spaces, respectively. The transition kernel P : § x A — A(S) specifies the
probability distribution over the next state given a state-action pair, i.e., P(:|s,a) € A(S)
denotes the transition probability when action a is taken in state s. The reward function
r: S x A [0,1] assigns a deterministic and bounded immediate reward r(s,a) to each

state-action pair (s,a) € S x A.

Average reward and bias function. To evaluate the performance of a policy 7 in this

non-discounted regime, we consider the long-term average reward. Under policy 7, the

11



average reward starting from an initial state s € S is defined as:

-1
K 13 3 1 —
J™(s) = hgggng,r ?gr(st,atﬂsos] , Vses,

where the trajectory {s, a;}$2, is generated by following policy 7 and evolving according
to the transition kernel P. Unlike the discounted setting where the value function remains
bounded by (1 — ~)~!, the total reward here is typically infinite. Therefore, we focus on

the relative difference in cumulative rewards, known as the bias function h™(s):

T—oo

h"(s) = C-lim E. i(r(st,at) —J"(s1))]

where C-lim denotes the Cesaro limit. If the Markov chain induced by 7 is aperiodic, then

C-lim coincides with the standard limit.

The optimal policy 7* is defined as the policy that maximizes the average reward:
7 = argmax J".
s

For convenience, we denote the optimal value by J* = J™ and the corresponding optimal

bias function as h*.

Weakly communicating MDPs and Bellman equation. A weakly communicat-
ing MDP is one in which there exists a set of states such that, under some policy, each
state in the set is reachable from every other state in that set, and states outside this set
are transient under all policies (Puterman, 2014). In the weakly communicating setting,
there always exists a unichain optimal policy, such that the optimal average reward J*(s)
is identical across all states s € S (Puterman, 2014; Zurek and Chen, 2024). In this case,

it is well-known that the optimal value J* and the corresponding optimal bias function A*

12



satisfy the average-reward Bellman equation:

J* * — / * / . .
+ h*(s) max r(s,a) + Z P(s'|s,a)h*(s)|, VseS (2.3)
s'eS
The span norm h* is often used to characterize the sample complexity in the average-reward

setting, defined as:

|h*||sp == max h*(s) — min h*(s).

Uniform ergodicity and mixing time. We consider a subclass of infinite-horizon

MDPs that exhibit mixing behavior, formally defined as follows:

Definition 2 (Uniform ergodicity). Assume that for any policy m, there exists a stationary
distribution V™, such that for any initial distribution q € A(S), the Markov chain induced
by m converges to v™ with a bounded mixing time tnix, t.€.,

1
tmix = Max min {t : max drv((P™)'(q),v™) < Z} :

g€As

where dry(-,-) denotes the total variation distance between two distributions, and PT :

RS — R is the transition probability induced by policy 7, defined as

(P™(@))(s) = ) Plsls',m(s"))a(s))-

s'eS
We assume that tmix < 00.

This assumption implies that the Markov chain induced by any policy is uniformly
ergodic, i.e., it has a unique stationary distribution and converges to it at a uniformly
exponential rate. In particular, any MDP satisfying this assumption must be unichain,
meaning that under every policy, the induced Markov chain consists of a single recurrent

class, along with a possibly empty set of transient states.

Since unichain MDPs are a subset of weakly communicating MDPs, any MDP satistying

this assumption is also weakly communicating. In particular, it has been shown that (Wang

13



et al., 2022)

15" llsp < Emi-

Relationship with Discounted MDPs. Many prior works (Jin et al., 2024; Jin and
Sidford, 2021) build upon well-established techniques developed for Discounted Markov
Decision Processes (DMDPs), defined by the tuple (S, A, P,r,~), where v € [0,1) denotes
the discount factor. To avoid confusion between the two settings when both are considered
in the same context, for a discount factor v and a policy m, we denote the value function
and Q-function for DMDPs with a discount factor v as V.7 and Q7, respectively, defined

as follows.

Vi(s)=(1-7)E thr(st, a) | so = 3] : (2.4)

"(s,a) = (1—-7)E Zytr(st, a) ‘ S0 = S,a9 = a] . (2.5)

L t=0

When the rewards lie within [0, 1], it follows that for any policy ,
0< V<1, 0<Q] <L

We note that the above definition differs from their typical forms presented in Section 2.1.1

by a factor of 1/(1 — 7).

2.1.3 Finite-Horizon MDPs

For episodic tasks with a fixed duration, we consider an episodic finite-horizon MDP rep-
resented by
M = (87 A7 H7 {Ph}f:h {Th}thl)v

where S is the state space of size S, A is the action space of size A, H is the horizon
length, P, : S x A — A(S) and 7, : § x A — [0,1] denote the probability transition
kernel and the reward function at the h-th time step (1 < h < H), respectively. Unlike the
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infinite-horizon settings, here the transition kernel and reward may depend on the time

step h.

Value Functions and Optimality. A policy is denoted by © = {m,}L,, where 7, :
S — A(A) specifies the probability distribution over the action space at time step h in
state s. With slight abuse of notation, we use 7(s) to denote the selected action when
the policy m, is deterministic. For h = 1,..., H, the value function V,(s) of policy 7 is
defined as the expected cumulative rewards starting from state s at step h by following m,

ie.,

Vii(s) =E

irt(st,at) ‘ Sp = s] , (2.6)

t=h

where the expectation is taken over the randomness of the trajectory {s;, a;, r:}Z, induced
by the policy 7 as well as the MDP transitions according to a; ~ m(-|s;) and sy4q ~
Py(-|s¢,a¢). Similarly, the Q-function Q7 (s, a) of a policy 7 at step h in state-action pair

(s,a) is defined as

H

Z Tt<3taat)

t=h+1

Qr(s,a) =rp(s,a) + E

Sp=8,ap = a] : (2.7)

where the expectation is again over the randomness induced by 7 and the MDP transitions.

It is well-known (Puterman, 2014) that one can always find a deterministic optimal pol-
icy 7 = {77}, which maximizes the value function (resp. the Q-function) simultaneously
over all states (resp. state-action pairs) among all policies. The resulting optimal value
function V* = {V}_, and optimal Q-functions Q* = {Q7}}_, are denoted respectively

by
Vis) = Vi (s) =maxVii(s),  Qj(s,a) = Qf (s,0) = maxQj(s,a)

for any (s,a,h) € S x A x [H]. Given an initial state distribution p € A(S), the expected

value of a given policy 7w and that of the optimal policy 7* at the initial step are defined
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respectively by

V() = Eanp [V (s1)]  and  V(p) = Eqynp[Vi'(51)]. (2.8)

Of crucial importance are the Bellman equations that connect the value functions across

different time steps (Bertsekas, 2017). For any policy m, it follows that

Q;zr(sv a) = T‘h(S, a) + ES’NPh,s,a [Vhw—i—l (S,)} (29)

for all (s,a,h) € S x A x [H], where V7 ,(s) =0 for any s € S.

Optimal Value Functions and Bellman Optimality. The primary objective in a
finite-horizon MDP is to find a policy that maximizes the expected cumulative reward.
To this end, we define the optimal Q-function Qj(s,a) as the maximum value achievable

across all possible policies for each state-action pair at every time step h:
Q5 (s,a) =maxQf(s,a), VY(s,a,h) €S x Ax[H]. (2.10)

It is well-established that this optimal Q-function satisfies the Bellman optimality equa-
tion, which characterizes the optimal behavior through a recursive relationship. Specifi-

cally, for all (s,a,h) € S x A x [H], Q} must satisfy:

Qi(5,0) = 72(5,0) + Europ, oy [ 15 Qi (5, )]

= (s, @) + D Puls')s, @) max Qi ), 211)

s'eS

subject to the boundary condition @, (s,a) = 0. By solving this equation, typically via

backward induction, one can derive an optimal policy 7* that satisfies 7 (s) € argmax,c 4 Q7(s, a).
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2.2 Data Sampling

In this thesis, we investigate federated RL algorithms under different paradigms of agent-
environment interaction. Each paradigm dictates how samples are collected from the un-
derlying MDP, which in turn determines the fundamental limits of learning efficiency. We

categorize these into three main data sampling models.

2.2.1 Generative Model (Synchronous Sampling)

A generative model, or simulator, provides the agent with the most flexible access to the
environment (Kearns and Singh, 1999). In this setting under infinite-horizon MDPs, an
agent can query any state-action pair (s,a) € S X A and receive an independent transition
sample:

s~ P(:s,a), and r=r(s,a). (2.12)

This allows for a synchronous coverage of the state-action space, making it a powerful tool

for establishing baseline sample complexity results, as explored in Chapter 3.

2.2.2 Markovian Trajectories (Asynchronous Sampling)

In many real-world scenarios, agents do not have access to a simulator and must learn from
a single, continuous stream of experience. Under infinite-horizon MDPs, an agent follows

a behavior policy 7, to generate a Markovian trajectory {s:, as, r+};2, such that:
ap ~ (-] st), re=r(se,at), Ser1~ P(-]st,ar). (2.13)

for all ¢ > 0, where the initial state is sg. The behavior policy 7, may be different from
the optimal policy 7*. Contrary to the generative model considered in the synchronous
setting, the samples collected under the asynchronous setting are Markovian (dependent
across time). The sample trajectory can be viewed as a time-homogeneous Markov chain
over the set of state-action pairs. In Chapter 4, we analyze the sample complexity of

federated Q-learning under this asynchronous sampling paradigm.
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2.2.3 Offline Datasets

In offline RL, agents are prohibited from interacting with the environment during training.
Instead, an agent has access to an offline dataset containing pre-collected episodes by
following some behavior policy. Consider the finite-horizon Setting. The offline dataset
D at an agent is composed of K episodes, each generated independently according to a
behavior policy = {uy}L,, resulting in

K

D= {(Sk,h g1y Tk, -« -5 Sk,H, Ok, H, TkH)}k %

where the initial state si; ~ p is drawn from some initial state distribution p € A(S),
Sk.hs Gk by Tk p, are the state, action and reward at step h in the k-th episode, agp ~ (- | Sp.5)
and ry, = rp(Sk.n, axp). In Chapter 5, we analyze the sample complexity of federated offline

RL under this offline dataset paradigm.

2.2.4 Online Sampling

In online RL, agents aim to learn the optimal policy by interacting with the environ-
ment using a policy that is updated iteratively based on the data collected so far. In
an episodic finite-horizon MDP, at episode k, an agent selects a policy 7, based on the
data collected from the previous episodes, and then executes m, to generate a trajectory
{Sk.hs kb Tk,h}hH:p where the initial state sj; is drawn from some initial state distribution
p € A(S). This setting requires balancing exploration and exploitation to balance the
trade-off between gathering informative data and maximizing rewards. In Chapter 6, we

analyze the sample complexity of federated online RL under this online sampling paradigm.

2.3 Reinforcement Learning Algorithms

Building upon the theoretical foundations of MDPs, RL provides a suite of algorithmic
paradigms to find optimal policies from interactions with the environment. In this section,

we introduce the main classes of RL algorithms that are relevant to this thesis, using the
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infinite-horizon setting as the primary context.

2.3.1 Model-Based RL

Model-based RL is a paradigm where the agent explicitly learns an estimate of the MDP’s
transition dynamics and reward function. An agent utilizes collected samples to construct
an empirical estimate of the MDP’s underlying components, namely the transition kernel
P and the reward function 7. Once these estimates are obtained, the agent solves the
Bellman equations as if the empirical model were the true environment. While model-based
methods are often more sample-efficient as they fully exploit the learned dynamics, they
require access to batch samples to accurately estimate the model, which can be memory
and computationally intensive.

One of the most widely studied model-based algorithms is value iteration (VI), which
computes the optimal value function by treating the Bellman optimality equation as a fixed-
point problem. Specifically, given the empirical estimates P and 7, VI iteratively applies
the empirical Bellman optimality operator T to an initial estimate @0 until convergence:

Q 7\'(@) =7+ ’yﬁ][rlr/lg}@(-,a’). (2.14)

Due to the contraction property of the empirical Bellman operator, this process is guaran-
teed to converge to the unique optimal Q-function @* of the empirical MDP, which serves

as an approximation to the true optimal Q-function @Q* of the underlying MDP.

2.3.2 Model-Free RL

In contrast, model-free RL algorithms bypass the explicit estimation of the transition
dynamics. Instead, they learn the value functions or policies directly from interaction
samples, which is typically more computationally efficient and requires significantly less
memory as the agent does not need to store large transition matrices.

The most prominent class of model-free methods is value-based learning, with -

learning (Watkins and Dayan, 1992) being the most celebrated example. Fundamentally,
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Q-learning can be viewed as a stochastic approximation of the value iteration algorithm
described above. Rather than performing a full expectation over the transition kernel P,
it uses individual transition samples (s, a, 7, s') to iteratively update the Q-function toward

the Bellman target:

Qs,0)  (1— m)Q(s,a) + 1 ( ; vgng(S’,a’)) , (2.15)

where n € (0,1] is the learning rate. This update rule allows the agent to learn opti-
mal policies without ever constructing an explicit model of the environment, making it
particularly suitable for large or complex MDPs where model estimation is infeasible.
Rather than indirectly deriving a policy from a value function, policy optimization (or
policy-based) methods (Williams, 1992) directly parameterize a policy 7y and optimize the

expected return J(my) via gradient ascent, where the gradient is given by:
Vo J(mg) = Er, [Vglogmg(als)Q™ (s, a)]. (2.16)

These methods are particularly effective in high-dimensional or continuous action spaces
where finding the maximum of a Q-function at every step is computationally prohibitive.

In this thesis, we primarily focus on Q-learning and value iteration methods, analyz-
ing their sample complexity and convergence properties under various federated learning

settings.
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Chapter 3

Sample-Efficient Federated RL with

Generative Models

3.1 Federated Synchronous Q-Learning for Discounted

MDPs

In this section, we study federated synchronous Q-learning, where all the state-action
pairs are updated simultaneously assuming access to a generative model or simulator for

infinite-horizon discounted MDPs at all the agents.

Synchronous Q-learning with generative models. In the synchronous sampling,
all state-action pairs are sampled uniformly assuming access to a generative model or a
simulator (Kearns and Singh, 1999). In every iteration ¢, an agent generates a transition

sample

si(s,a) ~ P(+s,a), VY(s,a) €S x A. (3.1)

for every state-action pair (s,a) € S x A independently at every iteration t.

In the synchronous Q-learning for infinite-horizon MDPs, starting with certain initial-
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number of sample

sampling reference agents coverage complexity
Chen et al. (2020); Wainwright (2019a) 1 full (1‘fUﬁL2
synchronous
(Li et al., 2023) 1 full Rt
|S|I-A]
FedSynQ (Theorem 1) M full NT—5)52

Table 3.1: Comparison of sample complexity upper bounds of single-agent and federated Q-
learning algorithms under synchronous sampling protocols to learn an e-optimal Q-function
in the ¢, sense, where logarithmic factors and burn-in costs are hidden. Here, S is the
state space, A is the action space, v is the discount factor, and M is the total number of
agents.

ization @)y, at every iteration ¢ > 1, the Q-function is updated according to

V(s,a) e S x A: Qis,a) = (1 —n)Qi-1(s,a) +n (r(s, a) + 7 max Qi—1(s¢(s,a), a’)) ,
(3.2)

where s,(s,a) ~ P(:|s,a) is drawn independently for every state-action pair (s,a) € S X A,

and 7 denotes the constant learning rate.

3.1.1 Problem setting

In the synchronous setting, each agent m € [M] has access to a generative model, and
generates a new sample

sy*(s,a) ~ P(-|s,a) (3.3)

for every state-action pair (s,a) € S x A independently at every iteration t. Our goal
is to learn the optimal Q-function @* collaboratively by aggregating the local Q-learning

estimates periodically.
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3.1.2 Algorithm: Federated Synchronous Q-learning (FedSynQ)

We propose a natural federated synchronous Q-learning algorithm called FedSynQ that
alternates between local updates at agents and periodic averaging at a central server. The
complete description is summarized in Algorithm 1. FedSynQ initializes a local Q-function
as Q' = Qo at each agent m € [M]. Suppose at the beginning of each iteration t > 1,
each agent maintains a local Q-function estimate ()i, and a local value function estimate
V™., which are related via

VseS: Vim(s) == max Q7' (s, a). (3.4)

FedSynQ proceeds according to the following steps in the rest of the ¢-th iteration.

1. Local updates: Each agent first independently updates all entries of its Q-estimate Q7"

to reach some intermediate estimate following the update rule:

V(s,a) e Sx A: ralsa) = (L=nQ(s,a) +n (r(s,a) + V(57" (s, a)) .
(3.5)

where s}"(s,a) is drawn according to (3.3), and 7 > 0 is the learning rate.

2. Periodic averaging: These intermediate estimates will be periodically averaged by the
server to form the updated estimate )}" at the end of the ¢-th iteration. Formally,

denoting 7 > 1 as the synchronization period, it follows

LS M ogm (s, ift=0 d
Vsa) eSx A Qr(say= 4 M Emm @nylsa) HE=0{med )

o 1 (s,a) otherwise

Denoting the number of total iterations by 7', the algorithm outputs the final Q-estimate
as the average of all local estimates, i.e. Qr = % 2%21 Q7. Without loss of generality,
we assume the total number of iterations T is divisible by 7, where Cyoyng = T/7 is the

rounds of communication.
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Algorithm 1: Federated Synchronous Q-learning (FedSynQ)

1: inputs: learning rate 7, discount factor v, number of agents M, synchronization
period 7, number of iterations 7.

2: initialization: Q' = Qo for all m.

3 fort=1,--- T do

4:  for m € [M] do

5: Draw s}*(s,a) ~ P(-|s,a) for all (s,a) € S x A.
6: Compute Qﬁ% according to (3.5).

7 Compute Q7" according to (3.6).

8 end for

9: end for

M
return: Qr = ﬁ Y1 @7

[t
<

3.1.3 Performance guarantee

We are ready to provide the finite-time convergence analysis of Algorithm 1.

Theorem 1 (Finite-time convergence of FedSynQ). Consider any given § € (0,1) and

e € (0, ﬁ] Suppose that the initialization of FedSynQ satisfies 0 < Qo < ﬁ, and the

synchronization period T obeys

1 1-— 1

There exist some sufficiently large constant cr > 0 and sufficiently small constant ¢, > 0,
such that with probability at least 1 — 0, the output of FedSynQ satisfies ||Qr — Q]| < €,

provided that the sample size per agent T and the learning rate n satisfy

cr N2\ 2 |S||AMT
7> s oa(1 = )%) P log IS,

n=c,M(1—7)'e?

(3.7D)

1

—log ISHf(\S\MT' (3.7¢)

Theorem 1 suggests that to achieve an e-accurate Q-function estimate in an ¢, sense,

the number of samples required at each agent is no more than

(i)
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given that the agent collects |S||.A| samples at each iteration. A few implications are in

order.

Linear speedup. The sample complexity exhibits an appealing linear speedup with
respect to the number of agents M. In comparison, the sharpest upper bound known
for single-agent Q-learning (Li et al., 2023) is 9] (%), which matches with its
algorithmic-dependent lower bound when & € (0,1). Therefore, our federated setting
enables faster learning as soon as the number of agents satisfies

1
M >
™~ (1 —v)max{l,e}

up to logarithmic factors. When M = 1, our bound nearly matches with the lower bound

of single-agent Q-learning up to a factor of 1/(1 — ), indicating its near-optimality.

Communication efficiency. One key feature of our federated setting is the use of peri-
odic averaging with the hope to improve communication efficiency. According to (3.7a), our
theory requires that the synchronization period 7 be inversely proportional to the learning
rate n, which suggests that more frequent communication is needed to compensate the
discrepancy of local updates when the learning rate is large. To provide insights, consider
the parameter regime when M > ﬁ and £ < M(+_7)2 Plugging the choice of the learning
rate (3.7¢) into the upper bound of 7 in (3.7a), we can choose the synchronization period

1

S

up to logarithmic factors, leading to a communication complexity no

T < M

S 175, which is almost independent of the final accuracy e.
T -

larger than Cloung =

3.2 Federated Synchronous Q-Learning for Average-Reward
MDPs

Average-reward RL presents unique computational challenges because the optimal value
function and policy depend on long-term average performance, which requires substan-

tially more samples and training iterations to achieve optimality and places a significant
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]Previous works Sample complexity No. of agents MDP class Target error‘

Jin and Sidford (2021) (lower bound) Q2 (|S||A|tmlx /€?) U |7 — Tl oo
Wang et al. (2022) (lower bound) (|S||.A|||h*||5p/5 ) 1 W J7 = Tl oe
Bravo and Contreras (2024) O (|S]|A|[|h*]|sp" /€7 1 w J™ — T 0o
Lee et al. (2025) 9] \S||A\||h*Hsp /5 1 W |7 — Tl oo
Jin et al. (2024) O (|S|| A3, /e® 1 U J™ = T oo
Ours (Theorem 4) %) (\S||A\||h*Hsp /MeD ) M W 17 = J*]|s
Jin et al. (2024) O (|S||A|t3 /e ) 1 U 10 = J*loe
Ours (Theorem 2) 9] ISIIAlP* || /€3 ) 1 W 1Q — J*||so
Ours (Theorem 3) O (ISI1A] 11 sp° / ME?) M W 10 — J*|1s

Table 3.2: The table summarizes the leading-order sample complexity of model-free algo-
rithms for obtaining an e-optimal value or policy with probability at least 1 — 4 in the
synchronous setting without prior knowledge, where O(-) omits logarithmic factors. The
‘MDP class’ column indicates the applicable MDP type: (U) uniformly mixing or ergodic
MDPs with finite mixing time ty;x; (W) weakly communicating MDPs with bias vector h*.

burden on a single agent. Federated learning addresses these challenges by distributing the
computational and sampling load across multiple agents, enabling collaborative learning

of a shared model without directly sharing local datasets at agents.

3.2.1 Single-Agent Settings

Before introducing the federated algorithm, we first consider Q-learning for average-reward
MDPs in the single-agent setting and identify effective choices of the learning rate and
discount factor. We begin with a brief overview of the algorithm, and then present its
sample-complexity analysis. We focus on the synchronous sampling, where all state-action
pairs are sampled uniformly assuming access to a generative model or a simulator (Kearns

and Singh, 1999).

Synchronous Q-learning for average-reward RL. Q-learning (Watkins and Dayan,
1992) stands out as one of the most widely used model-free approaches, which directly
estimates the Q-function without needing model estimation or prior knowledge. In this

paper, we focus on a Q-learning approach to directly estimate the optimal value J* for
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average-reward RL. In the synchronous setting, Q-learning operates as follows: beginning
with an initial Q-function @)y, the algorithm updates the Q-function at each iteration t > 1

using the following rule for all (s,a) € S x A:

Qi(s,a) = (1 = 1)Qi-1(s,a) +ny ((1 = 7)7(s, @) + 7 max Qe (s:(s, @), a’)) , (3.8

where s;(s,a) ~ P(-|s,a) represents an independent sample drawn for each state-action
pair (s,a) € § x A, while 7, and ~; correspond to the learning rate and discount factor
at iteration t, respectively. A key distinction from traditional Q-learning in discounted
MDPs—which applies a constant discount factor to future values—is that Q-learning for
average-reward RL necessitates dynamic adjustment of discount factors when evaluating

future values (Jin et al., 2024).

Algorithm. We consider a stage-wise Q-learning algorithm in which the discount factor
varies dynamically across epochs. To be specific, in the ¢-th iteration of the k-th epoch, we
maintain an estimate @, € R%*4 and update it using a variant of the standard Q-learning
update rule for all (s,a) € S x A, with an epoch-dependent discount factor 7y, sample size

Nj, and the step-size ny;:

Qk,t(S, @) = (1 - ﬁk,t)Qk,tq(S, a) + Mot ((1 - ’Yk)T(S, &) + ’Yka,L(k,t)(Sk,t(& a))), (3-9)

where s.(s,a) ~ P(-|s,a). The value function V. +)(sx+(5, @) == maxaea Quie) (Ske(s, a),a’)
used in the update is calculated using a historical estimate @, ), where ¢(k,t) denotes a
historical index.

It is obvious that the choice of the parameters— including g, Ng, g+ and ¢(k,t)— has
a significant influence on the algorithm’s performance. In the following, we shall provide
two groups of parameters that do not require prior knowledge of the mixing time or ||A*||sp.
Assume Ny = 0. For some sufficiently large constant ¢y > 0, two groups of parameters are

as follows.

e The first group decays the discount factor 1 — v, at an exponential rate, such that the
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Algorithm 2: Average-reward Q-learning

Input: number of epochs K, discount factor {vx}&_,, sample size { Ny} 5, step-size

{nk,t}gi(,ig\[:k()1,1)7 and historical index ¢(k, t).

Output: average reward estimation Q.
1: Initialize Q0,0 = 0, VE)’() =0.
2: fork=1,--- ,K do

3: Initialize ka,O = Qk’—l,Nk—r

4: fort=1,--- Ny do

5 Draw sy (s,a) ~ P(:|s,a), V(s,a) € S x A.

6: Compute Qy(s,a) according to (3.9).

7 Compute Vji(s) = maxyea Qre(s,a’) for all s € S.
8 end for

9: end for

initial estimate ()x o converges to the average reward J* exponential fast. In each epoch,
the step-size 1+ and the historical index ¢(k, t) are chosen in a manner similar to those in
the standard Q-learning algorithm, such that ()5, converges to the ~y;-discounted optimal
Q-function @)% at a comparable rate. The sample size Ny is selected to ensure that Q. v,

sufficiently approximates @ .

210g(4Nk)

_ k _

Ny, = en27, ’Yk—l—wy
1

Mkt = W7 tk,t) = (k,t—1). (3.10a)
8log(4t)

The second group decays the discount factor 1 — v at a rate of 1/k, such that the
difference between () and J* decreases at the same rate. In each epoch, the step-size
Nk and the historical index ¢(k,t) are fixed, resulting in a convergence rate of 1//Nj

for Qi+ Thus the sample size Ny is chosen to be in the order of k2
SA k
Ny = cyk?log’(k + 1) log® | — =—
k CN Og(+)0g(5), Yk k'+17
1

Nkt = 1 Ny s L(k‘,t) = (k‘ — 1, Nk;—l)- (310]3)
+ 4log(3F_, Vi)

The two parameter groups can offer distinct advantages in practice. For example,
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constant learning rates are generally more adaptive and respond faster to environmental
changes, whereas rescaled linear rates yield more stable estimates. Although our theoretical
analysis assumes a fixed MDP, practical systems often exhibit slow temporal drift; in such

cases, providing guarantees for both schedules gives practitioners greater flexibility.

Analysis: optimal value estimation The following theorem presents the sample com-
plexity of Algorithm 2, under the mild assumption of a weakly communicating MDP. The
proof is provided in Appendix C.2.

Theorem 2. Assume ||h*||sp < 00. For both of the two groups of parameters in (3.10),

with probability at least 1 — &, the output of Algorithm 2 satisfies

Cllh*||sp , 4 4S AT,
1
(Tx)'/3 0g 5

1Qr N = Tl <

where C' is a positive constant, Ty = Zszl Ny, denotes the total number of iterations. For

e € (0,1}, to achieve ||Qx N, — J*||oc < €, the total number of samples is bounded as

e3

YOO [y S
SATx = O ( SA .

Theorem 2 shows that the proposed Q-learning algorithm attains a sample complexity
of O (SA|h*|12,/€?) for both parameter groups. This is reminiscent to the discounted setting
(Li et al., 2024a), where different learning rate schedules, such as constant or rescaled linear
rates, achieve the same optimal rate. Moreover, this result provides the best known sample
complexity for Q-learning algorithms in average-reward RL, improving upon the bound in
Jin et al. (2024) by a factor of O(||h*||2,/?).

Previous studies have established stronger results by leveraging more sophisticated
algorithmic techniques. For example, Jin and Sidford (2021) extended learning algorithms
with optimal sample complexity in discounted MDPs to the average-reward setting, thereby
achieving better bounds. Zhang and Xie (2023) refined Q-learning via the use of the upper
confidence bound (UCB) technique and obtained an improved dependency on ||h*||s, and e.

Policy optimization methods adopted by Li et al. (2024b); Wang (2017) achieved a 6(1 /&%)
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rate. All of them required prior knowledge of the mixing time or ||h*||s,p. Moreover, Lee
et al. (2025) established the state-of-the-art by incorporating the Halpern iteration with
variance reduction, implemented via differential techniques with sample batching.

In contrast, our result focuses on the vanilla Q-learning algorithm, without variance
reduction or UCB enhancements. The performance is constrained by the behavior of Q-
learning in discounted MDPs, which is known to be suboptimal (Li et al., 2024a), explaining
why our bound falls short of the optimal rate. Nevertheless, Q-learning remains a classi-
cal and fundamental algorithm, valued for its simplicity of implementation and practical
applicability. A rigorous theoretical analysis of its behavior is therefore essential, and it

provides foundation for subsequent analysis with variance reduction or UCB techniques.

3.2.2 Federated Settings

In this section, we develop federated variants of average-reward QQ-learning involving M
agents and analyze the sample complexity of the variants. We study a federated frame-
work where M agents independently update their local Q-function estimates using their
respective datasets or generative models, while periodically communicating with a central
server to aggregate these local estimates into a global model. Through this collaborative
approach, our objective is to efficiently learn the optimal average reward J* or optimal pol-
icy m* by leveraging the combined learning experience of all participating agents. We first
begin with the federated variants of Q-learning in the synchronous setting with generative
models, where all the state-action pairs are updated simultaneously at all agents. In the
synchronous setting, at every epoch k € [K] and iteration ¢t € [IVi], each agent m € [M]

has access to a generative model, and generates a new sample
spi(s,a) ~ P(:|s,a) (3.11)

for every state-action pair (s,a) € S x A independently. We assume agents communicate
their estimates to the central server only at iterations when communication is scheduled,

and we denote the communication schedule at epoch k as C(k). Then, synchronous feder-
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ated QQ-learning proceeds according to the following steps.

1. Local updates: For each epoch k, local Q-functions at agents are initialized as Q}y =
Qr_1, where QQr_1 is a global Q-estimate computed in the previous epoch. Then, for
each iteration t € [IV}], each agent independently updates all entries of its Q-estimate

(%, to reach some intermediate estimate following the update rule:

V(s,a) e S x A: QZ?,:(S,CL) =(1- nk,t)Qth—l(3>a)

+nk,t(<1 —r(s.a) +m,bw,t)(sz?t(s,a)))(312)

where s}*(s,a) is drawn according to (3.11), and 7, and ~y; are the learning rate and
discount rate scheduled for epoch k and iteration ¢ at all agents m € [M]. Here, ¢(k, 1)
is the most recent iteration before ¢ when agents communicate with the central server,
where «(k,t) = max{j € C(k) : j <t} if such j exists, and ¢(k,t) = 0 otherwise.

2. Global aggregation: At each stage k, whenever ¢t € C(k) and communication is scheduled,
all agents send their local Q-function estimates to the central server. The server then
aggregates these by averaging the local Q-estimates ()}, from all agents to form the

updated global estimate Q) 4:
M
V(s,a): Qri(s,a)= ZQ pe(s (3.13)
m:l

Accordingly, after aggregation, the global value function is updated as Vi ;(s) = max, Qx+(s, a),
and all agents synchronize their local Q-functions to this updated global Q-function. The
complete procedure is summarized in Algorithm 3.
Assume Ny = 0. In the federated setting with M agents, for some sufficiently large

constant ¢y > 0, two groups of parameters are given as below.
e The first group of parameters accelerates the decay of the discount factor (1 — ;) by

a factor of M'/3, thereby increasing the effective planning horizon and expediting the

convergence of (7 to J*. Simultaneously, the learning rate n;", decays more gradually,

also by a factor of M'/3, reflecting the variance reduction achieved through collaborative
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Algorithm 3: Federated average-reward Q-learning

1: inputs: number of agents M, number of epochs K, discount factor {y;}%_,, sample

size { Ny}, step-size {nk,t}gﬁg\z()m)-

2: Initialize Qfy = 0, Vis = 0 for all m € [M].

3: fork=1,--- , K do

4: Initialize Qg = Qr—1,5,_,, V3o = Vi—1,n,_, for all m € [M]

5. fort=1.--- Ny do

6: for m € [M] do

7: Draw s}*(s,a) ~ P(-|s,a), ¥(s,a) € S x A.

8: Compute @}, according to (3.12)

9: Compute V;"}(s) = maxyeq QF(s,a’) for all s € S

10: if ¢t € C(k) then

11: Compute global Q-estimates Q) via aggregation according to (3.13).
12: Update global value estimates Vi ¢(s) = max, Qr+(s,a) for all s € S.
13: Synchronize local Q-estimates Qy’; = Qy for all m € [M].

14: end if

15: end for

16:  end for

17: end for

18: return: Qg ny-

learning among agents. These adjustments jointly reduce both the bias between Q)% and
J* and the error in the convergence of the global Q-estimates Q. to @3, , and crucially,
balance these two sources of error so that they decrease at the same rate as M increases,

thereby improving overall convergence:

2log(4M Ny,)
_ k . W
Nk’_CN2 3 Vk:—l (MNk)l/S )
1 ) )
I =7 , C(k)={i < Ng|li =0 (mod gg)} U{N¢}, (3.14a)

1+

8M1/3 log(4Mt)

—log(1—vx)?
( Mk, Ny, —‘

where gi =
The second group retains the same rates for the discount factor (1 — 7;) and learning
rate 7;, as in the single-agent setting, but reduces the sample size Ny by a factor of M.
This reduction is due to the improved convergence rate of (), as the variance reduction

from multiple agents allows the algorithm to achieve the same error level with M times
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fewer samples:

2 A A
Ny = ¢y max {% log®(k + 1) log® <ST> ,log(Mklog ST)} , Y = _k

1
Mkt = N, . Cr={Ny}. (3.14b)

1+ 4log(M % N;)

Analysis: optimal value estimation The next theorem provides a theoretical analysis
of Algorithm 3, characterizing both the sample complexity and the communication round
requirements for estimating the optimal reward J*.

Theorem 3. Assume ||h*||sy < 00. For both of the two groups of parameters in (3.14),

with probability at least 1 — ¢, the output of Algorithm 3 satisfies

Cll sy | o AMSAT

_J* <

where C' is a positive constant, Ty = ZkK:l Ny, denotes the total number of iterations. For

e € (0,1], to achieve ||Qk Ny — J*||o < €, the total number of samples required per agent

= (SAIR1S
SATx = O | =%,

1s bounded as

Me3

and the number of communication rounds can be bounded as

fj (k)| =0 (M) |

k=1

The proof of Theorem 3 is provided in Appendix C.3. We provide a few remarks on

the implications as follows

Sample complexity with linear speedup. Theorem 3 shows that federated collabo-
ration among M agents accelerates the convergence of Q-function estimates to the optimal
average reward J*. Specifically, compared to the single-agent case shown in Theorem 2, the
sample complexity per agent is reduced by a factor of M, demonstrating a linear speedup in

convergence as the number of agents increases. Remarkably, this means that the federated
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algorithm achieves the same sample efficiency as if all data were sampled centrally, despite

agents not sharing their individual datasets.

Communication efficiency. In federated settings, communication between agents and
the central server can be costly, making it crucial to minimize the communication frequency.
Theorem 3 indicates that the total number of communication rounds required to achieve
an e-optimal value is 6(\|h*||sp /€), which is independent of the number of agents M. This
means that adding more agents improves sample efficiency without increasing the frequency
of communication rounds, allowing scalability in the number of agents without incurring
additional communication costs.

Furthermore, the communication complexity bound holds for both parameter groups in
(3.14), enabling flexible choices of communication schedules based on resource constraints
without compromising communication efficiency. For the first group, communication is
scheduled periodically within each epoch at fixed intervals g = 6((%’3)1/ %), with Ny in-
creasing exponentially. For the second group, communication occurs only at the end of each
epoch, with the interval determined by the polynomially growing epoch size N. Depending
on the available communication resources, communication rounds can be scheduled either

at constant intervals with exponential jumps or at polynomially growing intervals.

Analysis: optimal policy learning We now analyze the problem of learning an e-
optimal policy, providing sample complexity and communication complexity for learning a
policy 7 such that J* — J™ <e.

Theorem 4. Assume ||h*||sy < co. Take Nj, = cy2F for sufficiently large cn, i = 1 —

1 _ t - _ 1+ \ 1| | 4log(1—7x)
N Mi75 0 Tkt = (1+8(NkM)1/5 log(MNk)) ' and C(k) = {[Nk (%) -‘ L e Hlog((iw;;k/z)u }

Take the output policy of Algorithm & as T(s) = arg max, Qk n,(s,a). Then with proba-

bility as least 1 — &, the average reward J™ satisfies J* — J* < € as long as

Tx = ZNk > I “S”l 5(Nx M) log 5

The number of communication rounds is bounded as Zszl C,| = O (I1h*||sp/€) -
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Theorem 4 shows that the algorithm can learn an e-optimal policy with a sample com-

~ * |15
plexity of O(%};S”S”

) per agent, also achieving linear speedup in terms of the number of
agents M. Notably, this improves the result of Jin et al. (2024) by a factor of 5(Hh*\|§p /€%)
in the single-agent case, where M = 1. The communication complexity remains 5(%)7

independent of the number of agents M. The proof of Theorem 4 is provided in Ap-
pendix C.4.
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Chapter 4

Collaborative Federated RL with

Markovian Sampling

In this section, we study a federated asynchronous Q-learning, where M agents sample

local trajectories using different behavior policies under infinite-horizon discounted MDPs.

4.1 Problem Setting

4.1.1 Background

Single-agent asynchronous Q-learning with Markovian trajectories In the asyn-
chronous setting, an agent collects a sample trajectory {s:, a;, r:}2°, from the underlying

MDP M by following a stationary behavior policy 7, such that
ag ~ mo(-|st), Te=7r(ss,ar), S~ P(| s, ap) (4.1)

for all £ > 0, where the initial state is so. The behavior policy 7, may be different from
the optimal policy 7*. Contrary to the generative model considered in the synchronous
setting, the samples collected under the asynchronous setting are Markovian (dependent
across time). The sample trajectory can be viewed as a time-homogeneous Markov chain

over the set of state-action pairs.
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number of sample

sampling reference agents coverage complexity
Qu and Wierman (2020) 1 full W
Li et al. (2021) 1 full m
asynchronous Li et al. (2023) 1 full m
FedAsynQ-EqAvg (Khodadadian et al., 2022) M full W&W
FedAsynQ-EqAvg (Theorem 5) M partial W
FedAsynQ-ImAvg (Theorem 6) M partial W

Table 4.1: Comparison of sample complexity upper bounds of single-agent and federated
Q-learning algorithms under asynchronous sampling protocols to learn an e-optimal Q-
function in the /., sense, where logarithmic factors and burn-in costs are hidden. Here,
S is the state space, A is the action space, 7 is the discount factor, M is the to-
tal number of agents, and ¢, is the mixing time of the behavior policy. In addition,
Pmin = Miny, ¢, 1p (s, a) denotes the minimum entry of the stationary state-action occu-
pancy distributions pp* of all agents, fiag = ming, % 224:1 pp'(s,a) denotes the mini-
mum entry of the average stationary state-action occupancy distribution of all agents, and
Chet := maXy, 5.0 Mug'(s,a)/( SSM (s, a)) captures the heterogeneity across the agents.

In asynchronous Q-learning for infinite-horizon MDPs, at each iteration ¢ > 1, upon

receiving a transition (s;_1,a;_1, ¢), the Q-estimate is updated via

(1- n)Qt—l(s, a) +n (T(Sa @) + ymaxyea Qt—l(sta a)), if (Sa @) = (S4—1,a¢-1),

Q(s,a) otherwise,

Qi(s,a) =
(4.2)

where 77 denotes the learning rate.

4.1.2 Federated RL with Markovian Sampling

In the asynchronous setting, each agent m € [M] independently collects a sample trajectory

{sp*,al*, ri*}2, from the same underlying MDP M following some stationary local behavior
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policy 7" such that
aft ("), it = (st at), st~ POls ) (4.3)

for all ¢ > 0, where the initial state is initialized as sg' for each agent m. Note that the
behavior policies {m}"}epar are heterogeneous across agents and can be different from
the optimal policy 7*. Contrary to the generative model considered in the synchronous
setting, the samples collected under the asynchronous setting are no longer independent
across time but are Markovian, making the analysis significantly more challenging. The
sample trajectory at each agent can be viewed as sampling a time-homogeneous Markov
chain over the set of state-action pairs. Throughout this paper, we make the following

standard uniform ergodicity assumption (Li et al., 2021; Paulin, 2015).

Assumption 1 (Uniform ergodicity). For every agent m € [M], the Markov chain induced
by the stationary behavior policy m* is uniformly ergodic over the entire state-action space

S x A.

Uniform ergodicity guarantees that the distribution of the state-action pair (s;, a;) of a
trajectory converges to the stationary distribution of the Markov chain geometrically fast
regardless of the initial state-action pair, and eventually, each state-action pair is visited

in proportion to the stationary distribution.

Key parameters. Two important quantities concerning the resulting Markov chains will
govern the performance guarantees. The first one is the stationary state-action distribution

pp', which is the stationary distribution of the Markov chain induced by 7" over all state-

m
mix?

action pairs; the second one is ¢ which is the mixing time of the same Markov chain

given by

™= min {t ‘ (so,gﬁl)agéxAdTV<Ptm(' | S0, a0), ,uf)n) <

}, (4.4)

|

where P/™(-| so,ag) denote the distribution of (s, a;) conditioned on (sg,aq) for agent m,

and dtv(-,-) is the total variation distance. Further, let the largest mixing time of all the
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Markov chains induced by local behavior policies be

tox = m?ﬁ]t - (4.5)
me

In words, ¢72* approximately indicates the time that the transition of every agent starts

to follow its stationary distribution regardless of its initial state.

Let us further define a few key parameters that measure the coverage and heterogeneity

of the stationary state-action distribution pi* across agents. First, define

min = min’ h Z]lin = 4.6
Iz nin fim where  p i M b (5,0). (4.6)

State-action pairs with small stationary probabilities are visited less frequently, and there-
fore can become bottlenecks in improving the quality of Q-function estimates. Clearly,

Fomin < m. In addition, denote

vy = 4,
v s(lr;ﬂelngMZubsa (4.7)

In words, ftavg is the minimum entry of the average stationary state-action distribution
of all agents. The difference between fi.yg and fimin stands out when an individual agent
fails to cover the entire state-action space. While pmin = 0 in such a case, ptayg can still
be positive as long as each state-action pair is explored by at least one of the agents, i.e.,

2%21 pp'(s,a) > 0. Note that pi,e is always greater than or equal to jimin since

M:

> min o' (S, a) = tmin- (4.8)

min
Have = (s,a)ESx A,me[M]

(s,a)ESx A
m=1

Last but not least, we measure the heterogeneity of the stationary state-action distributions

across agents by

Chet '= max max lj\l} (5,9) ; (4.9)
me[M] (s.a)esxA LS~ pm(s, a)
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which satisfies 1 < Chey < min{M, 1/pay}, and in particular, Cher = 1 when p}" = p;, are

all equal.

4.2 Algorithm: Federated Asynchronous Q-learning (FedAsynQ)

Similar to the synchronous setting, we describe a federated asynchronous Q-learning al-
gorithm, called FedAsynQ (see Algorithm 4), that learns the optimal Q-function by peri-
odically averaging the local Q-estimates with the aid of a central server. Inheriting the
notation of Q7 and V;™ from the synchronous setting (cf. (3.4)), FedAsynQ proceeds as

follows in the rest of the ¢-th iteration.

1. Local updates: Each agent m samples a transition (s}, a™ {,r{", si*) from its Markovian
trajectory generated by the behavior policy 7" according to (4.3) and updates a single

entry of its local Q-estimate Q7" ;:

n(s.a) (L=m)Qi (s, a) +n(riy +9V2(s7) if (s,a) = (57,0

Qi1 (s,a), otherwise

(4.10)

where 7 denotes the learning rate.
2. Periodic averaging: The intermediate local estimates will be averaged every 7 iterations,

where 7 > 1 is the synchronization period. Here, we consider a more general weighted

averaging scheme, where the updated estimate Q7" is:

M* o' (s,a)QT 1 (s,a ft=0(mod 7
V(s,a) € S x A: Q' (s,a) = > m=1 4 ( )t_g( ) ( )’

o 1 (s,a) otherwise

(4.11)
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Algorithm 4: Federated Asynchronous Q-learning (FedAsynQ)

1: inputs: learning rate {n}, discount factor v, number of agents M, synchronization
period 7, total number of iterations 7.

2: initialization: Qf' = Qo for all m € [M].

3 fort=1,---,T do

4:  for m € [M] do

5: Draw action a}*, ~ wj*(s}",), observe reward " | = r(s}",,a}" ), and draw next
state sy ~ P(-|si"y,a}",).

6: Compute Qﬁ% according to (4.10).

7: Compute Q7" according to (4.11).

8: end for

9: end for

10: return: Qr(s,a) = S.M_ a(s,a)Q%(s,a), for all (s,a) € S x A.

where o = [a(s,a)]sesaca € [0,1]I54 is an entry-wise weight assigned to agent m
such that
M
V(s,a) € S x A: Za?(s,a)zl.

After a total of T iterations, FedAsynQ outputs a global Q-estimate
M
Z art(s,a)QT (s, a)
m=1

for all (s,a) € § x A. In the subsections below, we provide two possible ways (equal and

importance weighting) to choose o} and their corresponding sample complexity analyses.

4.3 Performance Guarantees with Equal Averaging

We begin with the most natural choice, which equally weights the local Q-estimates, that
is,

1

' (s,a) = U (4.12)

We call the resulting scheme FedAsynQ-EqAvg, which is also analyzed in Khodadadian et al.

(2022). We have the following improved performance guarantee in the next theorem.
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Theorem 5 (Finite-time convergence of FedAsynQ-EqAvg). Consider any given ¢ € (0,1)
and € € (0, ﬁ] Suppose that the initialization of FedAsynQ-EqAvg satisfies 0 < Qo <
1
1—v"

¢, > 0, such that with probability at least 1 — 6, the output of FedAsynQ-EqAvg satisfies

There exist some sufficiently large constant cp > 0 and sufficiently small constant

QT — Q|| < €, provided that the synchronization period T, the sample size per agent T,

and the learning rate n satisfy

To <7< %min{lev, %}, (4.13a)

12 er (G + ) (on((1 = %) o () o S a1

0 = ¢, min { M (1C—hetv)4gz | 770} — i;g o (4.13¢)

where Tg = 2176752'1 log 8 M log 4‘5”“4|T2 , Ty = m, and ny = 2= mm;{é;ﬂ M7} indepen-
dent of €.

Theorem 5 implies that to achieve an e-accurate estimate (in the /., sense), the sample

complexity per agent of FedAsynQ-EqAvg is no more than

~ Chet
© (M,Uavg<1 - 7)552>

for sufficiently small £, when the burn-in cost 7Ty — representing the impact of the mixing

times — is amortized over time. A few implications are in order.

Linear speedup without full coverage. The sample complexity of FedAsynQ-EqAvg
shows linear speedup with respect to the number of agents, which is especially pronounced
when the local behavior policies are similar, i.e., Cphet &= 1. Notably, the guarantee holds as
long as all agents collectively cover the entire state-action space (i.e., flayg > 0), unveiling
the benefit of heterogeneity in local behavior policies. This is surprising in view of the
convergence guarantee provided in Khodadadian et al. (2022), which requires each agent
visits the entire state-action space (i.e., fimin = 0). Moreover, our sample complexity has

sharpened dependency on nearly all problem-dependent parameters compared to the bound
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6(#) obtained in Khodadadian et al. (2022) by at least a factor of

min(1_7)982

paglSI? ISP
ChetM?nin(l -yt T (I—=9)*

For M = 1, the bound nearly matches with the sharpest upper bound 5<m> for

min

the single-agent case (Li et al., 2023) up to a factor of 1/(1 —+), when ignoring the burn-in

cost.

4.4 Performance Guarantees with Importance Averag-
ing

In the asynchronous setting, heterogeneous behavior policies induce local trajectories that
cover the state-action space in a non-uniform manner. As a result, agents may update the
Q-estimate for a state-action pair at different frequencies, resulting in noisier Q-estimates
of state-action pairs that an agent rarely visits. Equally-weighted averaging of such local
Q-estimates is not efficient, because the convergence speed to the optimal Q-function for
each state-action pair is bottlenecked with the slowest converging agent that visits it least
frequently. This is highlighted by the impact of the heterogeneity factor C in the sample
complexity of FedAsynQ-EqAvg, which scales linearly with Cle, implying that increased
heterogeneity among agents’ trajectories may impede the convergence. For example, if
only one agent exclusively visits a certain state-action pair (s,a) with probability one,
while other agents never visit that particular state-action pair, the heterogeneity factor
becomes Chey = M when M < 1/p,,e, canceling out the linear speedup.

Our key idea to prevent such inefficiency is to increase the contribution of frequently
updated local Q-estimates, which are likely to have smaller errors. By assigning a weight
inversely proportional to the error of the corresponding local estimate, we can balance the
heterogeneous training progress of the local estimates and obtain an average estimate with
much lower error. Combining this idea with the property that the local error decreases

exponentially with the number of local visits, we propose an importance averaging scheme
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FedAsynQ-ImAvg with weights given by

(1 — n)than,t(Sva)
Yoo (1= )Nl

o' (s,a) = (4.14)
for all (s,a) € S x A and m € [M], where N{"_ (s, a) represents the number of iterations
between [t — 7,t) when the agent m visits (s,a). The weights in (4.14) can be calculated
at the server based on the number of visits to each state-action pair by the agents in one
synchronization period. Therefore, each agent needs to send its N/*_,(s,a) for each (s, a)
along with its local Q-estimate, and FedAsynQ-ImAvg incurs twice the communication cost

of FedAsynQ-EqAvg per iteration.

We have the following theorem on the finite-time convergence of FedAsynQ-ImAvg.

Theorem 6 (Finite-time convergence of FedAsynQ-ImAvg). Consider any given ¢ € (0,1)

and e € (0, ﬁ] Suppose that the initialization of FedAsynQ-ImAvg satisfies 0 < Qp < ﬁ,
and the synchronization period T obeys
1 1-— 1
< Emm{TV, M}' (4.15)

There exist some sufficiently large constant cr > 0 and sufficiently small constant c, > 0,
such that with probability at least 1 — ¢, the output of FedAsynQ-ImAvg satisfies ||Qr —

Q*|lo < &, provided that the sample size per agent T' and the learning rate n satisfy

1
M payg (1 — 7)°

1= cymin {M(1— 7)*e?, o}

[SIIAT*M
5 )

T > cr ( 5+ To) (log((1 —~)%¢))?log (T'M) log (4.15b)
1

log (TM) log w 7

(4.15¢)

and 1o = min {tm%, 1—7, M‘l}, independent of .

mix

T 1
where Ty = T e

Theorem 6 implies that to achieve an e-accurate estimate (in the /., sense), the sample

complexity per agent of FedAsynQ-ImAvg is no more than

~ 1
© (M,Uavg<1 - 7)552>
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for sufficiently small £, when the burn-in cost TO — representing the impact of the mixing

times — is amortized over time. A few implications are in order.

Linear speedup without the curse of heterogeneity. The sample complexity of
FedAsynQ-ImAvg is better than that of FedAsynQ-EqAvg, since it no longer depends on Ch;
which can be as large as 1/1ays. FedAsynQ-ImAvg not only overcomes potential insufficient
local coverage by exploiting the complementary coverage of agents’ behavior policies, but
also achieves linear speedup with respect to the number of agents without suffering from
the potential performance degradation due to the associated statistical heterogeneity as in
FedAsynQ-EqAvg. In fact, the performance of FedAsynQ-ImAvg matches with centralized
Q-learning as if we collect and process all data trajectories at the central server, up to the

burn-in cost and logarithmic factors.

Communication efficiency. To provide further insights on the communication com-
plexity of FedAsynQ-ImAvg, consider again the regime when ¢ is sufficiently small and
M = ﬁ To minimize the communication frequency while preserving the sample effi-
ciency, we again plug the choice of the learning rate (4.15¢) into (4.15a) and select the

synchronization period as large as 7 < 7z up to logarithmic factors. Then, this

1
T

ensures the communication complexity Ciound = T'/7 is no more than 5(%)
avg

4.5 Numerical Experiments

In this section, we conduct numerical experiments to demonstrate the performance of the

asynchronous Q-learning algorithms (FedAsynQ-EqAvg and FedAsynQ-ImAvg).

Experimental setup. Consider an MDP M = (S, A, P,r,7), where S = {0,1} and
A ={1,2,---,A}. The reward function r is set as r(s = 1,a) = 1 and r(s = 0,a) = 0
for any action a € A, and the discount factor is set as v = 0.9. We now describe the
transition kernel P. Here, we set the self-transitioning probabilities p, = P(0]0,a) and

¢o = P(1|1, a) uniformly at random from [0.4,0.6] for each a € A, and set the probability
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of transitioning to the other state as P(1 — s|s,a) = 1 — P(sl|s,a) for each s € S.

We evaluate the proposed federated asynchronous Q-learning algorithms on the above
MDP with M agents selecting their behavior policies from II = {my, ma,---, ma}, where
the i-th policy always chooses action i for any state, i.e., m;(i|]s) = 1 for all s € S. Here, we
assign m; to agent m € [M] if i = m (mod A). Note that if an agent has a behavior policy
T;, it can visit only two state-action pairs, (s = 0,a = i) and (s = 1,a = 7). Thus, each
agent covers a subset of the state-action space, and at least M = A agents are required
to obtain local trajectories collectively covering the entire state-action space. Under this
setting with A = 20, we run the algorithms for 100 simulations using samples randomly
generated from the MDP and policies assigned to the agents. The Q-function is initialized

with entries uniformly at random from (0, ﬁ] for each state-action pair.

Faster convergence of FedAsynQ-ImAvg. Figure 4.1 shows the normalized Q-estimate
error (1 —7)||@Qr — Q*|l With respect to the sample size T', with M = 20 and 7 = 50.
Given the trajectories of agents collectively cover the entire state-action space, the global
Q-estimates of both FedAsynQ-EqAvg and FedAsynQ-ImAvg converge to the optimal Q-
function, yet at different speeds. Although FedAsynQ-EqAvg converges in the end, we can
see that it converges much slower compared to FedAsynQ-ImAvg, because each entry of the
Q-function is trained by only one agent while the other M — 1 agents never contribute
useful information. However, the vacuous values of the M — 1 agents significantly slow

down the global convergence under equal averaging.

Convergence speedup. Figure 4.2 demonstrates the impact of the number of agents
on the convergence speed of FedAsynQ-EqAvg and FedAsynQ-ImAvg. It can be observed
that there is indeed a speedup in terms of the number of agents M with respect to the
squared (4, error ||Qr — Q*||22, which is poised to scale linearly with respect to the number
of agents. In particular, the speedup is more rapid with FedAsynQ-ImAvg as M increases,
while it increases much slower with FedAsynQ-EqAvg. This shows that FedAsynQ-ImAvg

achieves much better convergence speedup in terms of the number of agents.
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Figure 4.1: The normalized /, error of the Q-estimates (1 — 7)||@Qr — Q*]|s With respect
to the number of samples T for both FedAsynQ-EqAvg and FedAsynQ-ImAvg, with M = 20
and 7 = 50. Here, the learning rates of FedAsynQ-ImAvg and FedAsynQ-EqAvg are set as
n = 0.05 and n = 0.2, where each algorithm converges to the same error floor at the fastest
speed, respectively.

Communication efficiency. Figure 4.3 demonstrates the impact of the synchronization
period 7 on the convergence of FedAsynQ-ImAvg and FedAsynQ-EqAvg. With frequent
averaging (7 = 1), FedAsynQ-ImAvg slightly outperforms FedAsynQ-EqAvg, but there is no
significant difference because the heterogeneity between local Q-functions after just one
local update is very small. The performance of FedAsynQ-EqAvg degrades as we increase
7 since FedAsynQ-EqAvg cannot cope with the increased heterogeneity between local Q-
estimates as we increase the number of local steps. On the other end, the performance of
FedAsynQ-ImAvg improves first (i.e., 7 = 10, 25, 50) as it balances the heterogeneity much
better than FedAsynQ-EqAvg, but drops later if 7 is too large (i.e., 7 = 75, 100) due to the

high variance of the averaged Q-estimates.
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Figure 4.2: The inverse squared /o, error ||Qr —Q*||22 with respect to the number of agents
M = 20,40, 60,80, 100 for both FedAsynQ-EqAvg and FedAsynQ-ImAvg, with 7" = 300 and
T = 50.
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Figure 4.3: The normalized (., error of the Q-estimates (1 — 7)||Qr — Q"] with re-

spect to the synchronization period 7 = 1, 10, 25, 50, 75, 100 for both FedAsynQ-EqAvg and
FedAsynQ-ImAvg, with M = 20 and T = 300.
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Chapter 5

Collaborative Federated RL with Offline
Data

We study a federated offline Q-learning that effectively elicits the collaborative benefit of

agents to overcome limited coverage of local offline datasets at each agent.

5.1 Problem Setting

5.1.1 Background

Single-agent offline Data In offline RL, an agent has access to a offline dataset con-
taining pre-collected episodes by following some behavior policy. The offline dataset D at
an agent is composed of K episodes, each generated independently according to a behavior

policy g = {un}i_,, resulting in

K

D= {(Sk,h g1y Tk, -« -5 Sk,H, Ok, H, ’f’k,H)}k %

where the initial state s;; ~ p is drawn from some initial state distribution p € A(S),
Sk.h, Gk, Tr.n are the state, action and reward at step h in the k-th episode, agp ~ pn(- | Sk.p)
and Tk,h = ’I"h(Skﬁ, ahh).

The goal of offline RL is to learn an e-optimal policy 7 = {7}, minimizing the
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e reference number of coverage sample | communication
P agents & complexity rounds
VI-LCB (Xie et al., 2021b) 1 single €30 -
model-based | pevy Ady (Xie et al., 2021D) 1 single 1sc .
VI-LCB (Li et al., 2022a) 1 single qgcr i
LCB-Q (Shi et al., 2022) 1 single Hiszc* -
-Q- i ; H*SC* _
modelfree LCB-Q-Adv (Shi et al., 2022) 1 single 3
FedAsynQ (Woo et al., 2023) M collaborative #162 ZI;V\;[
. HTSCy,
FedLCB-Q (Theorem 7) M collaborative T g H

Table 5.1: Comparison of sample complexity upper bounds of model-based and model-
free algorithms for offline RL to learn an e-optimal policy in finite-horizon non-stationary
MDPs, where logarithmic factors and burn-in costs are hidden. Here, S is the size of
state space, A is the size of action space, H is the horizon length, M is the number of
agents, C* and (7, denote the single-policy concentrability and the average single-policy
concentrability, respectively (cf. (5.3) and (5.4)), and dayg is the minimum entry of the
average stationary state-action occupancy distribution of all agents. We follow standard
conversion to translate the best sample complexity in Woo et al. (2023) to the finite-horizon

setting for comparison.

suboptimality gap

using the history dataset D.

Pessimistic Q-learning (Shi et al., 2022). To this end, there exist offline Q-learning
algorithm that update the Q-function estimates based on the offline dataset D by introduc-
ing pessimism to handle distributional shifts between the learned policy and the behavior

policy . For (s, a,r,s") = (s}, a;,) sampled from the offline dataset D for episode k € [K]
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and step h € [H|, the pessimistic Q-learning update is given by

Qrn(s,a) (1 —nrn(s,a)Qy (s, a) + nen(s,a)(r + Vicrnia(s') — ben(s,a))  (5.1)

where 7}, (s,a) is the learning rate, Vi x(s) « maX{Vk_Lh(s), max, Qh(s,a)}, and the
penalty term by p(s,a) > 0 reflects the uncertainty of the corresponding Q-estimate and

implements pessimism in the face of uncertainty.

5.1.2 Federated Offline RL

In federated offline RL, one has access to a offline dataset containing episodes collected
by following some behavior policy. Here, we formulate a federated version of the offline
RL problem with M agents, where each agent has access to a local offline dataset. For
1 < m < M, the offline dataset D™ at agent m is composed of K episodes,! each generated

independently according to a behavior policy u™ = {u"}2_, | resulting in

K

mo.__ m m m m m m
D™ = {(Sk,lv k1> Tks -5 Sk Ok Hs Tk,H)}kﬂ,

where the initial state 3, ~ p is drawn from some initial state distribution p € A(S),

and sp",, iy, vy, are the state, action and reward at step h in the k-th episode, a;’, ~

g (-1 sil) and il = ra(sily agly )

Goal. The goal of federated offline RL is to learn an e-optimal policy 7 = {7},
satisfying

Vilp) = ViT(p) < e

using the history dataset D = {Dm}l <<y Without sharing the local offline datasets, with
the help of a parameter server. Furthermore, it is greatly desirable to achieve as high

accuracy as possible, in a memory- and communication-efficient manner.

'For simplicity, we assume all the agents have the same number of episodes. It is straightforward to
generalize to the scenario when the local offline datasets have different sizes.
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Metric. Obviously, the success of offline RL highly relies on the quality of the history
dataset. In order to define the metric, let us first introduce the occupancy distributions

di(s) and dj (s, a) induced by policy 7 at step h, given by

dy(s) =P(sp, = s|s1 ~ p,7), dy(s,a) =P(sp =s|s1 ~p,m)mn(als). (5.2)

Recent works (Rashidinejad et al., 2021; Shi et al., 2022; Xie et al., 2021b) have advocated
the notion of single-policy concentrability, which measures the mismatch between the oc-
cupancy distributions induced by the optimal policy 7* and the behavior policy u, with
the benefit that this assumes away the need for the offline dataset to cover the entire state-
action space, which is often impractical. Li et al. (2022a) offered a more refined notion

called single-policy clipped concentrability, defined as follows.

Definition 3 (single-policy clipped concentrability). The single-policy clipped concentra-
bility coefficient C* € [1/S,00) of a behavior policy p is defined to be the smallest quantity
that satisfies

in{d;" 1/S
max min{dj (s,a), 1/5} < C*, (5.3)
(h,s,a)€[H]xSx A di (s, a)

where we adopt the convention 0/0 = 0.

The single-policy clipped concentrability coefficient C* < oo is finite whenever the be-
havior policy covers the state-action pairs visited by the optimal policy, rather than having
to cover the entire state-action space. Recall that since 7* is deterministic, df (s,a) =
dr" (s)I(a = 77 (s)), that is, df (s,a) is non-zero only for the optimal action a = }(s).
Compared with the unclipped counterpart introduced in Rashidinejad et al. (2021), the
clipping of the occupancy distribution df (s,a) by the threshold 1/S ensures that C* will
not be excessively large when d7" (s) is highly concentrated in a small number of states in

state space.

In the federated setting, we further introduce a tailored notion that highlights the
potential benefit of collaborative learning in the presence of multiple agents. For ease of
notation, denote

di'(s)=dj (s) and dj'(s,a) =d}" (s,a)
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as the occupancy distributions induced by the behavior policy u™ at agent m. Based on

these, we define the average occupancy distributions as

1

avV, m AV 1 m
d;%(s) = i dp'(s) and d;®(s,a) = i dp'(s,a). (5.4)

111=
111=

Definition 4 (average single-policy clipped concentrability). The average single-policy

concentrability coefficient C},, € [1/S,00) of multiple behavior policies { '™ } e is defined

avg
to be the smallest quantity that satisfies
min{d} (s,a),1/S}

max < C*
(h,s,a)E[H]xSx A dz\’g(87 (l) = Yavg>

(5.5)

where we adopt the convention 0/0 = 0.

An important implication of the above definition is that, as long as the agents collabo-
ratively cover the state-action pairs visited by the optimal policy, the average single-policy
concentrability coefficient C% < oo is finite. Therefore, this is much weaker than the

avg

coverage requirement in the single-agent case.

5.2 Algorithm: Federated Lower Confidence Bound Q-
learning (FedLCB-Q)

We introduce a federated variant of Q-learning algorithm for offline RL, called FedLCB-Q,
that learns a near-optimal Q-function without overestimation on unseen components of the
state-action space. On a high level, FedLCB-Q performs local Q-function updates at all the
agents using its own local offline dataset, and occasionally, globally aggregates the local
estimates in a pessimistic fashion at a central server. To facilitate flexible communication
patterns, we follow a synchronization schedule C(K), which contains the indices of episodes

where communication occurs between the agents and the server.

To begin, FedLCB-Q initializes the local estimate (Qg", and V%) at each agent m € [M]
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Algorithm 5: Federated pessimistic Q-learning (FedLCB-Q)
1: Parameters: horizon length H, number of agents M, total number of episodes per
agent K, synchronization schedule C(K), target error § € (0, 1), ¢; = log (M),
cg > 0.
2: Initialization: set QY (s,a) =0, Vi’ (s) =0, Ng7, (s, a) = 0, ng',(s,a) =0,
Non(s,a) =0, nop(s,a) =0 for all (m,s,a,h) € [M] xS x Ax[H+1].
for k=1,---,K do

/* Update the local Q-estimate and visitation counts at each agent

*/
1 (@i myly,) = Local-Q-learning ();
2 | if k € C(K) then

/* Agent-to-server communication */
3 Agents communicate ()7, and nj", to the server;

/* Global pessimistic averaging in a server */
4 (Qk.hs Vi, Tkn) = Global-pessimistic-averaging() ;

/* Server-to-agent communication */
5 Server broadcasts Qg n, Vi and Ny, to agents;

/* Synchronize local Q-estimates */
6 for (m,s,a,h) € [M] xS x Ax [H] do
: | Qa(5,0) = Quals, a), VI (s) = Vion(s)

return: @ = {QK,h}he[H] and 7 = {WK,h}hE[H}'

and the global estimates (Qo, and Vpp,) at the server as follows:

Qon(s,a) =0, Von(s,a) =0, for all (s,a,h) € S x A x [H + 1], (5.6a)
Qon(s,a) =0, Vou(s,a) =0, for all (s,a,h) € S x A x [H + 1]. (5.6b)

Then, FedLCB-Q proceeds the following steps for each episode k € [K].

1. Local updates: Each agent m samples the kth trajectory {(si,, ai,, i) Mz, from

its local offline datasets D™. For each step h € [H], agent m updates its local
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Q-estimate Q" as follows:

(1 - Uﬁh(&@)@?-l,h(&a) . m m
. - - . - if (s,a) = (s, ag'n)
Qpn(s,a) = + (s, a) (i + Vi (Sis) ,
Q?—m(& a) otherwise

(5.7)

where n,’gj‘h(s,a) is the learning rate, whose schedule will be specified later, and

Vit n(s) is set as

V,ﬂl,h(s) = Vf(}c)’h(s) = Vi n(s), forall (m,s hk)e[M]xSx[H+1]x K],
(5.8)

where ¢(k) denotes the most recent episode where aggregation occurs before the kth
episode, i.e.,

(k) = Hf}x{l <K <k:KeCK)}.

2. Pessimistic aggregation: If synchronization is scheduled at episode k, i.e., k €
C(K), each agent sends its local Q-estimate to a central server for aggregation after
finishing the local update for the kth episode. Then, the server updates the global
Q-estimate @) by averaging the local Q-estimates and subtracting a penalty as

follows:

V(s,a) € S x A: Qrn(s,a) = <Z oszh(s,a)Qth(s,a)> — Bin(s,a), (5.9)

m=1

where a7, = [a},(5,@)](sa)esx4 € [0, 1]54 is an entry-wise weight matrix assigned to
agent m for each h € [H], and By (s, a) is a penalty term (to be specified later below)
that introduces the pessimism preventing the overestimation of unseen state-action

pairs. Accordingly, the global value estimate is updated as

V(s,a) € S x A: Vin(s) = max {‘/Z(k)JL(S), max Qr.n(s, a)} ) (5.10)
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Algorithm 6: Local-Q-learning (agents)

1: form=1,--- ,M do
Sample the k-th trajectory {(si',, i, Ti: Sine1) they from D™
for h=1,--- ,H do

for (s,a) € S x Ado

L th(sv a) = an—l,h(sj a)> Vk%(s) = Vgﬁl,h(s)

// Update the local counters and learning rates

m m m — m m m
1 e (ST, aitn) = ity p(sis aity) + 1
M(H+1)
2 e Sk, apy) = o T
nk’h( ko k’h) Nok),n(sgpoagy) T M (HAL)n, (si0,057,)
// Update local Q-estimates
m m m N
3 Qk,h(sk,m ak,h) =

(1 - UZ?h(SZ,Lm agfh))QZL—l,h(Sz:th aZ,Lh) + 771%(3’ a) (lerfh + anzl,h+1(32?h+l))

where the outer maximum ensures a monotonic update, as we explain later in the
analysis. If Vi x(s) = maxuea Qra(s,a), the global policy is updated as mgx(s) =
argmax,c 4 @Qrn(s,a), otherwise 7, ,(s) = mw)n(s). After aggregation, the server

sends the global Q-function and value estimates to every agent, where
V<I€, m) € C(K) X [M] : QZ?h = kah, ‘/,:;L = Vk,h' (511)

At the end of K episodes, FedLCB-Q outputs a global Q-estimate @h(s, a) = Qrnl(s,a)
for all (s,a,h) € S x A x [H] and a solution policy 7,(s) = mru(s) for all (s,h) € S x [H].
For simplicity, we assume that the aggregation step always occurs after the last episode

K, ie., K € C(K).

5.3 Choices of Key Parameters

The success of FedLCB-Q relies on careful and judicious selections of key algorithmic pa-
rameters, in a data-driven manner, which we detail below. To begin, let us introduce
the following useful notation, which pertains to the counters for visits of agents on each
state-action pair (s,a) € S x A. For any (m, k, h) € [M] x [K] x [H],

* 1, (s,a): the number of episodes in the interval (¢(k), k] during which agent m visits
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(s,a) at step h, i.e., nj,(s,a) = [{t(k) <i < k: (s, af,) = (s,a)}|.

)
NiT,(s,a): the number of episodes in the interval [1, k] during which agent m visits
a)

at step h, i.e., Ny (s,a) = [{1 <i < k:(sf},af) = (s,a)}

(s,

® nn(s,a): the total number of episodes in the interval (¢(k), k| during which all agents
visit (s, a) at step h, i.c., mgu(s,a) = M npy(s,a) = [{u(k) <i < k: (s}, af}) =
(s,a)}]

® Nin(s,a): the total number of episodes in the interval [1, k] during which all agents
visit (s,a) at step h, i.e., Ngu(s,a) = S Ny (s,a) = {1 <@ <k (s, af5,) =

(s,a)}].

Pessimism in the federated RL. In offline RL, pessimism is key to preventing the
overestimation of Q-function on unseen state-action space. For a single-agent case, the
pessimism is implemented by subtracting a penalty term computed based on the visiting
counter of an agent for each state-action pair, which makes the estimation highly dependent
on the quality of agents’ datasets (Rashidinejad et al., 2021). For example, when an agent
has non-expert data collected using a highly sub-optimal behavior policy, it is inevitable
to subtract a large penalty for optimal actions that cannot be reached with the agent’s
behavior policy, and this leads to slow convergence or convergence to a sub-optimal policy
close to the behavior policy. In the federated setting, from the perspective of a server,
as the aggregated information from multiple agents increases confidence, it is natural to
be less pessimistic compared to an individual agent. Based on this intuition, given some
prescribed probability 6 € (0, 1), we suggest a global penalty computed with the aggregated

counters of agents at k € C(K):

(H+1)ng n(s,a) cpC2H* .
s,a n s,a s.a if Nk,h(sua) >0
Byn(s,a) = Nig,n(s,a)+Hng,p(s,a) '\ Ni,n(s,a) 7 (5.12)

0 if Nk,h(s,a) =0

where (; = log (W) and cp is some positive constant. Here, the penalty for each

state-action pair decreases as long as the agents collectively explore the state-action pair
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enough. This relaxes the dependency on an individual agent and prevents the estimated

policy from being restricted to a local behavior policy.

Local update uncertainty. To guarantee that the pessimism introduced by the global
penalty is enough to prevent overestimation on rarely seen state-action pairs, the penalty
should dominate the uncertainty of the Q-estimates. However, when agents independently
update their own local Q-estimates without frequent communication, the global penalty,
which is subtracted only at the aggregation step, may fail to cover the increasing uncer-
tainty of the local Q-estimates during local updates. To handle this, we propose a choice
of key parameters (learning rates Ny, and averaging weights az’fh) that effectively controls
the uncertainty arising from the local updates as follows.
¢ Importance averaging. In the federated setting, agents have offline datasets with
heterogeneous distributions induced by different behavior policies, leading to imbal-
anced uncertainty of local Q-estimates. To minimize the uncertainty of the averaged

estimate, we propose the following entrywise weighting scheme for averaging:

N, (s,a)+(H+1)Mn?, (s,a) .
l v(k),h\5s k,h\S)
M N n(s,a)+Hny p(s,a) if nk’h(s’ CL) >0

(s, a) = : (5.13)
if ngp(s,a)=0

S

By assigning smaller weights to less frequently updated local Q-estimates with smaller
n}c’fh(s, a), which has high uncertainty, the averaged Q-estimate can always maintain
an uncertainty level low enough to be dominated by the global penalty, regardless
of the heterogeneity in local data distributions. The idea aligns with the notion
of importance averaging introduced by Woo et al. (2023), which favors frequently
updated local Q-values. Nevertheless, our approach differs in that, unlike Woo et al.
(2023), where the assigned weights are determined solely based on local counters iy
in a myopic manner, our weights, factoring in the global counter N, 5, limit bias
towards specific agents as the training of local Q-estimates stabilizes. The weighting
scheme, mindful of the entire training progress, prevents some local values that have

undergone intense updates recently from dominating the global learning of the Q-

58



function, preserving the information accumulated through old updates.

¢ Learning rates rescaling. Local updates without synchronization increase the
deviation of local Q-estimates, and this increases the variance of the global Q-estimate
at aggregation. However, requiring agents to communicate frequently may be too
stringent for many applications in the federated setting. To address this issue, we
propose a novel choice of learning rate that exhibits slower decay based on a global
counter N,y p, and faster decay during local updates according to the local counter
n};h:

M(H +1)

s = . 5.14
nk,h(s, a) Nb(k)yh(s, CL) + M(H + 1)TLZ7Lh(S, Cl) ( )

The rescaling of the learning rate is crucial to obtain linear speedup without frequent
synchronizations. The gradual decay with a global counter allows more aggressive
updates of the Q-estimates once collective information from all agents is aggregated,
which enables convergence speedup. On the other hand, the fast decrease in learning
rates during local updates ensures that agents adaptively slow down their drifts and
maintain low variance of their local Q-estimates, without overly restricting the length
of local updates.
The computation of the global penalty (5.12) and importance averaging (5.13) at a server
requires local counters n’,jfh(s, a) from every agent, and determining the learning rates (5.14)
at each agent requires access to recently aggregated global counters N,y n(s,a). There-
fore, for FedLCB-Q with the specified parameters choices, agents and a server additionally

exchange the updated local and global counters at every aggregation step.

5.4 Theoretical Guarantees

Given the parameters described above, we now give sample complexity guarantees on the

performance of the proposed FedLCB-Q algorithm.
Theorem 7. Consider 6 € (0,1) and let T be the solution policy of FedLCB-Q. If a syn-
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chronization schedule C(K) is independent of trajectories in datasets D and satisfies

H2S5C?:, K : 2
7 < Tg and TT:1 <1+ Vi (5.15)

for any w > 1, where T, is the number of episodes between the (u — 1)-th and the u-th
aggregations. Denoting the total number of samples per agent T = KH, the following
holds:

H?SC%, 2 N HYSC?, ¢

* _ T < avg avg .
Vii(p) = Vi"(p) < ¢ T T (5.16)

at least with probability 1 — o, where (; = log <%) and ¢ > 0 is some universal

constant.

Theorem 7 implies that as long as the initial synchronization occurs early and the
synchronization intervals do not increase too rapidly (cf. (5.15)), FedLCB-Q is guaranteed
to find an e-optimal policy, i.e., V;*(p) — Vi (p) < ¢, for any target accuracy ¢ € (0, H], if

the total number of samples per agent T exceeds

~ (H'SC*
O ——2).
Me?
A few implications are in order.

Linear speedup without expert datasets. The value function gap shows linear speedup
with respect to the number of agents M, highlighting the benefit of collaboration. Notably,
the guarantee holds even when every agent has low-quality datasets collected by some sub-
optimal behavior policy, as long as agents’ local data distributions collectively cover the
distribution of the optimal policy, where the average single-policy concentrability C7,, (cf.
(5.5)) is finite. On the other end, when performing offline RL using a single agent, it re-
quires that the behavior policy of the single agent individually cover the optimal policy, i.e.,

C* < oo (cf. (5.3)), which is much more stringent. Therefore, federated offline RL enables

policy learning that otherwise will not be possible in the single-agent setting. Specializing
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to the case M = 1, our bound nearly matches the sample complexity bound 5<HG§C*>

obtained for a single-agent pessimistic Q-learning algorithm with a similar Hoeffding-style

penalty (Shi et al., 2022), up to a factor of H.

Comparison with offline RL using shared datasets. To benchmark the tightness of
our bound, let us consider the minimax lower bound of the sample complexity for single-
agent offline RL (Li et al., 2022a), as if we collect all the agents’ datasets at a central
location. Note that the effective single-policy concentrability coefficient (cf. (5.3)) for the

combined datasets D, = U%[:le becomes

min{d} (s,a), 1/S} min{d} (s,a), 1/S}  Cl,

5.17
(h,s,a)gl[?l}]{XSXA Zn]‘le dy (s, a) (h,s,a)gl[laf]{XSX.A Md3"®(s,a) M’ (5.17)
leading to the minimax lower bound (Li et al., 2022a)
- (H*SCY,
0| ——2%).
Me?
Comparing with the sample complexity bound of FedLCB-Q, obtained as 5<H Z\j;?vg» this

suggests that the performance of FedLCB-Q is near-optimal up to polynomial factors of
H? even when compared with the single-agent counterpart assuming shared access to all

agents’ datasets.

5.5 Near-Optimal Communication Efficiency

In federated settings, communication with a central server is often the dominant bottleneck.
We therefore explore protocols that reduce the number of communication rounds while pre-
serving near-optimal sample performance. We consider two schemes: periodic aggregation
with a fixed interval, and adaptive schedules that progressively lengthen synchronization
intervals as global estimates stabilize.

Theorem 7 suggests initiating the first synchronization early and avoiding rapid in-

creases in synchronization intervals (cf. (5.15)) to ensure fast convergence. This is at-
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Figure 5.1: Illustration of the periodic synchronization with constant period 7 and the
exponential synchronization with a rate ~.

tributed to large deviations among agents in the early stages, arising due to coarse Q-
estimates and large learning rates, which diminish as training proceeds. For communica-
tion efficiency, it is essential to design a synchronization schedule that meets the constraints
with the least number of synchronizations. We investigate the following two specific syn-
chronization schedules for FedLCB-Q:
(a) Periodic synchronization: For a fixed period 7 > 1, communication between
agents and a server is available for every 7 episodes, i.e., 7; = 7 for all ¢ > 1, and we

denote the synchronization schedule as Cperiod (£, 7).

(b) Exponential synchronization: For a fixed ratio v > 0, initializing 7 = H,
set 7; = [(1 4 7y)7i—1] for each ¢ > 2. Under this scheduling, agents communicate
frequently at initial iterations, but the period between aggregation steps increases
exponentially with the rate of (1 + 7) and synchronization occurs rarely as training
proceeds enough. We denote the synchronization schedule as Cexp (K, 7).

Now, we analyze the number of communication rounds required to achieve a target
accuracy, for each scheduling scheme.

3 *
Corollary 1. For any given 6 € (0,1) and target error e € (0, min{H, 1 if“g |, suppose

the total number of samples per agent T'= K H satisfies

H'SC?
T —

avg

Me2 7

—~
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and FedLCB-Q performs under the periodic synchronization scheduling, i.e., C(K) = Cperiod (K, T),
HSC3,,T

avg

with 7 < 17—, or the exponential synchronization scheduling, i.e., C(K) = Cexp(K,7),

with v = Then, each schedule requires the number of synchronizations at most

MK
(Periodic)  [Coerioa (K, 7)| S 4 | =m—: (5.18a)
P H?5C3,

(Exponential)  |Cexp(K,7)| S H, (5.18b)

2
-

respectively, and the solution policy ™ of FedLCB-Q is guaranteed to be an e-optimal policy
at least with probability 1 — 6.

Corollary 1 implies that FedLCB-Q requires only 6(H ) aggregations to achieve the
target accuracy under appropriate synchronization schedules, such as the exponential syn-
chronization schedule. Notably, the number of communication rounds is nearly indepen-
dent of the size of the state-action space, the total number of episodes, or the number of
agents, and this outperforms prior art (Woo et al., 2023). Furthermore, this matches the
lower bound on communication rounds established by Salgia and Chi (2024), demonstrat-
ing the communication-efficiency optimality of our communication protocols in federated
Q-learning. Furthermore, analysis suggests that exponential synchronization with a mod-
est rate v = 2/H is a key to achieving such communication efficiency. With our strategic
choices of learning rates, local Q-estimates stabilize as training proceeds, and thus agents
can perform more local updates than previous rounds without increasing uncertainty be-
yond the control of the global pessimism penalty. Exponential synchronization reduces
the number of synchronizations by capturing the additional room for local updates arising
from the stabilization of Q-estimates. On the other hand, periodic synchronization does
not exploit this benefit, even if we set the period 7 maximally under (5.15) due to which

it necessitates more communication rounds, which increase with K and M.
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Chapter 6

Personalized Federated RL with

Heterogeneous Environments

In real-world federated reinforcement learning (RL), agents often operate with highly di-
verse goals and reward structures. Traditionally, such heterogeneity has been viewed as a
significant hurdle, a source of client drift that hinders consensus or a conflict of interest that
necessitates performance compromises. Consequently, existing literature primarily focuses
on either mitigating this divergence to learn a shared global policy (Wang et al., 2024a;
Yang et al., 2024b) or developing personalization techniques that treat heterogeneity as a

challenge to be tackled.

In this chapter, we propose a fundamental shift in this perspective: reward heterogene-
ity is not a hurdle, but a structural catalyst for exploration. To preserve individual utility
and avoid negative transfer, we develop a personalized federated reinforcement learning
framework that explicitly decouples the learning of shared transition dynamics from per-
sonalized reward functions. As a foundational step, we introduce Personalized Federated
Upper Confidence Bound Value Iteration (PF-UCBVI). By globally aggregating transition
counts while strictly isolating local reward estimates and personalized exploration bonuses,
PF-UCBVI allows agents to collaborate efficiently even when pursuing arbitrarily different
goals. This approach achieves a provably optimal linear speedup in sample efficiency,

demonstrating that collaborative exploration is highly effective in the presence of reward
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heterogeneity.

Despite the theoretical guarantees of UCB-based methods, explicit exploration is often
risky, unethical, or prohibitively expensive in practical domains such as robotics or clinical
trials. If a population of agents possesses sufficiently diverse objectives, their collective,
purely greedy executions will naturally span the state-action space. Leveraging this in-
sight, we propose Personalized Federated Exploration-Free Value Iteration (PF-EFVI). We
demonstrate that under a novel reward-diversity condition, asymptotically optimal col-
lective learning can be achieved relying entirely on pure greedy exploitation, completely

eliminating the need for explicit exploratory actions.

6.1 Preliminaries

To situate our work within the broader context of reinforcement learning and federated
optimization, we review two critical research thrusts: heterogeneous federated RL and

exploration-free RL.

Federated RL with Heterogeneous Environments. While the majority of federated
RL literature assumes homogeneous environments (Salgia and Chi, 2024; Woo et al., 2025;
Zheng et al., 2024), recent works have begun to explore the more realistic setting where
agents possess different transition dynamics and reward functions. Existing literature in
this area primarily focuses on two directions:
1. Consensus-based methods: These algorithms (Labbi et al., 2024; Wang et al., 2024a;
Yang et al., 2024b; Zhang et al., 2024) aim to learn a shared global policy that
optimizes the average values across all environments. However, this approach often

sacrifices individual agent utility to reach a global consensus.

2. Personalized methods: These algorithms allow agents to learn individualized policies
tailored to their local environments. For instance, Zhang and Azizan (2026) proved
linear speedup via affinity-based variance reduction under similarity conditions, and

Xiong et al. (2025) proposed a personalized federated TD-learning algorithm that
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achieves linear speedup with shared representation.
Despite these advances, most personalized algorithms assume a degree of similarity
between agents or rely on a fixed behavior policy that ensures sufficient coverage of the

state-action space.

Exploration-free Learning and Covariate Diversity. In practice, many RL appli-
cations avoid explicit exploration in favor of a greedy approach, particularly in domains
such as robotics or clinical trials where explorative actions may be risky, unethical, or
prohibitively expensive. Beyond safety concerns, explorative solutions are often harder to
implement, and their outcomes are less predictable or interpretable. Consequently, com-
mon sense often suggests a greedy strategy in real-world scenarios, even when standard
theory dictates the necessity of exploration.

Foundational studies by Bastani et al. (2021) and Kannan et al. (2018) have investigated
this phenomenon in linear contextual bandits. They established that under a sufficient di-
versity of contexts, known as the covariate-diversity assumption, a purely greedy selection
can achieve sublinear regret without any explicit exploration mechanisms. Recently, Civ-
itavecchia and Papini (2025) further characterized the covariate-diversity condition for
reinforcement learning. However, their results still require strong environment stochas-
ticity to ensure state-action coverage, which remains a stringent requirement for a single

agent.

6.2 Problem Setting

We consider M agents operating in M finite-horizon MDPs {M™}M_,. Each agent m
is characterized by a local MDP M™ = (S, A, H,{P,}_,,{ri"}fL,), where agents share
a common transition kernel P}, but pursue distinct, personalized reward functions r}".
In online RL, for K episodes, agents interact with their local environments using their
behavior policies updated based on the data collected previously. At episode k, each agent
m selects a policy 7" based on the data collected from previous episodes and executes 7"

to generate a trajectory {sp",, ap’, i’y they, where the initial state s}"; is drawn from some
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initial state distribution p € A(S).

Unlike prior works that sacrifice individual utility for global consensus (Labbi et al.,
2024; Zhang et al., 2024), the goal of each agent is to learn their personalized optimal
policy 7™* maximizing its local value function V;"*(s1), while the overall system aims to

minimize the total regret across all agents over K episodes:

Regret(K) = Y 3 Eayep [V (1) = V" (s1)] (6.)

3
[
o
=
i
_

where 7" is the policy of agent m at episode k based on its local reward and the current

global estimate of the transition kernel.

6.3 Algorithm: Personalized Federated Upper Confi-
dence Bound Value Iteration (PF-UCBVI)

To solve the personalized regret minimization problem defined in the previous section, we
must leverage the shared structure of the environments without forcing a single global
objective. Since the transition kernel P, is common across all agents, sharing state-action
visitation data allows the ensemble to estimate the dynamics significantly faster than any
single agent could alone.

However, because each agent pursues a distinct reward function 7}, their respective
value functions, and consequently, their uncertainty about future returns, differ signifi-
cantly. A standard federated approach with a single global exploration bonus would be
heavily suboptimal here; it might force an agent to explore regions of the state space that
are entirely irrelevant to its personalized goals.

To bridge this gap, we propose Personalized Federated Upper Confidence Bound Value
Iteration (PF-UCBVI). The core principle of PF-UCBVI is to globally aggregate empirical
transition counts to build a highly accurate shared dynamics model, while strictly main-
taining personalized UCB bonuses and local Bellman backups tailored to each agent’s

individual objectives. The algorithm proceeds as follows:
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1. Initialization: The central server initializes global counts Ny (s,a) = 0 and Ny (s, a, s') =
0 for all (s,a,s’) € SxAxS,h € [H|. Each agent m € [M] initializes V;"™(s) = H—h+1
and Q'(s,a) = H—h+1for all (s,a) € S x A, h € [H] and V., = 0. Ties in arg max
are broken uniformly at random.

2. Federated Learning Loop: For each episode k =1,..., K:

* Optimistic Execution: Agent m follows 777, (s) = argmax, Q}'(s,a) to collect
transitions.
* Global Aggregation: Server updates global counts Ny (s,a) <= Np(s,a)+>_ I{(s7y,, af,) =

(s,a)} and Ny(s,a,s’) similarly, then computes and broadcasts:

~ Nyp(s,a,s")
P / — el )
h(s' ] 8:0) = T Mo (s, a))
¢ Local Bellman Backup: For h = H,... 1, each agent m updates its personalized
local bonus:
WVarg, (Vi) 115H?
By'(s,a) = Phsa ) ML ‘ (6.2)
max{N,(s,a),1} = max{Ny(s,a),1}

where ¢ = log(4M SAKH/§). Then performs value iteration:

Q7 (s,a) = min {H —h+ 1,77 (s,a) + B'(s,a) + Z Pu(s' | s, a)Vhﬁl(s’)}

s'eS

Vin(s) = max @ (5, a)

6.4 Regret Analysis of PF-UCBVI

To characterize the benefits of the personalized exploration strategy in PF-UCBVI, we
establish the following regret bound:

Theorem 8 (Regret of Personalized Federated UCB-VI). Consider a federated MDP set-

ting with M agents, S states, A actions, and a planning horizon H. Let the agents perform
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the PF-UCBVI algorithm with a confidence parameter § € (0,1). Then, with probability at

least 1 — 0, the total regret satisfies:

Regret(K) < C'- <\/SAMKH3 log® (%) + S?AH?log? (%)) (6.3)

where C' > 0 1s a universal constant.
The proof of Theorem 8 is provided in Appendix E.2. The key implications of this

result are as follows:

Optimal Linear Speedup and Accelerated Burn-in. The regret bound in Theorem 8
demonstrates an optimal linear speedup with respect to the number of participating agents
M. Specifically, since the total regret across all agents scales as (5(\/W), the
average regret per agent is tightly bounded by 6(\/@ ). This yields a strict
1/ VM reduction in sample complexity compared to learning in isolation. Furthermore,
this collaborative efficiency significantly accelerates the initial exploration phase; the "burn-

in" period required for the dominant sub-linear term to overtake the lower-order term is

reduced to K > SSfJHS, strictly dividing the required local exploration time by M.

Improved Regret over Existing Baselines. Furthermore, our algorithm achieves an
improved regret bound compared to the best-known federated UCBVI result for online
settings (Labbi et al., 2024), with a gap of O(H). This shows that PF-UCBVI effectively
exploits shared structure across agents to accelerate personalized learning while maintain-

ing tight individual performance limits.

Collaboration with Diverse Goals. Crucially, the benefits of collaboration in PF-
UCBVI are fully realized as a seamless synergy, where reward heterogeneity acts as a facil-
itator rather than a barrier. By strictly isolating personalized reward estimators and local
value functions while globally aggregating shared transition dynamics, our framework en-
sures that diverse objectives never interfere with the collaborative learning process. Agents

can pursue arbitrarily different goals without their value updates conflicting, allowing each
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participant to harvest the full benefits of collective information while maintaining abso-
lute policy autonomy. This confirms that in our federated setting, reward diversity is a

structural feature that enables unhindered, high-efficiency learning.

Beyond Linear Speedup: Turning Diversity into a Structural Catalyst. While
PF-UCBVI effectively navigates reward heterogeneity using explicit UCB-based exploration,
the necessity of such exploratory actions remains a significant practical burden in safety-
critical or resource-constrained domains. However, the collaboration benefits despite the
agents’ diverse goals suggests a deeper opportunity. If agents pursuing different objec-
tives naturally visit different regions of the environment, their collective self-interest can
eliminate the need for explicit exploration altogether. This insight shifts our perspective
on heterogeneity: it is not merely a condition to be tolerated, but a potent resource that
can provide exploration "for free." Motivated by this, we now introduce a paradigm where
reward diversity itself ensures sufficient state-action coverage, enabling optimal learning

through pure exploitation.

6.5 Algorithm: Personalized Federated Exploration-Free
Value Iteration (PF-EFVI)

To enable exploration-free learning in this heterogeneous setting, we introduce a key struc-
tural assumption. While single-agent RL typically requires strong environment stochas-
ticity (e.g., covariate diversity) (Civitavecchia and Papini, 2025), we show that reward
heterogeneity can itself induce sufficient coverage. Let df (s, a) denote the marginal visita-
tion probability of observing state-action pair (s,a) at step h under policy 7.

Assumption 2 (Federated State-Action Coverage via Reward Diversity). Let P be the
set of all valid transition kernels. For any assumed transition kernel P € P and each
agent m € [M], let @’,? denote the action-value function computed using its true private
reward r™ and the transition P. Let ™ be the corresponding greedy policy induced by @Z‘,

such that " (s) € argmax, 4 @2”(3, a). We assume there exists a strictly positive constant
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Xo > 0 such that, for any assumed transition kernel P € P and each step h € [H]:

min d7r (s,a) > A 6.4
(s,a)eSxA M Z 0 ( )
where di " (s,a) is the marginal visitation probability of state-action pair (s,a) at step h
when executing policy ™ in the true environment P.

This structural assumption posits that the diversity of true goals is potent enough to
prevent the ensemble’s policies from collapsing into a narrow subspace, regardless of early

estimation errors in the dynamics.

Reward-diversity-induced coverage relaxation. Assumption 2 significantly relaxes
the stringent requirements of single-agent RL by relying on the macroscopic diversity of
the agents’ goals rather than environment stochasticity. Intuitively, if {r™}_, are suffi-
ciently diverse, their collective greedy executions will naturally span the state-action space,
achieving exploration for free. The parameter )y captures the degree of this system-wide
heterogeneity; a larger )y indicates broader collective coverage, facilitating faster conver-
gence, whereas a smaller \y implies more concentrated trajectories over limited state-action
space.

Based on the shared transition dynamics and the global coverage assumption, we pro-
pose Personalized Federated Exploration-Free Value Iteration (PF-EFVI). Unlike standard
federated RL algorithms that require meticulous tuning of exploration bonuses, PF-EFVI
relies solely on the empirical average of the global transitions and pure greedy exploitations

at the local level.

1. Initialization: The central server initializes global counts Nj(s,a) = 0 and Ny (s, a, s') =
0 for all (s, a, s', h). Each agent m initializes V;™(s) = 0 and Q}*(s,a) = 0 for all (s, a, h),
and V7' (s) = 0. Ties in arg max are broken uniformly at random.

2. Federated Learning Loop: For each episode k =1,..., K:

* Local execution (pure exploitation): Each agent m € [M] executes its current

greedy policy 7}, (s) = arg max, Q7' (s, a) to collect a local trajectory {sy,, aj’,, ri* (i, aiy) Hhiy -
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* Global aggregation: Server updates global counts Ny (s, a) <= Nu(s,a)+>_ T{(s7y,, af,) =

(s,a)} and Np(s,a,s’) similarly, then computes and broadcasts:

Ny(s,a,s)
max{1, Ny(s,a)}

ﬁh(sl | s,a) =

¢ Local Bellman backup: Each agent m performs backward induction. For h =

HH-1,... 1

Qp(s,a) « r(s,a) + Y Pu(s' | s,a)Vity(s),

s

Vi(s) < max Q'(s, a).

6.6 Regret Analysis of PF-EFVI

In this section, we present the theoretical guarantees of the PF-EFVI algorithm. We show
that under the heterogeneous coverage condition, a purely greedy approach without any

explicit exploration or optimistic initialization achieves constant cumulative regret.

Theorem 9 (Instance-Dependent Regret Bound for PF-EFVI). Suppose Assumption 2
holds with a global coverage parameter \g > 0. When M agents follow the PF-EFVI algo-
rithm, then with probability at least 1—90, the total system regret over K episodes is bounded

by:

Regret(K) < O ( (6.5)

MM, A2

min

H5log(ASAKMH/S) <~ 1 Hlog(4SAKH/5)>
D>t
m=1

m
min

where the instance-dependent gap A for agent m is defined as the minimum suboptimality

gap across all state-action pairs, i.e., Al = min o py:am(say>o0 (V" (s) — Q" (s,a)).

The proof of Theorem 9 is provided in Appendix E.3. The key implications of this

result are as follows:
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Asymptotic convergence through heterogeneous exploitation. Theorem 9 demon-
strates that PF-EFVI achieves a nearly constant cumulative regret bound that remains
independent of the number of episodes K. This result signifies that when a sufficiently
large population of agents (M) possesses diverse enough objectives to ensure global cover-
age (Ao), exploitation alone becomes sufficient for identifying optimal policies without any

explicit exploration mechanism.

Crucially, this implies that heterogeneous agents can achieve optimal collective learning
while remaining fully greedy toward their local rewards, without ever compromising their
individual interests. Contrary to the conventional wisdom that heterogeneity is a hurdle to
consensus or a source of drift in federated learning, our findings suggest that heterogeneity
acts as a structural catalyst for exploration. In this federated regime, one agent’s self-
interested exploitation inadvertently serves as another’s information source, fulfilling the
system’s exploration requirements without necessitating any personal sacrifice or forced,
sub-optimal actions. This fundamentally reshapes the exploration-exploitation trade-off,
highlighting that in a federated setting with sufficiently diverse objectives, the disagreement
between greedy agents is not a conflict to be managed, but a vital resource that enables

highly efficient, exploration-free learning.

The Scale of )\ and the shift of exploration complexity While Assumption 2
appears to completely decouple the learning process from the action space size A, the con-
stant )¢ inherently encapsulates this dependency. Since the sum of visitation probabilities
across all state-action pairs is bounded, even the most ideal scenario of perfectly uniform
coverage yields \g < O(1/SA). Consequently, \g mathematically absorbs the action-space
penalty.

This reveals a fundamental paradigm shift rather than a mathematical illusion: the
exploration tax is shifted from the algorithm’s temporal complexity to the environment’s
structural diversity. In standard UCB-based single-agent RL, the agent must pay for A tem-
porally, spending numerous episodes to explicitly sample every suboptimal action (3_, .-

In contrast, PF-EFVI resolves this spatially. The temporal penalty is fully absorbed by A
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and subsequently neutralized by the sheer spatial scale of the federated system (the M
agents). Thus, as long as the multi-agent population M is sufficiently large, the system

bypasses the necessity of active exploration over time.

Synergistic convergence. While the summation »_ 1/A”. suggests that agents with
smaller gaps contribute more to the system regret, it is important to note that our federated
framework enables cross-agent acceleration. An agent with a small A (a hard task) does
not need to explore its own environment for an extended period; instead, it benefits from
the rapid reduction of the global estimation error driven by the entire ensemble. Thus,
heterogeneity does not penalize the system but rather ensures that easy tasks provide

immediate high-quality data to hard tasks, stabilizing the overall learning process.
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Chapter 7

Conclusion

In this dissertation, we have investigated the principled design and theoretical foundations
of federated reinforcement learning (FedRL) algorithms. While the potential of RL in
sequential decision-making is vast, its practical application has long been constrained by
high sample complexity and the risks associated with limited state-action space coverage.
By bridging federated learning with reinforcement learning, this research demonstrates how
decentralized agents can collaboratively learn a global policy that is both communication-
efficient and robust to data heterogeneity.

The primary contributions of this work are centered around three critical pillars that

address the fundamental bottlenecks of modern RL:

¢ Sample Efficiency and Linear Speedup: We established that federated collab-
oration can achieve a near-optimal linear speedup in sample complexity. We first
proved that in generative-model settings, simple averaging among M agents reduces
the required samples by a factor of M (Woo et al., 2023). This analysis was further
extended to the more challenging average-reward MDPs, providing the first sample-
complexity guarantees in this regime with tailored parameter choices (Jiao et al.,
2026). Furthermore, we demonstrated that this linear speedup remains attainable
even under Markovian sampling and behavior heterogeneity in offline datasets (Woo

et al., 2024).

¢ Collaborative Coverage: This thesis highlighted the blessing of heterogeneity in
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federated settings. We showed that collaboration significantly relaxes the coverage
requirements for individual agents, allowing for global convergence even when no
single agent covers the entire state-action space (Woo et al., 2025). By employing
pessimistic value aggregation, we ensured that FedRL remains robust in offline set-
tings, requiring only that the union of agents’ datasets covers the optimal trajectories
(Woo et al., 2024). We also discovered that reward heterogeneity can naturally induce
such coverage, enabling efficient learning through greedy execution without excessive

exploration.

¢ Communication-Efficient Design: To ensure practical viability, we developed
and analyzed communication-efficient protocols. We proved that periodic averaging
and adaptive aggregation schemes can drastically reduce the number of synchroniza-
tion rounds between agents and the central server. Specifically, in the context of
offline RL, we established that by adaptively tuning learning rates and communi-
cation intervals, one can minimize communication overhead without sacrificing the

near-optimal sample efficiency achieved by the collaborative fleet (Woo et al., 2024).

While this thesis establishes a rigorous theoretical foundation for federated reinforce-
ment learning, the transition from principled design to large-scale, resilient deployments
opens several promising avenues for future investigation. Building upon our findings in
sample efficiency, collaborative coverage, and communication-efficient design, the following

areas warrant further exploration:

1. Scaling to Complex, High-Dimensional Models: While this dissertation es-
tablishes fundamental guarantees within tractable settings, a natural progression is
to extend these federated RL principles to complex, high-dimensional function ap-
proximators, such as deep neural networks and Large Language Models (LLMs).
Reinforcement learning has recently emerged as a powerful paradigm for training
LLMs, particularly through alignment techniques. However, these models still suffer
from biased datasets and prohibitive computational demands. Federated RL can ef-
fectively mitigate these bottlenecks by leveraging diverse, decentralized data sources

without compromising user privacy. Developing federated RL algorithms that can
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efficiently fine-tune LLMs across distributed environments, while maintaining the
privacy and communication efficiency analyzed in this work, represents a critical and

timely next step.

2. Resilience Against Malicious and Byzantine Agents: The works in this the-
sis mainly assume that participating agents are fundamentally honest. However,
federated systems are inherently vulnerable to Byzantine agents-malicious or faulty
participants who provide poisoned updates. In an RL context, these adversarial be-
haviors can lead to reward hacking, which is particularly detrimental to the stability
of the global policy. Future research should focus on developing robust aggregation
rules that can detect and neutralize misaligned updates while preserving the linear
speedup guarantees established in this dissertation. Ensuring safety and integrity in

such adversarial environments is paramount for safety-critical deployments.

3. Personalization for Heterogeneous Transition Dynamics: While this thesis
addressed heterogeneity in behavior policies and reward functions, real-world appli-
cations often involve agents operating in environments with diverse transition dy-
namics (e.g., robots with different hardware specs). A purely global policy may fail
to capture these local nuances. Building on our work, a significant challenge remains
in formulating a framework that balances global knowledge sharing with local policy
personalization for different transition dynamics. Developing algorithms that can dis-
tinguish between universally useful information and "environment-specific dynamics"

will be essential.

In conclusion, the findings of this dissertation underscore that collaboration is not
merely an auxiliary feature but a fundamental necessity for scalable and robust reinforce-
ment learning. The algorithms and theoretical bounds presented herein provide a path

toward more efficient, private, and collaborative intelligent systems in the real world.
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Appendix A

Preliminaries

We record a few useful inequalities that will be used throughout our analysis. To start
with, our analysis leverages Freedman’s inequality (Freedman, 1975), which we record a

user-friendly version as follows.

Theorem 10 (Theorem 6 in Li et al. (2023)). Suppose that Y, = > ;_; Xi € R, where

{Xk} is a real-valued scalar sequence obeying

IXo/ <R  and E[Xk X} ] =0 for all k > 1.

j:j<k:|

Define

W= B [X7],
k=1

where we write Ey_y for the expectation conditional on {X;} Then for any given

Jiy<k:

a2 >0, one has

72/2

In addition, suppose that W, < o? holds deterministically. For any positive integer m > 1,

with probability at least 1 — § one has

2 2 4 2
1Y,| < \/SmaX{Wn,;—m}long—l—gRlong. (A.2)
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Another useful relation concerns the concentration of empirical distributions of uni-
formly ergodic Markov chains, which is rephrased from Li et al. (2021).
Lemma 1 ((Li et al., 2021, Lemma 8)). Consider any time homogeneous and uniformly
ergodic Markov chain (Xo, X1, Xo,...) with transition kernel P, finite state space X, and
stationary distribution . Let tyi be the mixing time of the Markov chain and pimin be the
minimum entry of the stationary distribution . Consider any 0 < 6 < 1. For any x € X,
if t > 443%log@ for v > u(x), then

Vye X ]lezy{ Z]I{X =z} —tu(z)] >

1 )

2" } =T

Remark 1. Lemma 1 is a slightly generalized version of in Li et al. (2021, Lemma 8),
where the concentration bound is characterized in terms of any given threshold v > u(x),
not scaling with the stationary distribution u(x). It can be shown using the Bernstein’s
inequality for Markov chains (Paulin, 2015, Theorem 3.11) in the same manner as Li et al.
(2021, Lemma 8), except that the threshold is set to % instead of “ . We omit further
details for conciseness and refer interested readers to the proof in Li et al. (2021).

In addition, we provide the concentration bound of the total number of visits of multiple
agents with independent uniformly ergodic Markov chains, whose proof is provided in
Appendix B.6.1. Denote

2176t7* log 8M log ASIAIT? 2176655 log 8M log ASIAIT?

tin(s,a) = mx e (5.0) g and = mix . L (A.3)
avg\ 9 avg

Here, pag(s,a) = 17 Zn]\le pp'(s, a) is the average behavior policy over all agents.
Lemma 2. Consider any 6 € (0,1). Under the asynchronous sampling, for any (s,a) €
SxAand 0 <u<v<T such that v —u > ty (s, a), the following holds :

M
1
4(1} — u) M pavg(s,a) < Z N (s,a) < 2(v — u)M pag(s, a) (A4)

m=1

with probability at least 1 — W.
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Appendix B

Analysis of Federated Q-Learning for
Discounted MDPs

Let the matrix P € RISIMIXIAI represent the transition kernel of the underlying MDP,
where P(s,a) = P(+|s,a) is the probability vector corresponding to the state transition
at the state-action pair (s,a). For any vector V € R!SI, we define the variance parameter

Var, (V') with respect to the probability vector P(s,a) as
Var, o (V) = Byp(ism [V (') = P(s,a)V]* = P(s,a)(VoV)—=[P(s,a)V]o[P(s,a)V]. (B.1)

Here, o denotes the Hadamard product such that a o b = [a;b;]!, for any vector a =

[a;]™,b = [b]", € R". With slight abuse of notation, we shall also assume V* € RISl

vin e RISl Q* € RISIMI Q' € RISIAL Qﬁl e RISIM and » € RISIMI represent the
2

corresponding functions in the matrix/vector form.

B.1 Basic facts

We first state a few basic facts that hold both for the synchronous and the asynchronous

settings. It is easy to establish, by induction, that all iterates satisfy for all 1 < m < M
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and t > 0 that
1
0<Q < —— o<Vm< ——, (B.2)

aslong as 0 < Qp = Q' < ﬁ; see a similar argument, e.g., in Li et al. (2023, Lemma 4).
In addition, observe that

V" = Ve < 1QF — @7l (B.3)

since

IVi" =Vl = max | max Q" (s, a)—max Q*(s, a)‘ < max [QF(s,a)=Q"(s,a)] < Q" - Q-

Letting (); be the average of the local Q-estimates at the end of the ¢-th iteration, i.e.,
Q= & Z%zl Q7" it follows from (3.6) and (4.11) that for all ¢ > 0 that

M
1 I 1 I
Qr = M;@;ﬂ: M;QT;- (B.4)

Denote the error between ); and QQ* by

At:Q*_Qta

which is the quantity we aim to control. From (B.2), it holds immediately that for all

t>0,

1
Aplloe < ——. B.5
Al < 7= (5.5)

Next, we also introduce the following functions pertaining to periodic averaging. For

any t,

* define «(t) := 7 %] as the most recent synchronization step until ¢;

* define ¢(t) := | £] as the number of synchronization steps until ¢.
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B.2 Proof outline of Theorem 1

Define the local empirical transition matrix at the ¢-th iteration P/ € {0, 1}ISI4XIS| a5

1, if s =s(s,a)
P25m<<87 a)a Sl) = , (B6)
0, otherwise

then the local update rule (3.5) can be rewritten as
Qs = (=@ +n (r +7P"V/™). (B.7)
The proof of Theorem 1 consists of the following steps.
Step 1: error decomposition. To analyze the error A;, we first decompose the error

into three terms, each of which can be bounded in a simple form. From (B.4), it follows

that

M M
= (1_77)At71+77%z (P—Ptm)VtTlJr??%ZP(V ‘/tml)a
m=1 m=1

where (i) follows from (B.7), and (ii) follows from Bellman’s optimality equation Q* =

r 4+ ~vPV*. By recursion over the above relation, we obtain

t M t M
_ t gl m m gl t—1 * m
At—<1—n>Ao+nM; ZP PV, ﬁnM;(l—n) mZﬂP(V - V).
) o R
(B.8)
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Here, the first term E} denotes the initialization error stemming from the disparity between
the initial Q-values and the optimal Q-values, which diminishes exponentially throughout
iterations. The second term, EZ, comprises a weighted sum accounting for the difference
between the true transition probability and the realized transition in each iteration, where
the difference arises from the randomness of transitions. Lastly, the final term, E?, repre-
sents a weighted sum of value estimation errors from preceding iterations, which introduces

a recursive relation.

Step 2: bounding the error terms. Now, we obtain a bound of each of the error

terms in (B.8) separately.

* Bounding || E}||«. Using the fact that all agents start with the same initial Q-values,

ie., Q' = Qo, the first error term is bounded as follows:

(L—mn)

Flle = (1 =n)tA <
[E2 (T =" 1Al < =

where the last inequality follows from (B.5).

¢ Bounding || E?||.. Exploiting conditional independence across transitions in differ-
ent iterations and applying Freedman’s inequality (Freedman, 1975), the second error
term is bounded using Lemma 3 below, whose proof is provided in Appendix B.5.1.

Lemma 3. For any given § € (0,1), the following holds

8 S||A|T
1B2| < ﬁ\/% log AT (B.10)

forall0 <t < T with probability at least 1—9, as long as n satisfies n < %(log %)_1.

* Bounding ||E?||... For £}, we obtain the following recursive relation using Lemma 4
below, whose proof is provided in Appendix B.5.2.
Lemma 4. Let 8 be any integer that satisfies 0 < 5 < ¢(T). For any given 6 € (0, 1),
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the following holds

16ynvT —1 log 2|S||AIMT
(=) —’7) g

1+4 —1 A;
F(L+dn(r—1) max 1A

2y
1B loo < ——= (1 =n)"" +
t 1 _fy

for all BT <t < T with probability at least 1 — 0, as long as n satisfies Tn < 1/2.

Step 3: solving a recursive relation. By putting all the bounds derived in the previous
step together, for any g7 <t < T, the total error bound can be written in a simple recursive

form as follows:

1+
I8 < AU antr = 1)) s 1A <t (S50 max A, (B11)

L(t)—pr<i<t t)—Br<i<t

where in the first inequality we introduce the short-hand notation

¢=

(B.12)

4(1 —n)h" \/ |S||A|T 16yny/7 — 1 2|S||AIMT
+ log-——————————,
1-— (1—7) 4]

and the second inequality follows from the assumption 7 — 1 < 12 SW

By invoking the recursive relation in (B.11) L times, where the choices of 5 and L will

be made momentarily, it follows that for any LT <t < T,

L-1 7 L
1+ I+~
i =3 (57) ¢+ (557) o 1

1=0

S%C+(1;7>L<1iv)’ (B.13)

where the second line uses the crude bound in (B.5).

Setting 5 = H MJ and L = [ , which ensures LT < T, and plugging their

nT
2n 1—v

choices into (B.12) and (B.13) at ¢t = T', we obtain that

HATHOO
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1—mf 1 T 32 —1 2 MT
_8( n 67 \/ \SHA\ L 32V log S| Al

(1—9)? 0
+(1Z”) (1_7)

< (1 327)2 (exp (‘ 4- ) \/77 lo g +777\/—\/10g |8HA‘MT>
n
Ml

64 V(=T |SIIAIMT
< - — —_ B.14
where the second line follows from
1-— T
(1 =) < exp(—npT) < exp (—%) :

(57) = (1157 <o (-05700) <o (YIS,

and the third line follows from the choice of the synchronization period such that

1 1— 1
¢—1§—min{—7, —}. (B.15)
n 8y M
Thus, for any given € € (0, ﬁ), we can guarantee that ||Ar|e < e if
1 |S||A|MT
T>cr— (1 1—~)%))?log — "~
el CTM(]_ _ 7)552( Og(( 7) 8)) 5 )
4.2 1
n=c,M(1—~)% —TSTANT (B.16)
log =5

for some sufficiently large cr and sufficiently small ¢;,.

B.3 Proof outline of Theorem 5

For simplicity, we introduce the following notation. Let U]  (s,a) represent a set of

iteration indices between [vq, v9) for some 0 < vy < vy < T where agent m visits (s, a), i.e

U, (s,a) ={u € vy,va): (si,ar) =(s,a)},

V1,02 u ) u
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and N, . (s,a) denotes the number of visits of agent m on (s, a) during iterations between

[Ul, ’UQ), i.e.,

N (s,a) = |Z/{Z’1L7U2(s,a)\.

V1,02

Define the local empirical transition matrix at the t-th iteration P € {0, 1}ISIMIxISI a5

1 if (s,a,8) = (s ,a]"1,s")
P((s,a),s") = ( e : (B.17)

0 otherwise

Then the local update rule (4.10) can be rewritten as

(1 - 77) ﬁl(sv a’) =+ 77(7}”11 + ’yptm(‘S? CL)V;Tl) lf (57 CL) = (S;Tila a’ﬁl)
QY (s, a), otherwise

(B.18)

The proof of Theorem 5 consists of the following steps.

Step 1: error decomposition. Consider any 0 < t < T such that ¢ = 0 (mod 7),
i.e., t is a synchronization step. To analyze A;, we first decompose the error for each

(s,a) € S x A as follows:

86



where we invoke the following recursive relation of the local error at iteration w such that

(Su-1,@u-1) = (8, a):

Q*(s,a) = QL1 (s,a)

= (1=n)(Q(s,a) — Q71(s,0)) + n(Q"(s,a) — ity — Pl (s,a)V;")

= (1 =n)(Q(s,a) — Qy (s, a)) + n(yP(s,a)V* =P (s,a)V;24)

= (1 =n)(Q"(s,a) = Q71 (s,a)) + m(P(s,a) = P'(s,a))V;y +vP(s,a) (V" = V{B.R0)

Here, the second equality follows from Bellman’s optimality equation. Denoting
| M
>\v1 v2 = Z Ny v (s,0) (B21)
m:l

for any integer 0 < vy < vy < T, we apply recursion to the relation (B.19) over the

synchronization periods, and obtain

Ay(s,a)
B(t)—1
— Ary(h41)r (S, @) | Ao(s, a)
h=0
é(t)—1
™ H Air,(1+1)7 (s,a)
h=0  \l=(h+1)
J N s,a m .
s Z Z n(l —mn) W, () ( )(P( a) — Pu+1< WV
m= 1u€uh‘r(h+1)7—(sa)
(t)—1
+ Z H Air(14+1)r (s,a)
h=0  \l=(h+1)
< Z Do =) et Pl a)(Ve - V)
= 1ueuhT (h+1)f( a)
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+Y 0 Y whi(s,a)P(s,a)(V* = V), (B.22)

which is decomposed in a similar manner as (B.8). Here, we define

woi(s, a) = H Abr(ht1)r (S, @), (B.23a)

1
winy(s,a) = 32n(1 = )V H AZT 1)-(s, ). (B.23b)
I=¢(u

We record the following useful lemma whose proof is provided in Appendix B.6.2.

Lemma 5. Consider integers vi and vy such that 0 < vy < vy < t < T, where t =
0 (mod 1), and a state-action pair (s,a) € S x A. Suppose that nT < 1. The parameters
defined in (B.23) satisfy

Step 2: bounding the error terms. Here, we derive the bound of the error terms in

(B.22) separately for all the state-action pairs (s,a) € S x A.
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* Bounding |E}(s,a)|. Using the initialization condition that Qu(s,a) = Qi'(s,a) for

every agent m € [M], we bound the first term for any (s,a) € S x A as follows:

) 2 ) 9 el
B0, 0] < (s, 0) ([ Qull + Q) £ 224 L2 oy (el

(B.25)

where (i) holds because ||Qollso; [|Q*||oc < == (cf. (B.2)) and (ii) follows from the

1=y
fact that

M
av; t
wo (s, a) < exp (—ﬁ Z Noyi(s, a)) < exp (_WTg> : (B.26)
m=1

where the first inequality holds according to (B.24a) of Lemma 5, and the last in-
equality follows from the fact that SM_ Ngi(s,a) > W for all (s,a,k,h) €
S x A x [M] x [T] at least with probability 1 — ¢ according to Lemma 2 and the

union bound, as long as t > ty,.

* Bounding |E?(s,a)|. By carefully treating the statistical dependency via a de-
coupling argument and applying Freedman’s inequality, we can obtain the following
bound, whose proof is provided in Appendix B.6.3.

Lemma 6. For any given 6 € (0,1), the following holds for any (s,a) € S x A and
1<t<T:

7241 Che 4 T°M
|E2(s.a) W v (701 log HSIATM

: (B.27)

with probability at least 1 — 49, as long as T > ty, and

11 1
Snémm{ ; ; }
167" 47 M 128 M Chet log (T'M) log HSIATZM

N w

* Bounding |E}(s,a)|. For E?, we can obtain the following recursive relation, whose
proof is provided in Appendix B.6.4.
Lemma 7. Let 3 be any integer that satisfies 0 < 5 < ¢(T'). For any given d € (0,1),
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the following holds

2y exp (_UﬁbavgﬁT) 8777\/7'— 2|S||A|ITM

E3 <
’ t(S’a’>’ — 1 . 8 1 . g 5
1+~
7 Aprll s B.28
+— so_ax || nr| (B.28)

for all pr < t < T with probability at least 1 — 0, as long as BT > ty, and n <

v o1

min{ 2, 5

Step 3: solving a recursive relation. By putting all the bounds derived in the previous
step together, for any g7 <t < T, the total error bound can be written in a simple recursive

form as follows:

I+~
Ailloo <60 Aprllsos B.29
Al 04257 max A (B.29)
where we define
4 av 7241 Che 4|8 T2M
0= exp _MHagfT i \/ i tnl M) log ASIAITM
1—7 8 )
vYnv/T — 2|S TM
+ 72 _T log 2 ”?' . (B.30)

Then, by invoking the recursive relation for L; times, where the choices of 5 and L,

will be made momentarily, it follows that for any L7 <t < T,

L1 1 L1 Ll
1+~ 1+~ 2 1+~
A 0o < 0 Y Az‘r oo >~ T 0 Yy )
1A _Z( : ) F() s 1Al < 2 (04 (5

(B.31)

where the last inequality follows from (B.5).

Setting 8 = { %J and L; = B %-‘ ., which ensures L;87 < T, and
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plugging the choices into (B.30) and (B.31) at t = T', we obtain

avgB
A 8 exp <_W8 144817 \/Chetnl Mo A|S||A|T2 M
e = (1 -y ° 0
16y =T [ 2|S||A|TM+ 2 (14+7\"
(1—7)? ¢ g 1—v\ 2
16 (1 _ ’V)MavgnT 144817 Ohetn 4|S||‘A|T2M
< - log (TM)log —= 1212 2
—<1—v>2€xp< 3 FaapV ar s
16ynvT — 1 2|S|| AT M
log ——
(=2 7) 0
14497 (1 = ) tavgnT \/ ChetT] AS||A|T*M
< _ =t log (T M) log —=1212 2
L (exp( 3 Py e T o T |
(B.32)

where the second line follows from

T — ) ftavgn]
exp <_Wavgﬁr> < oxp (_ (1 =) Havgn >

8

1+\" 1—7\" 1—vy (1 =) ptavgnT
( 5 ) <1 5 < exp 5 L1) S exp 1 ,

and the third line follows from the choice of the synchronization period such that

1 . [1- 1
tih <7< Emm{T’y, M} (B.33)

1

’E]’ we can guarantee that [|Ar|w < e if

Thus, for any given ¢ € (0

A|S||A|T2M

T > er(log((1 —7)%))* log (T'M) log ==

1 { Chet tmix }
max , :
Havg M(1 = 7)°e*" pravg(1 — ) min{1 — v, M~}

4 M o M(1 —~)*e? av in{1 — M1
=ty (10g(TM)lOgM) min{ (1= 7)%" pagg min{l — 1, }}

X

) Cha e

mix

for some sufficiently large cr and sufficiently small ¢;,.
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B.4 Proof outline of Theorem 6

The proof of Theorem 6 consists of the following steps.

Step 1: error decomposition. Consider any 0 < ¢ < T such that t =0 (mod 1), i.e., t
is a synchronization step. To analyze 4;, invoking the recursive relation of the local error

(cf. (B.20)), we first decompose the error for each (s,a) € S x A as follows:

M
- =N, (s,a At—‘r(s, CL)
(zi\gzl(l - 7]) Nf—T,t( ) )>

M 1’,(1 — 17>_Nt’ni7',u+l(sra) m m
1. 2 ww o (P(s,a) = Py (s, @)V,
2 (1 —_ ) Nt—‘r,t(sva)
m=1luel™ ,(s,a) m/=1 n
M —N™ (s,a)
77(1 — 77) t—7,ut1 . -
2 X T Plea)(V =V, (B3Y)
m=1 uEU{’_LT’t(s,a) Zm’:l(l — n) Ntf-r,t(s,(l)

where the last line uses the definition of a}*(s,a) in (4.14). Denoting

A M
)\v U (5, (l) = _
- Z%:I(l - U)Nvlqu (s,a)

(B.35)

for any integer 0 < vy < vy < T, we apply recursion to the relation (B.34) over the

synchronization period, and obtain

Ay(s,a)
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= /\hT,(thl)T(Sa Cl) AO(S7 Cl)

h=0
P(t)—1
+ H >\zf 1+ (8, a)
h=0 \l=(h+1)
n(l — ﬁ)_Nﬁ,uH(&G) )
Xy Z Z _Nm (5,0) (P(S, CL) — Pu+1(8 a))v
"= 1ueuhT (h+1)7 (s,a) Zm’ 1(1 - 77) hr,(h+1)T\%
B(t)—1
T Z H )‘l’r (I+1)r (s,a)
h=0 \l=(h+1)

s,a)

1— —Ni% g (
" VZ 3 n(1—n) o

e L5 a) (V= V)
m= luEL{hT(h_H)Tsa)Z i 1(1—77) by (h41)r (S

u

= Tou(s,a)Ao(s,a)+7 > > @ih(s,a)(P(s,a) — Pty (s, a)Vy"

/

=:E}(s,a) =:E2(s,a)
M
Wy P Ve—-vmn B.36
+’YZ wu,t(87a) (S,CL)( u )7 ( . )
m=1uel",(s,a)
= E:3,(s,a)

which is again decomposed similarly as (B.8). Here, we define

o(t)—
Wot(s,a) = H )\hT (h+1)r (S, @), (B.37a)
~m (L — )Mo
Wyy(s,a) = H X a+nr(s,a) | . (B.37b)

M —N™ (s,a)
Zmlzl(l - 77) LT (Gl I=¢(u)+1

We record the following useful lemma whose proof is provided in Appendix B.6.5.

Lemma 8. Consider any integers 0 < vy < vy <t < T wheret = 0 (mod 7) and any

state-action pair (s,a) € S x A. Suppose that nt < 1, then the parameters defined in
(B.37) satisfy

(B.38a)
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Go.(5,a) < (1 — )31 Zna Niiloa) (B.38D)

M
@0715(87 a’) + Z CNUth(Sa CL) = ]-7 (BSSC)

ST E(s,a) < (1) Em MY v < < g(t),  (B.38d)

- ~m 2 677
Z Z (@i (s, a)) SM- (B.38e)

Step 2: bounding the error terms. Here, we derive the bound of each error term in

(B.36) separately for all the state-action pairs (s,a) € S x A.

* Bounding |E}(s,a)|. Using the initialization condition that Qu(s,a) = Qi'(s,a) for

every client m € [M], we bound the first term for any (s,a) € S x A as follows:

|, (s, 0)] < B[l Qolloe + 1Q7 o)

Q 20 ¢

ST,

(1<1) L(l _ 77)% o1 Ny (s,0)

S1—5

(i) 9 L

< oo (B.39)

where (i) holds because ||Qo|loo, ||@* [0 < ﬁ (cf. (B.2)), (ii) follows from (B.38b)
of Lemma 8, and (iii) holds for all (s,a,t) € S x A x [T] with probability at least

1 — 6 according to Lemma 2, as long as t > ty,.

e Bounding |E?(s,a)|. By carefully treating the statistical dependency via a de-
coupling argument and applying Freedman’s inequality, we can obtain the following
bound, whose proof is provided in Appendix B.6.6.

Lemma 9. For any given 6 € (0,1), the following holds for any (s,a) € S x A and
1<t<T:

2064 A|S|| AT M
|EX(s,a)| < - 3) \/%1(% (TM)log % (B.40)
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with probability at least 1 — 20, as long as

3 1 M 1
7 <n < HllIl{ ) 200 2 }
T 167" 256 log (T'M) log USI4=M ™ 34816¢mex log (8M) log 25IAT=

mix

e Bounding |E}(s,a)|. For E? similarly to Lemma 7, we can obtain the following
recursive relation, whose proof is provided in Appendix B.6.7.
Lemma 10. Let § be any integer that satisfies tt?h < B < o(T). For any given
d € (0,1), the following holds

2(1 — )5~ 8’}/77\/7' - 2(S||AITM
+ log =——-—
1—7 1— )
1+~
-7 Anr oo B.41
+— so_phax H hr| (B.41)

B/ (s,0)| <

for all pr <t < T with probability at least 1 — 9, as long as n < mln{M—T, %

Step 3: solving a recursive relation. By putting all the bounds derived in the previous
step together, for any g7 < t < T, the total error bound can be written in a simple recursive

form as follows:

1+~
< _ .
1Al < 0+ — so_hax Ak lloes (B.42)
where we define
~ 4 avgBr 20647 \/ n 4|S||A|T2 M
f=—(1— log (T M) log —————
T 7( I 1 i ) log 5
8ynV/T — 1 2|S||.A|TM

+ VZ—T log %. (B.43)

Then, by invoking the recursive relation for Lo times, where the choices of § and L,
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will be made momentarily, it follows that for any L. <t < T,
L2 1 Lo Lo
I+9Y\ ~ 1+~ 2 1+~
Al < 0+ | —— Aiplloo € 7—— |0+ | —— :
1A —Z(z) +<2> sy 2 sy 1Birlloe < 7= 7<+<2
(B.44)

where the last inequality follows from (B.5).

Setting Lo = { \/ % and 3 = Hﬁ /%J , which ensures Lo37 < T, and plugging

the choices into (B.43) and (B.44) at t = T', we obtain

8(1 — )t~ 41287 op ISIAT2M
A7 < — —
(1—=7) 0
16T =T 2|SHA|TM L2 (14 b2
(1- 7)2 875 17\ 2
16 (1= NpagnT) | 4128y \/77 4|S[|AIT>*M
< _ 1 Yog (TM) log 212122
_(1—7)2€Xp< )T Var e e

16ynv/T — 1 2|S||A|TM
LIV 2 log 2R T
(1—=7)? o

4144 (1 — ) ttavgnT \/ n 4|S||A|T2 M
[ — — -
S04y (exp ( 4 + i log (T M) log 5 ,

(B.45)

where the second line follows from

avgPT ]__ Vv T
1= )™ < oxp (_WbavgﬁT) “ e (_ (L= Vave )

1++\"> 1—~\* 1— 1T — )t T
(Tf}/) _(1_77) SeXp (_ 27L2>§6Xp <_ ( 4)# g’ ’

and the third line follows from the choice of the synchronization period such that

1 1-— 1

Thus, for any given ¢ € (0, ﬁ), optimizing 1 and T" to make (B.45) bounded by ¢ and
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recalling 57 > ty,, we can guarantee that ||Ar|w < € if

L ASIATM

T > er(log((1 — v)%¢))?log (TM)lo 5

1 1 ¢max 1
max s s - s
[avg {M(1—7)562 (1—=7) (1—v)mm{1—%M‘1}}

n = ¢, min {M(l — )€

X

1 1 1
log (TM) log w7 [avgtih  ¢max log (T'M) log 4\5||«4;|T2M }

4(S||A|T2 M T 1
:cn(log(TM)log%) min{M(l—7)452,W,min{1—7,M_1}}

mix

for some sufficiently large cr and sufficiently small ¢,,.

B.5 Proofs for federated synchronous Q-learning (The-

orem 1)
Define the following actions

M

1

@'(s) = argmaxQ'(s,), a'(s) = argmaxQ(s.a),  ay(s) = argmax— > Q7'(s,a)
acA acA acA M -

(B.47)

for any state s € S, which will be useful throughout the proof.

B.5.1 Proof of Lemma 3
For notation simplicity, let 2 (s, a) = n(1 —n)"~"(P(s,a) — P"(s,a))V/™, then the entries
of E? = [E?(s,a)] can be written as
v M S
Ef(s,a) =050 (L= Y (P(s,a) = PM(s,a)V" = -2 Y 2'(s.a), (B.4S)

=1 m=1 i=1 m=1

which we plan to bound by invoking Freedman’s inequality (cf. Theorem 10) using the fact

2I"(s,a) is independent of the transition events of other agents m’ # m at ¢ and has zero
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mean conditioned on the events before iteration i, i.e.,
Elz"(s,a)|VM, ..., Vi, VYV =0, Yme[M], 1<i<t (B.49)

Before applying Freedman’s inequality, we first derive the following properties of the vari-

able 2" (s, a).

e First, we can bound

By(s,a) = e |27 (s,a)| < me[%ﬁigt”(”])(‘g’ a)lli + |2 (s, @) [10) Vi oo
< — 277 ,
<7,
(B.50)

where the first inequality uses (1 — 1)~ < 1, and the last inequality follows from
1P(s,a)ll < 1, [P(s,a)[ls < 1, and ||V |l < 35 (cf. (B.2)).

¢ Next, we have

t M
=Y > E[("(s,a)? VM,V VYV
=1 m=1
t M
=) Var(Z" (s, @) VM, VL VY V)
i=1 m=1
t M
=S R - )X WVar (V)
i=1 m=1
oM & » oM
< = P1-n)Ptd < =52 (B.51)
(1—7)? Z:; (1 —7)?

where we recall the definition of Varg, in (B.1). Here, the first inequality holds since

Var, (V7)) < [[P(s, a) [l (Vi1 llo)® + (1P (s, a) [ VT oo )* < 1=y
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and the last inequality follows from

By substituting the above bounds (cf. (B.50) and (B.51)) and m = 1 into Freedman’s

inequality (see Theorem 10), it follows that for any s € S, a € A and t € [T,

t M 5
Z Z z"(s,a)| < \/8 max {W(s, a), 0_}10g 2m|S|| AT + %Bt(s, a) log 2m|S||A|IT
i=1 m=1 2m 4 3 )

32nM ISIJAIT | 6n IS||A|IT
<5 \/ ISHA\T
(B.53)

with probability at least 1 — W, where the last inequality holds under the assumption
n < & (log %)*1. Applying the union bound over all s € S, a € A and t € [T] then

completes the proof.

B.5.2 Proof of Lemma 4

For any 87 <t < T and (s,a) € S x A, we can decompose the entries of E} = [E3(s, a)]

as
t—1 M
B (s.a) = [T DD (1=n) " Ps,a)(VF = V)
1=0 m=1
(t)—BT—1 M
<5 X Y a-w TP -V
=0 m=1
—Egg(s,a)
t—1 M
+ % S (1 =) (s a) (V- Vi) (B.54)
i=u(t)—Br m=1
:Et;br(sa)
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We shall bound these two terms separately.

Step 1: bounding E}*(s,a). First, the bound of E}* is obtained as follows:

M (t)—-Br—1
a Y —1 * m
E}(s,a) < HMZ (L =) IP(s, @)L (Voo + IV lloo)
m=1 =0
2777 (t)—Br—1 27
< 2 1—p)tit < 21 (1 -y, B.55
DI (B.5)

where the second inequality holds due to the fact that ||P(s,a)|; < 1 and |[|[V*|e < ﬁ,

[Vi"|oo < 1=, and the last inequality follows from
7 1—v

(t)—pBr—1

) o .
ZZ—; (1 - n)t—z—l < (1 — 77)57' -+ (1 — n)ﬁT—i—l 4.+ (1 . n)t—l < 1(i (1772 n) < (1 7777)

Step 2: decomposing the bound on E(s,a). Next, E’(s,a) can be bounded as

follows

-1 M
E3b S CL % Z t i— IPS a)(v*_‘/zm)
1=u(t)—Br m=1
t—1 LM
t—i—1 v
<7 n(l —n) 7 > P(s V")
i=u(t)—B7 m=1
—1 M
<7 n(1—np) =t Z , (B.56)
i=u(t)—pt m=1 00
where the second inequality holds since ||P(s,a)|[; < 1. To continue, denoting
dyy(s,a) = Qy(s,a) — Q' (s, a), (B.57)

we claim the following bound for any 0 <+¢ < T, which will be shown in Appendix B.5.2:

M
mZ: V)| < 1Al +2 max A . (B.58)
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In view of (B.58), it boils down to control max,,c Hd H For any (s,a) € S x A,

m € [M], and 0 < i < T, by the definition (B.57), it follows that

i—1 i—1 1—1

’dL(’L )i )‘ = Z d;r,Lj+1<S?a’) S 277 Z HATHoo‘i‘W? Z (P]Jrl(s a’) P(S,CL))V* )

J=u(9) R J=u(4) ) J=u(@)

>

=B =B

(B.59)

where

—Q - Qr (B.60)

The inequality (B.59) holds by the local update rule:

iy (s, 0) = Q4 (s, a) — @ (s, a)

n(r(s,a) + 7B (s, a)Vi" — Qf' (s, a))

n(r(s,a) + 7Pl (s, a)Vi" = r(s,a) = vP(s,a)V* + Q*(s,a) — Qf'(s, a))
n(yPli(s,a)Vi" = vP(s,a)V* + Q*(s,a) — QF'(s,a))

=P (s, a) (V" = V) +m(Piiy (s, a) = P(s,a))V* +nAT (s, a)

< 2| AT oo + (P41 (s, 0) = P(s, )V, (B.61)

I

i)

where (i) follows from Bellman’s optimality equation, and the last inequality follows from

1P )l < 1 and [V = Ve < A7 o (cf. (B.3))
Next, we bound each term in (B.59) separately.

* Bounding B;. The local error [|AT']| is bounded as stated in the following lemma,
whose proof is provided in Appendix B.5.2.
Lemma 11. Assume mn < % For any given 6 € (0,1), the following bound holds for
any 1 <1 <T and m € [M]:

m 2 S||AIMT
A e £ 1ol + syt AT 362
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with at least probability 1 — 6, where 1(7) is the most recent synchronization step until
i.

Using the fact that ¢ — (i) < 7 — 1, we can claim that

i—1

m dn(t —1 S||AIMT

o 3 187 e £ 20t~ 1ol + D g AT g
i=1(0)

¢ Bounding B;. Using the fact that the empirical transitions are independent and
centered on the true transition probability, by invoking Hoeffding’s inequality and

the union bound, we can claim that the following holds for all (s,a,m,t) € S x A X

)
33
>
+3
2
&S
|
I
=
8
S
*
VAN

1—1

|1 |S||A|MT

oz log .27 7

1—91\2 ,Z(,) ©8 )
j=u(i

< - — PR — .
1 \/(T 1) log 3 (B.64)

with probability at least 1 —§ for any given § € (0, 1), where 7 is the synchronization

period.

By substituting the bound of B; and Bs into (B.59), and applying the union bound, we
obtain that: for any given 6 € (0, 1), the following holds for any 0 < < T and m € [M]:

1y illoe < 20(7 = D[ Ay lloo +

An((r —1)m+vV1—1) \/10 2|S||AIMT
(1—=9) & 0
8nvT — 1 2|S||AIMT
1=7) \/10g 5

< 27— 1)1 Ay 1o + (B.65)

with at least probability 1 — 0, where ¢(7) is the most recent synchronization step until i.

Here, the second line uses the fact nT < 1.

By combining (B.65) and (B.58) and substituting it into (B.56) and using the fact that
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Zﬁ;l(t)_/% n(1 —n)=1 <1, we can obtain the bound E?*(s,a) as follows:

—1 2 MT
B (s.0)] < ST o, HSIAIMT
(1=1) 6
t—1

> =) (Al + 4n(r = DA )
i=u(t)—BT

16ynvT — 1 2|S||AIMT
S ————\log—————
(1=7) 0

1+4 — 1)) (Bub&: Ajllso-
(1 dn(r 1) (YA
Step 3: putting all together. Now, we have the bounds of E* and E3® separately

derived above. By combining the bounds in (B.54), we can finally claim the advertised
bound and this completes the proof.

Proof of (B.58)

On one end, it follows that for any s € S,

31 2 (V6 = W) = @(0,07(9) = 3y - Q)
< Q5.0 (5)) — 37 D0 QP 5,0*(5)) = Auls, (), (B.6T)

= Q4(5,0%(9) — 7 2 @ (5,0 () + 17 D QP (5,0 (5)) — 77 D Qs a' ()
> Q*(s,0u0(5)) — 77 D0 @5, n(5)) + 37 D Qs (9)) — 37 D Qs (5)



= Adlsa(9) + = 3 QP (s a(5) — — 3 QI (s, al(s),
M — M

(B.683)

where the inequality follows from the fact that a*(s) is the optimal action for state s.

Notice that the latter terms can be further lower bounded as

”11 M nil M 1 M
=+ mz:l Qi (s, 4y (3)) = 77 mz:l Qi (5 0y () + 77 mz:l Qi (s, a,6)(s))
1 M 1 M 1 M
i Z Qi (s, ai"(s)) + i Z Qi (s, ai"(s)) — i Z Q" (s,ai"(s))
1 ; m=1 m=1 m=1
> = > (g ils aui(s)) = dify (5. 07" (5)), (B.69)
m=1

where the inequality follows from the definition (B.57) and the fact that

iy (85 auiy(8)) — @y (s, 4" (s)) = 0.

The above holds, since Q) = Q) for all m € [M] agents after periodic averaging at ¢(i),

and a,(;)(s) is the optimal action at state s at time ¢(7) for every agent.

Combining (B.67), (B.68) and (B.69), we obtain

A5, 00 (9)) + 17 D (5,00 (9) = (s, a7 (5))) < 323 (VA (s) = V()
< (s, a(5),

which immediately implies (B.58).
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Proof of Lemma 11

By applying the decomposition in (B.8) to the local error for agent m, we decompose A"

as follows:

A(s,a) = (L=n) " OAT (s,a) +7 Y (1 —n)"7(P(s,a) — P"(s,a)V*

. ) \j:L(i)-i-l .
:;61 5;62
+y > n@ =) TP (s,a)(VF = V™). (B.70)
_g=ui)+l
D,

We shall bound each term separately.

¢ Bounding D;. Since A:?Z.) = A,;) for every agent m at the synchronization step

(1),
D1l < (1= )" VA |- (B.71)
e Bounding D,. In a similar manner to (B.64), by invoking Hoeffding inequality and
using the fact that Z;:L(i)ﬂ(n(l —n)9)2 < n (cf. (B.52)), we can claim that the

following holds for all (s,a,m,t) € S x A x [M] x [T],

" . S||AMT S||AMT
D <y 30 1=y tog SAME ¢ 7 o [SIAINT
j=u(8)+1 v
(B.72)

with probability at least 1 — § for any given § € (0,1).
* Bounding Ds3. By bounding [[V* — V™, ||, with the local error [|AT || (cf. (B.3))
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and using || P/"(s,a)||; <1, we have

i

Dyl <y Y n(t=n) NP (s, a)l IV =V o <7 Y n(t=n) AT [l
j=u(i)+1 G=u(i)+1

(B.73)

By combining the bounds obtained above in (B.70), we obtain the following recursive

relation

m i—u( v S AMT 7
187 e £ (4=l + 12y rton AT 57 gysag

g

=p

(B.74)

By invoking the recursive relation with some algebraic calculations, we obtain the fol-

lowing bound

[AVA
< (1- n)i_b(i)HAL(i)”oo +p
+y Y =) A=) T A e o+ Y n(L =) TR AL [l
Ji=u(d)+1 Ja=u(i)+1

= (@O 3 @O Al {1y 2 @)
Ji=u(i)+1 Ji=(i)+1
Ji—1

YD T (SO

Jr=e()+1 ja=1(i)+1

L= 4y D> =) Al + [ T+ D 01— |p

<

Ji=e(i)+1 Ji=e(i)+1

J1—1
Z Z % 1—j2 ((1 _ n)jz_l_L(i)HAL(i)HOO +p+ - )
J1=t(8)+1 jo=u(i)+1
i Ji—1—1

<{@A=n)™ 4y > gl —p) O 4o Z Y ) O 1A e

Ji=e(i)+1 =@+l G=e(@)+1
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= L(z>+1 A=+ =)+
+ ,yl+1 Z e nl+1(1 _ n)l—l—JH»l (HA31+1—1H>
A=)+l =)+l
- (1= L@) i—u(i)—=1|| AT i (=@
Z n'(1—n) AT e+ > 7 )it
1=0 1=0
< (=) + ) T VAT lloo + (14 m) ™ @p
(i)
< AT oo + 20, (B.75)
where (i) follows from AT -1 = A since jy < i — 141,

-1 Ji—1—1 4 i—L(i) 4 4
Z Z Z z I—u(i) _ ( , )ﬁl(l _ n)z—l—L(z)’

J1=t(i)+1 jo=u(i)+1 1=

> Z Aogtiie 37 ]’ilw(ﬂ())nl,

=u(i)+1 Ji=u(i)+1 Ji=u(i)+1 Ji=u(d)+1

and (ii) follows from (1 + 7)™ < (14 yn)™ < €™ < 2 since i — (i) < 7 and 7 <

l\DIH

This completes the proof.

B.6 Proofs for federated asynchronous Q-learning (The-

orem 5 and Theorem 6)

B.6.1 Proof of Lemma 2

To describe the joint probabilistic transitions of M agents formally, we first introduce the
following Markov chain X; = (X},..., XM) t=0,1,..., where X € S x A is the state-

action pair visited by agent m at time ¢. The joint transition kernel P of M agents is given
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Pl
P2
P = , (B.76)
PM

where P™ is the transition kernel of agent m, m = 1,..., M. Since the agents are inde-

pendent, the stationary distribution of the joint Markov chain is u, given by

M

,U,(SC) = H M?(xm)v Vo = (xl,il,’2, T axM) € (S X A>M> (B77)

where p" denotes the stationary distribution of agent m, which are induced by its behavior

policy 7. Next, we define the mixing time of the joint Markov chain as follows:

1
sup  drv(Pi(-|xo), p) < e} and  tmix == tmix <Z) , (B.78)
:E()E(SX.A)]M

tmix(€) == min {t

where

P,(-|xo) = HPm |z (B.79)

denotes the distribution of the joint state-action pairs of all agents after ¢ transitions
starting from zy = (zg,...,z)"). The mixing time of the joint Markov chain can be

connected to those of the individual chains via the following relation

tmix(€) < maxt’,ﬁ,x(e/M), tmix < 4log 8M mE[iX] t s (B.80)
which will be proven at the end of the proof.
We now turn to the proof of Lemma 2. Define the event
M M 1 M
B (s,a) — (v—u v(s,a)| > =(v—u) B.81
R X RIERD STt EETURR) SF ) SCE)




We first establish that

J

m _ m\\M _
:toEI(gi}il)M P{BUW(S?CL”{(SO ) Qg )}mzl - ZL‘()} S |S||A|T2 (B82)

for any (s,a) € S x Aand 1 < u < v < T provided that u > t(s,a)/2 and v — u >
tin(s,a)/2. To this end, we decompose the probability into two terms as follows:

P Bl {65 0§}y = 00

= { Buns. (s Vs ~ 0

(& J/

-Gy
+ P{ B O 0§ = a0~ B Bl )| (5 Vs ~ )
[\ :?aQ /
and show each of the terms is bounded by W for any zy € (S x A)M. We shall derive

the bounds of these two terms separately.

Step 1: bounding G;. This is for the case that the distribution of the initial state

follows the joint stationary distribution. Since the total number of visits can be written as

v

ZN:,LU(S’G) = Z Z Zz‘m(S?a) = Z Zi(s,a),

m=1 m=1i=u+1 =u+1
where
1, if (s,a) € (s, ai"y) . -
ZM(s,a) = VU and Zi(s,a) = Z ZM(s,a),
0, otherwise m=1
and

v

Z Zi(s, a)] = (v—u) Z o' (s, a),

i=u+1

Vu,v(87 a) — E(sg“‘,ag")wpmeE[M]
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we can invoke Bernstein’s inequality for Markov chains (Paulin, 2015, Theorem 3.11) and

G = Piisgpagyv_~u [ uw (S, a>]

_ (Vu (8, @) /2)*7ps
< 2exp ( S0~ 0+ L)V £ 200 (s, a>/2>> | (B.83)

obtain

(2

Z Zi(s,a) — vy u(s,a)| >

i=u+1

[\:Jlr—l

Here, 7,5 is the pseudo spectral gap satisfying

1
o 2‘Iff‘ﬂIX

Yps > (B.84a)

for uniformly ergodic Markov chains according to Paulin (2015, Proposition 3.4). The

parameters C' and V; are defined and bounded as follows

C = max | Zi(s,a) — E[Zi(s,a)]| < M, (B.84b)
M M

Vi = Var(Z;(s,a)) = Z(l — pp(s,a))pp' (s, a) Z ' (s, a) (B.84c)
m=1 =1

Plugging (B.84) into (B.83), we have

(Vun(s, a))2 )
Stmi(24(v — w) (M, (s, a)) + 10Mvy (s, a))

(0 = ) (X ey 1 (5, @) g
< 20xp <_ Stoix(24 + 10M) ) = SISTAT (B.85)

G1 < 2exp (—

where the last inequality holds since (v—u) is large enough to satisfy the following condition:

t) log 8M log 4SLAT 272l R

tth(S,@) N 1088(maxme[ M| ‘
M Zm:l ug' (s, a) M Zm 1 Hp (3 a)

v—u >

Step 2: bounding (5. By the same argument of Li et al. (2021, Section A.1), using

the fact that the difference caused by the initial state becomes very small after sufficiently
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long time, we have

Ga = B{ Bun s, (65 a2 = 0 p — B B, (55 Vs ~ 1}
)

< drv(Py(-|zo), 1) < = B.86
where the last inequality holds due to
tin(s, a) 4|S||A|T* M ) )
> —"2 >4log —————— o o\ srarm | 2 teix | 5775 | -
“= = dlog == A i 2 00 i | 311 ATT2T ) = 2IS[JA|T?
(B.87)

Here, the second inequality follows from the fact that ¢ (¢) < 2t log, 2 (Paulin, 2015),

mix mix

and the last inequality follows from (B.80).

Step 3: summing things up. By combining the above bound, we complete the proof
of (B.82), provided that u > tn(s,a)/2 and v — u > t(s,a). Then, we can obtain the

following bound for any (s,a) € S x Aand 0 <u < v <T:

m=1 m=1 m=1
M M M
m t hiS, a m 1 t hisS,a m
<P{ >N g (5:0) = (0= D) S e 2 5 (v-u- 20 3 <s,a>}
m=1 m=1 m=1
)
o m _m\\M o
= xoer(gi}j)MP {Bwtth(;,a) w(s,a) {(sg",ad’) by = :cg} < SIAT (B.88)

Proof of (B.80). Notice that by the definition of drv and (B.79), we have
drv (P (+|70), Z drv (P (-zg"), py')
for any zg € (S x A)M. Hence, setting ¢ = maxepu tiy (77), we have

M
max  drv(B;(|z
zo€E(SXxA)M i ( t | 0 Z

ilm

m=1
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which immediately implies

tmix(€) < maxtm (e/M).

mix

The proof is complete by using the fact that fnix(€) < 2tmix log2 (Paulin, 2015), which
leads to

1
Tmix < Xt <41 8M tr

B.6.2 Proof of Lemma 5

First, (B.24a) is derived as follows:

M
1 a m
vy (8 Z Nl (90) < — Z exp( —nN,» 0, (5,0))

m:l

using the fact that 1—z < exp(—2) < 1—7 holds for any 0 < 2 < 1, and N} 1), (s,a) <
nr < 1.

Next, we obtain (B.24b) through the following derivation:

M M ¢(t)—1
> D wilsa) =) S W)
M=l ucUgy(s.a) m=1 h=0 u€U. 1), (s.0)
o(t) -1 Mo
= Z H )\ZT l+l S a) Z M Z <1’](1 — n)Nu+1,(h+1)7—(57a)>
h=0 =(h+1) m=1 ueuﬂ’(hH)T(S,a)
RO Mo i
= H )\l—;- [+1 8 a) Z M(l — (1 — /’7) hT,(h+1)T(S,a))
h=0 =(h+1) m=1
b1
2 H At i41)7(85@) | (1= Apr 1) (8, @)
h=0 =(h+1)
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iii)
(_ 1- )\0 T)\T 27t A(d)(t)*l)T,t =1- WO,t<3> a), (B-90)

where (i) follows from the geometric sum

Z 77(1 . n)Nﬂl,(thl),—(S,a) =+ 77(1 _ 77) 44 77<1 i /”I)N}:Z",<h+1)7'(s7a)71

uel]™ s,a)

hT,(h+1)T(

=1— (1 —n)Nineror 59 (B.91)

(ii) follows from the definition (B.21), and (iii) follows by cancellation.

Similarly, (B.24c) can be obtained with some algebraic calculations as follows:

M M h'—1
> 2L whsa =3 > > wilsa)
m=1 ueué’fh,_r(s,a) m=1 h=0 u€U (h+1)7—(8 a)
) -1 [ ¢(t)-1
= H >\Z’T l+1)7’ S a/) (1 - )\hT,(h—‘rl)T(S)a’))
h=0 =(h+1)

(i)
< A (wn)r A —1)rt = AorAr2r = A —1)rt

< Awir (4 1)r - Nt —1)m,t (B.92)

(iii) ¢(t)-1 M

< H eXp ( Z N/Z—,(h—&-l)T(S?a)) ) (B93)
h=h’ M=

where (i) follows from similar derivations as above, (ii) follows by cancellation, and (iii)

follows from (B.24a).

Finally, (B.24d) is derived as follows:

m=1 h=0 ueL{;;”_«thl)T(s,a)

o(t)—1 [ o(t)—

M
1 1 m s,a 2
“ M [T S| o 5 (o= )
m=1

h=0 \I=(h+1) wEU 1,1y, (5:0)
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0 2p “ [ G <N

< i H Air(1+1)7 (8, @) Z Vi <1 —(1- n)(N’LT»<h+1>r(37“))>
h=0 \I=(h+1) m=1
(t)—1 [ o)

2

= MW H A (5, a) | (1= Anragye (s, @)
h=0 \I=(h+1)

(11) 277

- M

where (i) holds since

m 2
Z (77(1 — n)Nu+1,(h+1)T(s7“)) = +n*(1 =)+ +n(l - 77)2(1\7 1, (ht)- (@) 1)

uelx{,:f_,(h+1)7_(s,a)

<n (1 — (1 — n)zNzﬁl,(thUT(sva))

<2 (1 (1- n)ml,(hm(w)) (B.94)

and (ii) can be similarly derived to the proof of (B.24c) (cf. (B.93)).

B.6.3 Proof of Lemma 6
Without loss of generality, we prove the claim for some fixed 1 <¢ < T and (s,a) € S x A.
For notation simplicity, let

wii(s,a)(P(s,a) — P y(s,a)V," if (s7, a) = (s,a)

u

yZ?t(S) a’) = ’ (B95)
0 otherwise

where

o(t)—1 M
m 1 'VVLI
WZ?t(S, a) = %(1 _ 77)J\/u-s-1,(<z>(u)+1)7(S,a) H (M Z (1 . ’r])NhT,(h+1)T(S’a)) 7 (B.96)

h=¢(u)+1 m/=1

then E2(s,a) =~ 3.0 S0 Oyut(s a). However, due to the dependency between P, (s, a)
and wy(s,a) arising from the Markovian sampling, it is difficult to track the sum of

y = {yny(s,a)} directly. To address this issue, we will first analyze the sum using a collec-
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tion of approximate random variables § = {¥/;(s,a)} drawn from a carefully constructed

set ), which is closely coupled with the target {y;/(s, @) fo<u<t, i-€.,

—_

t—

Z yut s,a) /y\'th(s,a)) (B.97)

m=1 u

Il
o

is sufficiently small. In addition, 7 shall exhibit some useful statistical independence and
thus easier to control its sum; we shall control this over the entire set V. Finally, leveraging
the proximity above, we can obtain the desired bound on y via triangle inequality. We
now provide details on executing this proof outline, where the crust is in designing the set

)/)\ with a controlled size.

Before describing our construction, let’s introduce the following useful event:

t—It
1
Bi(s,a) = ﬂ {4,uavg(s a)MIT < E NE ire(s,a) < 2uavg(3,a)MIT} , (B.98)
u=0 m=1

where [ = I(s,a) := LWJ

tin(s,a)), and 1 < 1/(16npavg(s,a)T) < I(s,a) < 1/(8nptavg(s, a)T) if n7 < 1/16. Then,

Note that IT > 7 > ty, (see (A.3) for the definition of

B;(s,a) holds with probability at least 1 — according to Lemma 2. The rest of the

_ &
IS[|A[T

proof shall be carried out under the event B(s,a).

Step 1: constructing J. To decouple dependency between P (s,a) and wy, (s, a), we
will introduce approximates of w;,(s,a) that only depend on history until u by replacing
a factor dependent on future Wlth some constant. To gain insight, we first decompose

wy (s, a) as follows:

BRI /PO ) B Ol - ’
) n)—Nﬂu)T,uH(Sﬂ) (1 — n)Neww <Ie>< )+1) 1 Z (1— n)Nﬁ’?,(Hm(s,a)
2%21(1 — p)Newr s (99) h=(u) M

m’/=1

. oW-1 7 M ,
1 — ) Nolwyrura (@) _ _ ) Vis -(s,a)
M(l ) Nerut H (M Z (1 — n)Nir ety )

h=¢(u) m/=1

=w(s,a)
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NP , (s,a) #(t)—1 M )
n —-NT (s,a) (1 - 77) #(u)7 (e(w)+1)7 1 N (s,a)
— (1 — w)Tu — | I — E — vr, (h+1)7\S)
+ M(l 77) #( 1 ( M m/! 1 M (1 77) ! htt '

D omr=1 (1= 77)N¢<“>n<¢<u>+1>7(57“) vl

=X (5,a)

Considering that x;(s,a) can be made small enough, which will be shown in the following

step, we analyze the dominant factor ;)" (s a) in detail as follows:

P(u)—1 | M ) | M ) -1
RO || (M Z(l—mwﬂﬁ“’“’> (M Z(l—n>Nﬂ«h+w<w>>

m/=1 m/=1

n o)1 1 X ,
X — 1 — _Ngéu)‘r,u-&-l(s’a) - 1 J— N};’;—,(h+1)f(s’a)
(1= ( 2=

h=p(u) m'=1
n wo T (L A
—_ 1 _ 7Ngéu)7',u+1 5,a R 1 _ N;::—,(h«i»l)r $,a
(1= ( T >
h=ho(u,t) m/=1

dependent on history until u

B(t)—1 1 M .
_ — Nﬂ:', T(s’a)
X H | (M Z(l 77) h7,(h+1) )

h=ho(u,t m/=1

S/

dependent on hlstory and future until ¢

(i)(u 1 M -1
— %(1 — 77) d)(u)T u+1 (M 1 —_ hr (h+1>7-(5 a))

h=ho(u,t) m/=1

N J/

=z (s,a)

Wawt)  o()—(1-1)1 . Mi e
<[] 11 (M > (1= p)Nimasrlee )

=1 h=max{0,¢(t)—1I}

/

(B.99)

where we denote hg(u,t) = max{0, ¢(t) — l(u,t)]}, with l(u,t) = ((t;‘)].

Motivated by the above decomposition, we will construct y by approximating the

future-dependent parameter z(s,a) for 1 <1 < L, where we define
t
L :== min { [F—‘ , [1281og (M /n)] } . (B.100)
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We note that L < 128log (T'M) for n > 3/T. Using the fact that 1 —z < exp(—2) <1-—%
holds for any 0 < z < 1, and nN,ﬁi(h+1)T(s, a) <nr <1,
20 R
exp (‘M Z N;ﬁ,(hH)T(S)a)) <1- 5V Z ng,(h—i—l)T(S?a)
m/=1 m/=1
1 - /
n;' T(s’a)
Sap 2w
M
< M Z eXp(_nN;:r,(h-i—l)T(Sa CL))
m/=1
11 «
<= 537 2 N gye(s.a)
m/=1
y A
> CeXp <_m Z N]ZL- (h+1)7’($7 (I)) (Bl()l)
m/=1

Therefore, for 1 <1 < L, under B;(s,a), the range of z/(s,a) is bounded as follows:

1
z(s,a) € {exp(—élnuavg(s,a)h'), exp(—én,uavg(s,a)IT)] :

Using this property, we construct a set of values that can cover possible realizations of

z/(s,a) in a fine-grained manner as follows:

] ‘
Z = {exp (—gnuavg(s,a)h' — %) ieZ: 0<i< 4M,uavg(s,a)l7'} : (B.102)

Note that the distance of adjacent elements of Z is bounded by n/Me=1/8mae(s0)I7 “and the
size of the set is bounded by 4M piayg(s, a)I7. For | = L, because the number of iterations
involved in z(s, a) can be less than I7, it follows that z.,(s, a) € [exp(—4nptavg(s,a)lT),1].

Hence, we construct the set

el ()

In sum, we can always find (Z,--- ,%, -+ ,21) € ZX71 x Z, where its entry-wise distance

1€Z: 0<i< 4Muavg(s,a)lr} ) (B.103)

to (21(s,a))icqr—1 (resp. zr(s,a)) is at most n/Me=V/Smas(OIT (vesp. n/M).
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Moreover, we approximate z!'(s,a) by clipping it when the accumulated number of

visits of all agents is not too large as follows:

(s, a) it M (utyrd(uyr (S @) < 2M [tavg(s, a)IT
Fm(s,a) = 1 Via(wootm & . (B.104)

0 otherwise

Note that the clipping never occurs and zI"'(s,a) = x!'(s,a) for all u as long as B;(s,a)
holds. To provide useful properties of ZI'(s,a) that will be useful later, we record the

following lemma whose proof is provided in Appendix B.6.3.

Lemma 12. For any state-action pair (s,a) € S x A, consider any integers 1 <t < T
and 1 <1 < [£], where I = Suppose that AnT < 1, then T0'(s,a) defined in

(B.104) satisfy

1
|— 8Nptavg(s,a)T J

V€ [ho,6(t) — (1= 1)) : 7(s,a) < 21

(B.105a)

$(t)—(1-1)I-1

Z Z Z /‘fZl(S? &) < 1677,Uavg(57 G)IT, (B105b)

h=hg ueUum™ a) m=1

hT (h+1)7(8’
o(t)—(-1)1-1

. > Z < & ﬂavj\gf OIT (B.105¢)

h=ho  w€U .\ (s,a)m=1
where hy = max{0, ¢(t) — l1}.
Finally, for each z = (21, -+ ,2;) € ZL71 x Z, setting
U(u,
Wy(s,a;2) = 73 (s, H (B.106)

an approximate random sequence ¥, = {yi(s, a; ) fo<u<t can be constructed as follows:

~m u

Yui(s,a52) =
0 otherwise

(B.107)
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If t > LIt, for any u < t — LI7, ie., l(u,t) > L, we set y,(s,a;2) = 0 since the
magnitude of wy,(s,a) becomes negligible when the time difference between u and ¢ is
large enough, and the fine-grained approximation using Z is no longer needed, as shall be
seen momentarily. Finally, denote a collection of the approximates induced by ZF=1 x Z,

as

Step 2: bounding the approximation error D(y,y,). We now show that under
Bi(s,a), there exists U, := Y € Y such that

525 [Cranl
(y,7=) < het /]

4|S||A|T*?
log
11— M )

>

(B.108)

with at least probability 1 — 2. To this end, we first decompose the approximation error

as follows:

min D(y, Jz)

gzej)\
M t-1
= min DD (s, a) = Bils,a z>>‘
m=1 u=0
M t—LITt—1
Szezr??f{xzo Z Yur (8, a) = Yo (s, a; 2)
m=1 u=0
M t—1
+ min ZZ m e a)— " (s a2
zezl-1x 2z, mzlu:t_L]Tyu’t( ) ) yu,t( » &y )
M t—LIT—1
S Zeélg?lxxzo Z y$t<s’a) yut(svaa Z)
N m=1 u=0 |
~
=D
M t—1
+ min |SN (@(s a) =@ (s a5 2)(P(s,a) = Pl (s, )V
zeZL-1xz,
m=1u=t—LIT
~ >
M t—1
X X s a)(Pls,a) = PIy(s, )V,
m=1u=t—LIT

N J/
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and will bound each term separately.

* Bounding D;. This term appears only when ¢ > LI7. Since ¥;/,(s, a; z) = 0 for all

u <t — LIt regardless of z by construction,

t—LIT—1

S (sa) — Ts a2)

m=1 u=0

M
<> D wihksa)lP(s,a) = Pl(s. @)V e

m=1 ueus;; L12(50)

S Zl Z Wyy(s,a)

u€Uy’y 11, (s,a)

I /
< = - 1 — ) Vim (i) (59)
<5 T (f Samason)

—
=

h=(t) m'=1
M
(1<_1) % P <—ﬁ m/Z:l Ntn_lle@?a))
(2) 13 exp( 177,uavg(s a)Lh’)
2
T (=M
where (i) holds since [|P(s,a)||1, ||Pl(s,a)|i < 1 and [V ]leo < ﬁ (cf. (B.2)),

(ii) follows from (B.101), (iii) holds due to B(s,a), and (iv) holds because L >
128 log% > Wlog— given that npayg(s, a)lT > 1/16.

* Bounding D,. Since 77'(s,a) = z"(s,a) when B;(s,a) holds, in view of (B.107),

we have
M t—1
min Z (@34(s.0) = @y (5,02)) (P(s, @) = Plia(s,0) V"
z€2571xZ0 m=1u=t—LIt 7 ,
zegpl?xzo S e a) s ai2)] [1P(s,a) = Prials, )1Vl

m=luel” ;_,(s,a)

M
S S DURD VISP DD D

=1

uEM{Lf_‘(thl)T(s,a) m
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where the last inequality holds since || P(s,a)||1, [|P}*(s,a)|1 < 1and |V |l < ==
(cf. (B.2)) and the definition of &} (s, a; ) defined in (B.106).

Note that for any given {z(s, a) };c(z), under B;(s, a), there exists 2* = (2},...,%,...,2]) €
ZE1 % Zy such that |2 — z(s,a)] < 5 exp(—1/8nptavg(s,a)IT) for I < L and

127 — z(s,a)| < . Also, recall that z(s,a), 2 < exp(—1/8npag(s,a)lT) for

| < L and z;(s,a), z; < 1. Then, for any | < L it follows that:

l

-1
§<‘Hzl/sa—zlnzl/3a’ —i—‘le’z\ﬁ—H%}i

'=1 =1 =1

)

l

1 U
S exXp < g(l - 1)77/*Lavg(87 CL)IT) Z M
r=1
1 L
< exp ( g(l — D)nptavg(s, a)[T)Mn.

Then, applying the above bound and (B.105b) in Lemma 12,

Dy
L $()-(-1I-1

23Xy Y Yaee

T3 e PO~ uel” ) (s,a) m=1

l l
HZZ’<87Q>_H%\Z);

I'=1 I'=1

| /\

$(t)—(1-1)I-1

2 Lp& 1 J
gmﬁgexp(—ga—l)nuavg(s,a)h) > PIEACE)

h=¢(t)—II uelxlg’fr’(hﬂ)q_(s,a) m=

2 Ln 1
< =N 160 1ave (5, @) ]
“1-9M1 —eXp(—l/ST]uavg(s,a)IT)( Mavg (s, 0)17)
@ 2 L 16 512nL
< 7 16nptavg (s, a)IT < il

1 - Vﬁnﬂavg(&G)IT (1 - 7)M7

where (i) holds since npavg(s,a)I7/8 <1 and e ® <1— s for any 0 <z < 1.

¢ Bounding Dj3;. Applying Freedman’s inequality, we can obtain the following bound,
whose proof is provided in Appendix B.6.3.
Lemma 13. Consider any é € (0,1) and L defined in (B.100). For any (s,a) € Sx.A
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and 1 <t < T, the following holds:

9 [Guenl | AISIIAIT?

D B.109
35 1—x M 0 ( )
with probability at least 1—26, as long as T > ty, andn < min{ =, MchetLlo; ST }.
By combining the bounds obtained above,
, . 2n 512nL 9 CranL . 4|S||A|T?
min D(y,y.) < + + log
7-€Y (¥ 5) (=M (Q=9)M 1-9V M 6
525  [CheanL . 4|S||A|T?
< log
1—x M o
since n < W(T]\/[) < M/L due to L < 1281log (T'M).

Step 3: concentration bound over ). We now show that for all elements in JAi =

{U.: z € ZF71 x Zy} satisfy

t—1

M
E Yun(s, a; 2)

m=1 u=0

115 [nL . 4|S|JA[T?M
og S
(1 -7V M d

(B.110)

with probability at least 1— It suffices to establish (B.110) for a fixed z € Z¥7 x Z;

\SIIAIT
with probability at least 1 — W, where
V| = 12571 x Zo| < (AMpravg(s, a) I7)" < (M /m)" < (TM)* (B.111)

because 1ptavg(s,a)IT <1/4 and n > 1/T.
For any fixed z = (Z1,--- ,21) € 27! x 2, since @), (s, a; z) = T})'(s, ) 1% only
depends on the events happened until u, which is independent to a transition at u + 1.

Thus, we can apply Freedman’s inequality to bound the sum of 377 (s, a; z) since
E[@\Z,lt(sva; z)|yu] = 0, (B112)

where ), denotes the history of visited state-action pairs and updated values of all agents
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until u, i.e., Y, = {(s", a"), V.F ey o<u- Before applying Freedman’s inequality, we need

'U ? 'U

to calculate the following quantities. First,

I(u,t)

Bls.o) = s o059 < FGos0) [ 21PG.0) — P2 a1V
< 1o
(1 =y)M
(B.113)
where the last inequality follows from ||P(s,a)|l1, ||P](s,a)|i < 1, [[Vi" ]l < ﬁ
(cf. (B.2)), z; <1, and (B.105a) in Lemma 12. Next, we can bound the variance as
t M
Wt(S, a’) = Z Z E[(ﬂt(‘% a; Z>>2|yu]
u=0 m=1
L ot)-0-DI-1 M !
= Yo Y @sa) ][ Varsea (Vi)
=1 h=max{0,¢p(t)—lI} m= 1u€uh7‘(h+l)7(s a) I'=1
Q) 9 L l —(I-1DI-1
Cey(E) YOS S @y
=1 =1 h=maz{0,p(t)—1I} m=1 ueld]™ (ht1)r (s,a)
i 2 & 6412 ttavg (s, a)IT
S /Z\Q/ avg )
<1—v>2§<l ) L
(i) 12872 ftavg (s, a)l
< 2 b (—1/4( = 1)piag(s, @)7)
=1
128n /Lavg(S,CL)I 1
M(1—=7)?2 1—exp(—1/4nptavg(s,a)lT)
(V) 1280211,, I 8 1024
) 1281 pravg (5, @) [T _ .2 (B.114)

- M1 =)  npag(s,a)lt N M(1 —~)? T

where (i) holds due to the fact that ||Varp(V)|le < [|[P]l1([IV]leo)? + (I PI[1]|V]|0o)? < (1_%)2
because ||V < 1— (cf. (B.2)) and ||P||; < 1, (ii) follows from (B.105¢) in Lemma 12,
(iii) holds due to the range of Z and Z, is bounded by exp(—1/8nitavg(s,a)l7) and 1,

respectively, and (iv) holds since e™ < 1 — 1z for any 0 < @ <1 and npavg(s,a)I7/4 < 1
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Now, by substituting the above bounds of W; and B; into Freedman’s inequality (see
Theorem 10) and setting m = 1, it follows that for any s € S, a € A, t € [T] and y, € )A),

2 Am|S||AITY| 4 Am|S||A|T|Y
_\/8maX{m<s,a)7;—m}logM+gBt(sja)log ml H(S’ D)|

7 4|S||A|T|Y| 24n 4|S||A|T|Y|
< 192 1 1
_\/89M(1—’y)2 S VT R
115 nL 4|S||A|T?* M
- log ———,
(1=~ VM )

—_
=

(B.115)

with at least probability 1 — m, where (i) holds because | Y| < (TM)* (cf. (B.111)),
and %logw <1 when L < 128log (T'M) and n < M . There-

128log (T M) log w
fore, it follows that (B.110) holds.

Step 4: putting things together. We now putting all the results obtained in the
previous steps together to achieve the claimed bound. Under B;(s,a), there exists ¥, :=

Ys(y) € Y such that (B.108) holds. Hence,

t—1

M
Z Yo t

+ D(y, =)
m=1 u=0 m=1 u=0
115 [nL | 4|S[JAIT2M 525 [CherL 4|S||A|T?
<2 /1 log (TM)log ——112
<a_pVoarks 5 TV og (T'M)log —
7241 [Chen 4|S||A|T2 M
log (T M) log — =122 =2
<a_ oV u og (T'M) log 5 ,

where the second line holds due to (B.110) and (B.108), and the last line holds because
L < 128log (T'M). By taking a union bound over all (s,a) € S x A and ¢t € [T], we
complete the proof.
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Proof of Lemma 12

For notational simplicity, let h be the largest integer among h € (hg, ¢(t) — (I — 1)I) such

that
M
Z N;’fm’(hilﬁ(s, a) < 2M piavg(s,a)lT. (B.116)
m=1
Then, the following holds:
M
k
Z ho ThT Z (h 1), hT ) + Z Nho'r,(ﬁ—l)'r(s’ CL)
m=1
< MT+2M piag(s, a)IT. (B.117)
Also, for the following proofs, we provide a useful bound as follows:
m/ s,a M m’
i N “”1)7( Y < Sy €1 A Gtr (50 <149 2= Nizniye(5:0)
— = M = M
_ N (s,a)
7,(h+1)7\»
< 2
>~ exXp ( n Wi ) )
(B.118)

which holds since 1+ x < e < 1+ 2z for any x € [0,1] and N (i) (8,0) ST <1

According to (B.104), for any integer u € [h7,t — (I —1)I7), Z7(s, a) is clipped to zero.

Now, we prove the bounds in Lemma 12 respectively.

Proof of (B.105a). For u € [hoT, h7),

(u)—1 M -1
Ty (s,a) = %(1 — ) Mwrane T ( Z h7<h+1>f(s,a)>

M
h=ho(u,t)
, (u) -1 M -1
S 377 1 N7 (s,a)
=x 1l (M D (1)
h=ho(u,t) m/=1
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(iit) 3 (1V) 9
< 57 0% (4npa(s,0)I7) < .

where (i) holds since (1+n)” < ™ and nNj,) ., (s,a) < n7 < 1, (ii) holds due to (B.101)
and the fact that ¢(u) < h — 1, (iii) follows from the condition of i in (B.116), and (iv)

holds because 4ntayvg (s, a)IT < 1.

Proof of (B.105b). By the definition of &, it follows that

o(t)—(1-1)I-1

M h— M
Z Z qum(s a Z Z szn(s,a).
h=ho ueUy™ (s,a) m=1 h=ho ueld}™ (s,a) m=1

h7,(h+1)T h7,(h+1)7

Using the following relation for each h:

Euz Z$ SCL

hT (h+1)7'( )

_ —1

m=1 u€U”. (h+1)7—(5 a) h'=hg m/=1
1M h—1 | XM , » -1
—_Nm™ s,a Nn} ’ s,a
= (M Z(l _ 77) hr, (h+1)f( ) _ 1) H (M Z (1 — 7’]) B!, (h+1)T >
h'=hgo m/=1
M h—1 1 M

< (s -meere ) I (530

m=1 h'=hg m=1

where the last inequality follows from Jensen’s inequality, and applying (B.118), we can

complete the proof as follows:

S % Saeas ] (f0am )

h= h() ueU™ S a) m=
77 : :ml_] N / 7. (57 a/)
< Xp ( - h()],h) 1

hT, (h+1)7'(

M
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(i)
< exp (Anptavg(s, a)IT +2n71) — 1

(ii)
< 1670 pavg(s, a)IT,

where (i) follows from (B.117), and (ii) holds because e* < 1 + 2z for any = € [0, 1],
2nT < 1/2, and 4nptavg(s, a)IT < 1/2.

Proof of (B.105c). Similarly,

(t)—(I-1)I-1 h— M
2 Y @ Z 2. 2
h=ho uC€ULT 1)y (s,0) m=1 0 UL 1)y (s,a) m=1
Using the following relation for each h:
M
2. 2
uEZ/I;L':_&th)T(s,a) m=1
M el M , -2
Z Z 7’]2(1 — 17)_2N£Eu)7‘,u+1(57a) H (M Z (1 _ n)N;Lr}T,(h/-ﬁ-l)T(S’a‘))
m=1 ueZ,{hT (h+1)7—( a) h'=hg m/=
n (1 M el M ) -2
—2N;" L(s,0) - o Nﬂ}_r, 111y, (8:a)
< M (M Z(l _ 77) h7,(h+1) 1) H <M Z (1 77) h!7,(h'+1) >
m=1 h'=hg m/=1
n 1 M h—1 1 M
< | = 1 — n) 2Vir - (39) _q - 1 — ) 2N w1y (5:9)
< (3200 11 (330w |
m= =no m=

where the last inequality follows from Jensen’s inequality, and applying (B.118) under the

condition 2n7 < 1, we can complete the proof as follows:

h—1 M " h—1 M
m 2 T, (5a) ]
Z Z Z(% (s,a))” < i ( Z N vt +1) ) 1
h=ho u€lfj” . 1\, (s,a) m=1 h'=h, m=1
n an\f N}Zﬂ' R (S a)

< i exp | 4n ]\407 T -1

(i) n

< i (exp (8nptavg(s, a)IT + 4nT) — 1)
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(2) 64772Man(8, CL)IT
— M )

where (i) follows from (B.117), and (ii) holds because e* < 1 + 4z for any z € [0, 2],
Ant < 1, and 8nptavg(s, a)IT < 1.

Proof of Lemma 13

Recall that

Nmu T w T(S,a)
Xm (S a) = 1(1 — n)_Nﬂu)T’qul(s,a) (1 — TI) S(u) T, ($(u)+1) »
w,t\2 M ZM N o)
m’:l(l - 77) ¢(u)7,(p(u)+1)T
o(t)—1 1 M /
< 11 (H > (1- n)N'?wﬂw(sva))
h=¢(u) =
— (1 - U)Ngzuhw(u)ﬂ)f(sva) i
= M Nm/ (s,a) - 1 ww(s, a>.
Z:m’:l(l - 7]) B (u) 7, ($(u)+1)T

We can observe that x7,(s, a) and w;;(s,a) are solely determined by the number of visits
of agents during local steps, i.e., (Nhﬁ(hH)T(s,a))me[M]7h€[¢(t)_L17¢(t)_1]. It thus suffice to
consider {x77;(s,a; IN) bocu<t,mepnr) and {wyy(s, a; N) Yo<u<t,meinr) constructed with each of
the possible combinations of number of visits for all m € [M] and h € [¢(t) — LI, ¢(t) — 1]
,ie., N € [0,7]ME. Then, by setting X = 9\/M_ log 4‘S||A|T and taking an union

M(1-7)?
bound,

M t—1
P [ . > xi(s,a)(P(s,a) = Py (s, ) V| > X]
m=1u=t—LIT
| M t—1
= Z P Z Xum,t<57 a’)(P(S7 CL) o Pu+1<s a’))vm > X Xut(s a’) Xrurft(sa a; N)]
Nelo,r]MLI L lm=1u=t—LIT
M M t—1
< Pl Xui(8,a; N)(P(s,a) = PR (s,a))V," = X |
Nelo,r|MLI LIim=1u=t—LIT
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and it suffices to show that
]P) [

Since x;';(s,a; IN) is a constant, which does not depend on P}, (s, a),

M t—1

S Y s, asN)(P(s.a) — Py (s,a) V"

m=1u=t—LIT

o
< .
— |[S||A|T (1 + 7)MEL

> X

Elxui(s,a; N)(P(s,a) = P4 (s,a) V" (V] = 0, (B.119)

where ), denotes the history of visited state-action pairs and updated values of all agents
until u, ie., YV, = {(s7",a)"), VJ" }meimyv<u, and thus, we can apply Freedman’s inequality

to bound the sum.

Before applying Freedman’s inequality, we need to calculate the following quantities.

First,
— m . _ pm m
Bt<57 CL) — mE[M],Itnfafirgu<t |Xu,t(57 a, N)(P(S7 CL) Pu+1<57 a))vu |
M N ,
< max 1— ﬁ > omr—1(1 =) Sl ()
- mE[M]t—LIT<u<t (1-— n)Ngfu>n<¢<u>+1>r(5’“)

X wyy(s,a; N)|[P(s,a) = P (s, a) LIV, [l

W 2 LM Nﬂ;)r,(qb(u)ﬂ)r(sva)

< — max 1 - M 2w Nm77) wi(s,a; N)
1 — 7 me[M]t—LIr<u<t (1—mn) Blwrr (o1 (52) ’

(i) (ii)) Q2

< S1timar(s, a)T max wy(s,a; N) < S Hma(, 6)7 Mmax(S,G)T’

11—~ me[M]t—LIr<u<t (1 —~)M

where (i) holds because || P(s, a)|1, [|[P(s,a)|i < 1, Vi)™ ]leo < ﬁ (cf. (B.2)), (ii) follows
from the fact that (which will be shown at the end of the proof)

L M (- n)Nﬂ;w,(«b(um)T(s’“)

o < 4Anfimax(s, a)T, B.120
(1 — n)N¢(u)7—,(¢(u)+1)T(s,a) N ( ) ( )

1—

with fimax(s, a) = max,, pip'(s,a), and (iii) holds due to the fact that wy’,(s,a; N) < .
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Next, we can bound the variance as

W= 3 fl@[(xzﬁxs,a;z\f)(zﬂ(s,a)—PuH(s V) 1]

u=max{0,t—LI7} m=1

< (40ftmax (5, a)T)? Z Z Z ( (s,a; N ) Varp(s,a) (V")

h=max{0,¢(t)—LI} UCURT (hi1)r (s,a) m=1
o(t)—1

() 247 max § 3
& (Wl (s,g)f) 3 3 Z( saN)
(1—7) h=max{0,¢(t)— LI} ucl™ a) m=1

(2) 2(477Nmax(saa>7—)26_n = 0'27
(1=7)2 M

hT, (h+1)‘r(

where (i) follows from (B.120), (ii) holds due to the fact that |[Varp(V)]leo < [|P]l1(||V]|oo)?+
(NIP1lIV]le0)?* < (e 7 > because [|[V]|e < %7 (cf. (B.2)) and ||P]|; < 1, (iii) follows from
(B.24d) in Lemma 5.

Now, by substituting the above bounds of W; and B; into Freedman’s inequality (see
Theorem 10) and setting ¢ = 1, it follows that for any s € S, a € A, t € [T] and

N = (Ni (ni1)r (8, ))meppnelsw-Lr.ow-1) € [0, 7]MH,

> i Xu(8,0; N)(P(s,a) = Pl (s, a)) V"

m=1u=t—LIT

2 MLI MLI
- \/8 i {1V (5. a). a_m} log 4c\SHA\T§1 +7) N %LBt(& o) log 4c]$|\A|T((51 +7)
< o Wntimax(s, a)T)*n " log ASIAIT(Q A )M 120 a5, @)7 | AISIJAIT (L + )M
= M(1—~)? 5 MI—) % 5
< | 384 1T M) (ma(s, 0)7 nIT)Lnl A[S[AT(1+7)
M(1 = )2 5
1210 (pmax (s, a)nIT) 4|S||A|T(1+7)
log
(1=7) o

(i)
0 [ G USIATU+7) | 2Chuln, ASIAT(O+7)
M(1—~)? J (1—7) J

W [ Cnl . 4S||A|T
< | B.121
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with at least probability 1— where we invoke the definition of Che (cf. (4.9)).

b
|S||A|T(1+7)MLL>
Here, (i) holds because n7M < 1/4 and fimax(s, a)nIT < Chetflavg(s, a)nlT < C"e‘, and (ii)

follows from the fact that n < 1 < 1 )
= 128 M Chet log (TM) 1ogw = MG Llogw

Proof of (B.120). Using the fact that for 0 <n < 1,
(1—n)™"<em<1+2nn if n>0 and <1, and (1—-n)">1—nn if n<0orn>1,

we can obtain the bounds as follows:

M
1
o Z Nty (w1 (8:@) < i d (-1 YN Erm oty ()

m m
ﬁzﬁ (1_ ) ¢(“)T<¢(u)+1 (s,a)

(1—n) Ngtwyr ((uy+1y7 (559)

< (1 = ) Moo+ s2)

< 1+ 20Ngtyr (s(wy+1)- (55 @)-

Thus, recalling fimax(s, @) = max,, pi'(s, a), and using the fact that for any (s,a,m,u) €

S x Ax [M]x|[T]:

N¢> )+1)T(S CL) < 2/~Lmax(5 CL)T

fimax (5,@) , which naturally

holds if 7 > ty, (see (A.3) for the definition of ¢,), according to Lemma 1,

at least with probability 1 — ¢, as long as 7 > 443 < Lo ) log 4‘8”“3|TM

% an‘f’:l(l — n)Nﬂ;)T’(‘ﬁ(u)ﬁ-l)T(S,a)
_ (]. — n)NgEu)T,(¢(u)+1>T(S7a)

<2 maX{N (w)r(6(u)+1)7 (55 @) Z Nituyrotw+1)r (5, a)}

< ANpimax(s, a)T.
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B.6.4 Proof of Lemma 7

For any t > (7, the error term can be decomposed as follows:

E¥(s,a) = fyz Z Wyy(s,a)P(s,a)(V* = V")

m=1uely’ (s,a)

SED DD DR CVTE IR0

M=LUCU (1) )y (5:)

J/

N
=:E3%(s,a)

> Y Wis P VY. (B122)

=1 UCUG (1) gy, (5:0)

(.

v~

=:E3"(s,a)

We shall these two terms separately.

e Bounding FE}%(s,a). First, the bound on E?(s,a) is derived as follows:

[BF(s.a)l <7 ) Yo Wi allP(s @)V = Vi)

m= 1“6“0 (6(H)—p)r (5:9)

Z Z Woy(s,a)

m=Lu€lUs 41y gy~ (5,0)

I/\A

(i) 2y

0 -
S 7o, <_W ; Nigo-smils: “)>

(i) 2y Nlhave BT
< _ NHavgPT B.123
=15 exp ( 3 , ( )

where (i) holds because [|[V.™||oo, |V * |00 < ﬁ (cf. (B.2)) and ||P(s,a)|1 < 1, (ii)

holds due to (B.24c) in Lemma 5, and (iii) follows from the fact that 32
MﬂavgBT
4

Ngw-pyre(s:a)
according to Lemma 2 as long as 7 > ty,.

e Bounding E?*(s,a). Next, we bound E¥(s,a) as follows:

M
EP(s,a) <7 ) Yo wilsa) [V =Vl

m=Lu€U(g ) gy, .(5:0)
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M
<7y Z Z w$t<s,a><||AhT||oo+||c2um—czz";||oo>

<7) Yo wil(sa) (14 207)[[ Al + 010kB)124)

m=1 h=¢(t)—p u€Uy (h+1)7(s a)

where (i) follows from the following bound, which will be shown in Appendix B.6.4,
V= Vi lloo < 1A [lse + Q0 — @i llo (B.125)

and (ii) holds due to the following lemma.
Lemma 14. Assume nt < % For any given § € (0,1), the following holds for any
mée[M] and 0 <u<T:

1Q% = @iy lloo < 207 [[ AT llo +

8ynvT — 1 \/log 2|S||A|TM (B.126)
1—7v ) '

with probability at least 1 — 4.

. T Ny 2 ™
Here, for notation simplicity, we denote gjoca = 877{7; Ly /log |S||?| .

Then, with some algebraic calculations, we can obtain the bound on E(s,a) as

follows:

(s, a)|<0|oca|—1—7 Z (14 2n7) ||AhT||OOZ > wi(s.a)

h=g¢(t)— m= 1u€Z/{h7_ (ht1)r (s,a)

M p(t)-1

(1<1) Olocal T+ HT’Y max ’AhTHOO Z Z Z szt(S (l)

V—B<h<d(t) m=1 h=¢(t)~BueU]”. ., . (s,0)
(iii) 1
< Olocal + ﬂ max ||Ah7-Hoo> (B127)
2 ¢(t)-p<h<o(t)

where (i ) holds according to (B.24b) of Lemma 5, (ii) holds when 7 is small enough
that n < 2=2, and (iii) follows from (B.24b) of Lemma 5.

Now we have the bounds of E?*(s,a) and E?*(s,a) separately obtained above. By
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combining the bounds in (B.122), we can claim the advertised bound, which completes the

proof.

Proof of (B.125)

We prove the claim by showing

Al (8, iy (8)) = dify (s, a™(s)) < V7 (s) = V" (s) < AR, (s, a%(s)) = dify o (s, a(s))
(B.128)

for any s € S. The upper bound is derived as follows:

— Q(5.0°(5)) — Q5. a()) — (QU(5,0*(5)) — Qlly(5.0*(5)))  (B.129)

d:?u) U (8,&* (S))

using the fact that QI (s, al(s)) > Q'(s,a*(s)). Similarly, the lower bound is obtained as

follows:

) + Qi (s, iy (5)) — Q3 (s, @,/ (s))

) (

— QU (8, a0y (8)) + Qi) (5, 4y (8)) — @iy (5, 05" (8)) — dify u (s, a3 (5))
(
(

> Q*(5, 051 (5)) — Q) (528 (5)) + Q1 (5, 4y (5)) — Qi (5: 411 (5)) = Ty (5, 42'(5))
> Q*(5, 05 (5)) — Q) (5,000 ()) = (5, 42(5)) (B.130)

using the fact that Q*(s, ajp,(s)) < Q*(s,a*(s)) and Q) (s, ajf,)(s)) = Qi (s, i’ (s))-
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Proof of Lemma 14

For any 0 <u < T, m € [M], and (s,a) € S x A, we can write the bound as

Qi(s,a) = Qty(sa)l <20 Y ATty Y (Pal(s.a) = P(s,a)V7|.

vGUZ?u)’u(s,a) vGZ/ILTu)’u(S,a)
~ TV - TV -
5:B1 ZZBQ

(B.131)

The inequality holds by the local update rule:

vi(s,0) = QY (s,a) = (L =n)Q' (s, a) +n(r(s,a) + vl (s,a)V)") — Q' (s, a)
=n(r(s,a) + 7Pl (s, a)V)" — @' (s, a))
=n(YPl(s, )V —vP(s,a)V* + Q% (s, a) — Qi (s, a))
=P (s, a) (V)" = V) +n(Pl(s,a) = P(s,a))V* +nAl(s, a),
(B.132)

and

Qi (s,0) = Qty(s,a)l < Y Q1 (s,a) — Q' (s, a)]

veU™ .« (s,a)

v(u),u

< Y (AT (s )l FmlPL (s, a) (V" = V)

velxlzzlu)qu(s,a)

Y, (Pl(s,a) = P(s,a))V*

veuzﬂgu)yu(s,a)

< > AT+ | Y. (Pl(s,a) — P(s, dBU3B)

vebl[{fu%u(s,a) ueuyu),u(s,a)

where the last inequality holds since [P} (s,a)|l; < 1 and ||V" = V¥« < ||QF — Q"]
(cf. (B.3)).

Now, we shall bound each term separately.

135



e Bounding B;. The local error ||AT]|, is bounded as follows.
Lemma 15. Assume nt < % For any given § € (0,1), the following holds for any
mée[M] and 0 <u<T:

% ¢ SIATM
Ao < [|A ——\/nlog ————— B.134
[AT oo < AT lloo + T\ nee (B.134)
with probability at least 1 — 9.

Then, combining the fact that the number of local updates before the periodic aver-

aging is at most 7 — 1, we can conclude that

w3 AT < 20U (s (AT
L(u)u

m 2 IS||A|ITM
<2n(r —1) (HAL(U)Hoo + m\/ﬁ logT B.135)

S

L{L”(Tu)yu(s,a)

¢ Bounding B,. Exploiting the independence of the transitions and applying the
Hoeflding inequality and using the fact that 47, ,(s,a)] <7 —1, B, is bounded as

follows:

S||A|TM
Bo<om | D I(Pi(s.a) — P(s,a))ve|log TATY

vEU:(”u)’u(s,a)

< fﬂ\/(f ~1)log w (B.136)
—

for any m € [M], (s,a) € S x A, and 0 < u < T with probability at least 1 — 0, where

the last inequality follows from ||[V*|. < = =, 1P (s, a)llh, and [[P(s,a)[l; < 1.

By substituting the bound on B; and B into (B.131) and using the condition that

nT < 1, we can claim the stated bound holds and this completes the proof.
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Proof of Lemma 15

For each state-action (s,a) € S x A and agent m, by invoking the recursive relation (B.20)

derived from the local Q-learning update in (4.10), A” is decomposed as follows:

AT(s,a) = (1 =) VAR (sa)+y Y n(l—n) et (P(s,a) = P (s, ) V*

:‘:’1 UEZ/IZE"H)’u(s,a)

[

+y Y, (1 =p)NRaCOPn (s, a)(VE = V).
GZ/IZ(”H)’H(S,CL)

-~

L3

(B.137)
Now, we obtain the bound on the three decomposed terms separately.
¢ Bounding D,. The term D; can be bounded by
Di| < (1 =) osCDYAT . (B.138)

¢ Bounding D,. By applying the Hoeffding bound using the independence of transi-

tions, the second term is bounded as follows:

|SHA\TM

Dol <y | D0 (1 = )NV )2 og P

EUL"(Tu%u(s,a)

¢ T friog SIATH _
1—7 )

(B.139)

with probability at least 1 — §, where the last inequality holds due to the fact that
* 1

S (= )M < 21 (1= )+ (L= ) ) <.
EULTu)Yu(s,a)

See (Li et al., 2021, Lemma 1) for the detailed explanation of the bound.
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¢ Bounding Dj. Lastly, we bound the third term as follows:

Dol < D n(1 =)l B (s a) o[V = V|

UEL{L”(lu)Yu(s,a)

<y D =M AT |, (B.140)

UEZ/{L’ZLU)’u(s,a)

where the last inequality follows from the fact that ||P),(s,a)|; =1 and

Qy'(s,0"(s)) = Q"(s,a"(s)) < V,"(s) = V7(s) < Q;'(s,0,'(s)) — Q"(s,0'(s))
for any s € S, where we denote a*(s) = arg max, Q*(s, a), al'(s) = argmax, Q' (s, a).

By combining the bounds of the above three terms, we obtain the following recursive

relation:

AT (s, a)] < (1= ) oD AT o+ p+7 Y (1 —m) GO AT.

vEZ/IZELu)’u(s,a)

(B.141)

Using the recursive relation, we will prove that the following claim holds for any 0 < i < 7

by induction:
1A il < AT o + 20, (B.142)

which completes the proof of Lemma 15. First, if ¢ = 0, the claim is obviously true.
Suppose the claim holds for ¢(u),¢(u) + 1,--- ,¢(u) + 4 — 1. Then, for v = ¢(u) + 4, by
invoking the recursive relation (B.141), we can show that the claim (B.142) holds for i as

follows:

|[Alwy+i(s,a)]

N s,a m m s,a m
<@ =)Vl AR e+ pty Y p( = )N CO (AT || + 2p)

vEUL”(Tu)Yu(s,a)
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N™ S,a s,a
= (1 =Nl Ly N (1 — )N AT o
EL{Z&)yu(s,a)

+(1+2y ) -G
EZ/IZFM)’u(S,a)

= (1 =)Mol (1= (1= ) o CD AT oo + (14 25(1 = (1= ) s

< A% oo + 20, (B.143)

where the last inequality holds since

n ew 1
(1 — )N > (1 — ) Z(;l)"

v
N —

provided that nT < %

B.6.5 Proof of Lemma 8

First, using the fact that
1 S (1 _ n)_NﬂT’t(&a) S 6777' S 3

given that n7 < 1, by the definition of a* (cf. (4.14)), we derive (B.38a) as follows:

1 1 1 — _Nﬁr,t(s’a)
< S <ap(sa) =
3M Mmaxmze[M](l — n)_Nt*Tvt(s’a) Zm’:l(l — fr’)_Ntff,t(s’a)
)N ()
R il B
- M - M

Moving onto (B.38b), it follows that

S
T
L

>

wU,t(sa CL) = hT,(h-i—l)T(Sa a)
h=

o(t

o

1

M
Z G )(1 — ) Vim0
=1

>
Il
=)

139



9
i

—
=

[ —"
Pt 2%21(1 _ n)—N}Z;(hH)T(s,a)
ii)

o(t)—1 1
< 11 —

h=0 (1 — 77) M 2im=1 NZL:L',(thl)q—(s?a)

—

¢(_t)*1i M- m (s,) 1M nmo o
:(1_77) h=0 1 2m=1Vkr (ht1)r — (1_77)MZm:1 o (s,a)

9

where (i) follows from the definition of o (cf. (4.14)), (ii) follows from Jensen’s inequality.

Next, we obtain (B.38c) through the following derivation:

M M ¢(t)—1
PIRDIREHCOED DD DENED DEERHICKD
m=1uel",(s,a) m=1 h=0 uEL{,’L’frV(thl)T(s,a)
M $(t)-1 o(t)-1
m N™ s,a g
= Z Z a(h+1)7(57 a) Z n(l _ 77) u+17(h+1)‘r( ) H )\17_7(“_1)7_(57 Cl)
m=1 h=0 ueu}’ﬁ,(h+1)T(s,a) I=h+1
M ¢(t)—1 ¢(t)—
= Z afy (h+1)r a) (1 — (1 — 77)N’”':(h+1)‘r(s’a)> H )\ZT (I+1)7 S Cl)
m=1 h= l=h+1

()qs(t) 1 qSt) 1 M
= LT Xeiasr(s:a) | 3 iy (5:) (1= (1 =)o)

1=
BES
>—A
p=q
H
>/
;1
<=
=
’c?
&
~_
/N
—
|
)=
Q
=3

+1)T(57 a)(l — U)Nmy(hﬂ)f(sva))

)\lr,(lJrl)T( ) ) <1_th,(h+1)7(5aa)>

l=h+1

I
=
$
o
,_.
%
VA
s
N~ —

h=

O ) R (5, ) Arar(5,0) - Noter1yre(5, @) = 1 — Toe(s, a), (B.144)

where (i) follows by reordering the summation, (ii) follows by S a7*(s,a) = 1, and (iii)

holds by cancellation.

In a similar manner, (B.38d) is derived as follows:

M h'—1
S Y Sea-3Y X e
m=luels",, (s.a) m=1h=0 €l 1), (5,0)
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n—1 [ot)—1

= Z H le,(Hl)‘r(Saa) (1 - Xhﬂ(hH)T(S’a))

h=0 l=h+1
o1

< H )\l‘r,(lJrl)T(Saa')
l=h'

S(l_ )MZm 1 h”(sa)

I

where the last inequality follows from

o()-1 B(t)—1 M b(t)—1 )
>\ T s, a) = m S “
E I7,(1+1) (s,a) hl_{/ 2314:1(1 _ n)—Nhﬂ(hH),(s,a) hl_{/ (1— n)_ﬁ St NI i) (5,0)

due to Jensen’s inequality.

Finally, with basic algebraic calculations, (B.38e) is derived as follows:

M M $(t)—1
> 2 @hsar=3 3% > @)
m=1uel",(s,a) m=1 h=0 u€U$7(h+1)T(s,a)
M ¢(t)—1 o(t)-1 ? 2
- Z ((pt1)- (s (5,a))? H )\17, (+1)7 (8, a) Z (77(1 — n)Nu+1,(h+1>r(s’“)>
m=1 h=0 l=h+1 uGL{;’:_’(hH)T(s,a)
o M ¢>(t)—1 s(t)—1 2
<2 Z iy (8 (s,a))? H )\zr a+1)-(s,a) | 7 (1 — (1 - W)Nhf’(h“)T(s’a))
m=1 h=0 I=h+1
2

p(t)-1 [¢(t)—1

< 677 h\ - N™ (s,a)
S M Z H )\ZT,(H-I)T(S, a) Z Od( h+1)7 (1 — (1 — 77) hr,(h+1)7 )

h=0 l=h+1 m=1

where (i) holds because

o 1— (1 — )Mo 50D
1= (=)

Y (1= )Ny -

uGL{;ﬁ_q(hH)T (s,a)

< (1= (1 = )N inenro)
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< 29(1 — (1 — ) Mmooy (B145)

given that 2z — 22 > x for z < 1 and (1 — z?) < 2(1 — x), (ii) follows from (B.38a), and

(iii) follows from the same reasoning of (B.144).

B.6.6 Proof of Lemma 9

Without loss of generality, we prove the claim for some fixed 1 < ¢ < T and (s,a) € S X A.

For notation simplicity, let

i (s,a)(P(s,a) — P (s,a))Vm if (57, am) = (5.0)
R 7t h ; (B.146)
’ otherwise
where
—Ngt (s,a) p(H)—1
o™ n(l —n) Tetwru Y
Diy(s,a) = M M ST (B.147)
h=¢(u) Zmlzl(l — 77) hr,(ht1)7\S

then F2(s,a) =~ 2%21 S Yu (8, a). However, due to the dependency between P} (s, a)
and wy(s,a) arising from the Markovian sampling, it is difficult to track the sum of
y := {yny(s,a)} directly. To address this issue, we will first analyze the sum using a collec-
tion of approximate random variables § = {¥;;(s,a)} drawn from a carefully constructed

set )A), which is closely coupled with the target {,;(s, @) }o<u<s, i-€.,

D@9 =YY Gls,a) = G(s,a) (B.148)

is sufficiently small. In addition, 7 shall exhibit some useful statistical independence and
thus easier to control its sum; we shall control this over the entire set . Finally, leveraging
the proximity above, we can obtain the desired bound on ¥y via triangle inequality. We
now provide details on executing this proof outline, where the crust is in designing the set

)7 with a controlled size.
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Before describing our construction, let’s introduce the following useful event:

t—It M
1
B = ﬂ {Zuavg(S,G)M[T < E N, 1. (s,a) < ZMan(s,a)MIT} : (B.149)
u=0 m=1

where [ = I(s,a) := L%J Note that I >

8nptavg (s,a since nrT < 1/16 Combining

1
16npavg (s,a)T

this with the assumption n < see (A.3) for the definition of ty(s,a)), it

1
16t (s,a) tavg (s,a) (

follows that IT > ty,(s, a) always holds. Then, B; holds with probability at least 1 — \SIILAIT

according to Lemma 2. The rest of the proof shall be carried out under the event B;.

Step 1: constructing Y. To decouple dependency between P}, (s, a) and @y (s, a), we
will introduce approximates of w;,(s,a) that only depend on history until u by replacing
a factor dependent on future with some constant. To gain insight, we factorize w; (s, a)

into two components as follows:

d(u)—1 M —N7 (s,a)
. /\j , 1 — ht,(h+1)T
wZZt(Sa(I) — | | ( Zm 71< 77) )

h=ho(u,t) Eﬂm/l’zl(l - U)iN’ﬁ/,(hH)T(S:a) M
(1 — ) Notwrun (50 207 Y
X M h=¢(u) Z%Zl(l — n)_N}ﬁ,(hH)T(S@)
¢(ﬁl (Z”Af'l(l - ”)_Nﬁw”’(s’“)) n(1 — )~V (50
h=ho(u,t) M i
) dependent on history until u d
y ¢>(172[1 Iy
h=ho(u,t) Z%:1(1 — n)_Nhri’,(thl)f(sva)

[\

~
dependent on history and future until ¢

¢(u)_1 M 7N'm, s,a _N™ s.a

H Zm’:l(l . 77) hT,(thl)T( ) 77(1 _ 77) ¢(u)7-7u+1( )
M

h=ho(u,t)

N J/

Wut) [ ¢(t)—(I—1)I—1

<]] 11 =
I=1 \ h=max{0,p(t)—LI} 2%21(1 - U)_Nh”h“”(s’a)

(& J/
-~

=z(s,a)

(B.150)
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where we denote I(u,t) = f%} and ho(u,t) = max{0, ¢(t) — l(u,t)1}.

Motivated by the above decomposition, we will construct )AJ by approximating the

future-dependent parameter z/(s,a) for 1 <1 < L, where L :== min{[£], [641og (M/n)]}.

M,_ N™ S,a
Using the fact that 142 < exp(z) < 142z holds for any 0 < z < 1, and nzm = hﬁh“)f( ) <

nT < 1, and applying Jensen’s inequality,

M m!
( Zm/:l NhT,(h+1)T(S7 a)) M
exp | —n >
>

M M (1-— n)*Nﬂfwm(Sva)

m/=1

M

- m/
S e™in e (59)
1

1 / s,a
277 21\4’ . m’=1""hr,(h+1)7T

M m’
> Zm’zl NhT,(h+1)T(S7 a’)
>exp | —2n i .

Therefore, for 1 <1 < L, under B;, the range of z(s,a) is bounded as follows:

1
z(s,a) € {exp(—lln,uavg(s,a)]T), exp(—zn,uavg(s,a)]T)] :

Using this property, we construct a set of values that can cover possible realizations of

2/(s,a) in a fine-grained manner as follows:
1 m , .
Z = <exp —Znuavg(s,a)h' ~u ‘z €Z: 0<i<AMpag(s,a)lT ;. (B.151)

Note that the distance of adjacent elements of Z is bounded by /M e~ /4mae(s:0)I7 and the
size of the set is bounded by 4M fiae(s,a)I7. For | = L, because the number of iterations
involved in zy(s, a) can be less than I7, it follows that z.(s,a) € [exp(—4npavg(s,a)IT),1].

Hence, we construct the set

Zy = {exp (—%) ‘z €eZ: 0<i< 4Muavg(s,a)lf} : (B.152)

In sum, we can always find (Z,--- ,2, -+ ,21) € ZX71 x Z, where its entry-wise distance
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to (21(s,a))ieqr—1 (resp. zr(s,a)) is at most n/Me=V4mas(OIT (vesp. n/M).
Moreover, we approximate z!"(s,a) by clipping it when the accumulated number of

visits of all agents is not too large as follows:

(s, a) if Yo (wt)yrd(uyr (5 @) < 2M plavg(s, a)IT
T7(s,a) = P Nho(utyr.o(u) g . (B.153)

0 otherwise

Note that the clipping never occurs and Z7'(s,a) = x!''(s,a) for all u as long as B; holds.
To provide useful properties of Z7'(s,a) that will be useful later, we record the following
lemma whose proof is provided in Appendix B.6.6.

Lemma 16. For any state-action pair (s,a) € S x A, consider any integers 1 <t < T
and 1 <1 < [£], where I = Lmj Suppose that gt < 1, then T'(s,a) defined in
(B.153) satisfy

9
Vu € [ho, 6(t) — (1 — 1)I) = &™(s,a) < AZ (B.154a)
(t)—(I-1)I-1 M
. > Zf@’? (s,a) < 16npavg(s, a)IT, (B.154b)
h=ho UEUTT. (1145, (5,0) T

B(t)—(1—1)1—1

3 3 Z < 84 ““]\g}s lr (B.154c)

h=ho euhT (h+1)7'( )

where hy = max{0, ¢(t) — I1}.

Finally, for each z = (21, ,31) € ZL1 x Z,, setting &), (s, 0; 2) = #2'(s,0) [ 3,

an approximate random sequence y, = {y2,(s, a; z) }o<u<t can be constructed as follows:

Wyy(s,a;2)(P(s,a) — Pliy(s,a) V" if (s, am) = (s,a) and (u,t) <

U
Yir(s,0;2) =
0 otherwise

(B.155)

If t > LIt, for any uw < t — LI7, ie., l(u,t) > L, we set y;(s,a;2) = 0 since the

magnitude of Wy (s, a) becomes negligible when the time difference between u and ¢ is
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large enough, and the fine-grained approximation using Z is no longer needed, as shall be

seen momentarily. Finally, denote a collection of the approximates induced by Z*~1 x 2,

as

Step 2: bounding the approximation error D(y, 7).

there always exists ¥, :

Uxp) € Y such that

We now show that under By,

- 129  [Ln
D L) < — —. B.156

To this end, we first decompose the approximation error as follows:
min D(y, =)
yzEy

M t—1
= min yr (s, a) — 5,a; 2

i[5 )~ i)

M t—LIt—1 M t—1
< max yr(s,a) —y(s,a;z min yr(s,a) —y(s,a;z
= ezloixz, mz:l ;% u,t( ’ ) yu,t( » U ) +z€ZL—1><Zo ;ut_LIT u,t( ) ) u,t( » @ )

—.Dy D

* Bounding D;. This term appears only when ¢ > LI7. Since ¥;/(s, a; z) = 0 for all

u < t — LIt regardless of z by construction,

Yuu(s,0) =

Yur (s, 0; Z)

<> Y Gnsa)|P(s,a) -

Py
m=lueli’, ;, (s,a)
(i) M
ST DD D HACHD)
m=1uelf’y,_r.(s,a)
D2 g N a)
=15
(2) 2 efniuavg(s,a)[/l‘r
=15
(iv)
g —
(1—~)M

(s, @) [l [Vl



where (i) holds since ||P(s,a)|l1, [|P7(s,a)|i < 1 and ||V} |0 < ﬁ (cf. (B.2)),
(ii) follows from (B.38d) in Lemma 8, (iii) holds due to By, and (iv) holds because

L > 641og % > m log % given that npaye(s, a)lT > 1/16.

e Bounding D,. Since "'(s,a) = x1'(s, a) when B; holds, in view of (B.155), we have

< min Yy M [@n(s,a) —0(s,052)] | P(s,a) = Pl (s, @) 1V oo
ZGZL_IXZO

m=luel” ;, .(s,a)

9 L ¢t)—(1-1I-1 M 1 l
e (XYY Saee|[[ato-T]5
v =€ FONI=1 =gt -l WEUTL 1, (5,0) m=1 =1 =1

where the last inequality holds since || P(s,a)||1, [|P(s,a)|l1 < 1and [|[V™ ]l < ﬁ
(cf. (B.2)).
Note that for any given {z(s, a) };c(z), under By, there exists 2* = (2},...,%,...,2]) €

ZE1 % Zy such that |Zf — z(s,a)] < 5 exp(—1/4nptavg(s, a)IT) for | < L and
27 — zp(s,a)| < Also, recall that z(s,a), zF < exp(—1/4nptavg(s,a)lT) for

-+
[ < Land zy(s,a), 2} < 1. Then, for any [ < L it follows that:

l l -1 l
<(|[Tata -=Tasa|++ |« 17 - 1%
'=1 I'=2 I'=1 '=1
l

< exp ( - }l(l — D)nptavg (s, aﬂT) > %

)

=<
Il
—_

Then, applying the above bound and (B.154b) in Lemma 16,

M t—1

Z Z @ﬁt(s,a)—/y\m(s,a;z)

m=1u=t—LIT

min
zezZLl-1x 2z,
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L ¢(t)—(1-1)I-1

< 2y )R SEACION) | FICROR | E:

=5 h=¢(t)—UI  wel . (s,a) m=1 - =1

9 LT] L 1 ot)—(1-1)1-1 M

< T~ Zexp < - Zl(l — D)nptavg(s, a)]7’> Z Z Z (s, a)
v =1 h=g¢(t)—1I ueuﬂ’(hH)T(s,a) m=1
2 Ln 1
i/ 167 11ae (5, @)1

T 11—y M1 —exp(—1/4nftavg(s, a)[7)< MHtave (s ) I7)
M 2 L 8 256L
< L 1677Mavg(s> CL)IT < d

N 1—7M77Mavg(57a)17 N (1 _V)M’

where (i) holds since 1/4npavg(s,a)l7 <1 and e™ <1 — 1z for any 0 <z < 1.

By combining the bounds obtained above and using the fact that 4—;’% <land L <
64 log (T M), we can conclude that
2n 256Ln 129 [Ln

miana/y\zg + S EVE
yzef)( ) (=M (1—=y)M ~1-yV M

Step 3: concentration bound over ). We now show that for all elements in ji\ =

{U.: z € ZF71 x Z4} satisfy

624 n 4|S||A|T? M
< 1= \/M log (TM) log 5 (B.157)

with probability at least 1 — <2—. It suffices to establish (B.157) for a fixed z € Z~! x Z,

IS|IAIT
. s 5
with probability at least 1 — SATD] where
V| = | 2571 x Zo| < (4M piayg (s, a) IT)" < (M/n)* < (TM)*F. (B.158)
For any fixed z = (%1, ,21) € 27! x 2, since @], (s, a; z) = T}'(s, a) 1% only

depends on the events happened until u, which is independent to a transition at u + 1.

Thus, we can apply Freedman’s inequality to bound the sum of 377 (s, a; z) since
E[g (s, a; 2)| V] = 0, (B.159)
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where ), denotes the history of visited state-action pairs and updated values of all agents
until u, i.e., Y, = {(s7, @), V.F} e o< Before applying Freedman’s inequality, we need

to calculate the following quantities. First,

1(u,t)
- m m 18n
B = s [72400,052) < 2006, [T alP(sva) = Pl Ve € =gy

(B.160)

where the last inequality follows from ||P(s,a)ll1, ||PM™(s,a)|li < 1, [V |lee < ﬁ

(cf. (B.2)), z7 <1, and (B.154a) in Lemma 16. Next, we can bound the variance as

Z S B 5, 0:2)) 10

u=t—LIT m=1
1HI-1

— Z Z Z Z (53\:7(8, CL) H /Z\l’)QvarP(s,a)(‘/um)

[=1 h=max{0,¢(t)—11} m=1 ueld™

hT, (h+1)7'( )
L
e

I/\“

l
/:

—(-DI-1 M
H?ﬁ) >y Y @)

h=max{0,¢(t)—1I} m=1 ueld™

h7,(h+1)T (S’a)
i 2 SNy 6402 tavg (s, a)IT
= WZ (H & A
=1

=1

(i) 128n?2 ,uavg s, a) IT

< Zexp —1/2(1 — 1)nptavg(s, a)IT)
1287 [Lavg(S,a)IT 1
T M —7)? 1 exp(—1/2npav(s, a)IT)
() 128021, I 4 512
& 1281 tawg(5, )T -~ R (B.161)

T M1 =7)? nuag(s,a)lt M(1—7)2"

where (i) holds due to the fact that ||Varp(V)|le < |[Pl1([IV]leo)? + 1P|V ]|0o)? < = V)Q
because ||V < 1— (cf. (B.2)) and ||P||y < 1, (ii) follows from (B.154c) in Lemma 16,
(iii) holds due to the range of Z and Z, is bounded by exp(—1/4nptavg(s,a)l7) and 1,

respectively, and (iv) holds since e < 1— 2z for any 0 < o < 1 and 1/2npav(s,a)l7 < 1

Now, by substituting the above bounds of W; and B; into Freedman’s inequality (see

149



Theorem 10) and setting ¢ = 1, it follows that for any s € S, a € A, t € [T] and 7, € 37,

M t—1 ) — R
Yo Gils,aiz) g\/smax{wt<s,a>%}logw+gBt<s,a)10g4c|S||§t|T|y|
m=1 u=0
U USAITY] 24y AS|ATIY)

<

B \/40961\4(1 e D VR R

0 78 [nL  4|S||A|T?M

< — log ————,

(I-7VM 5
(B.162)

with at least probability 1 — m, where (i) holds because |Y| < (TM)* given that

Nitavg (s, a)IT < 1/4, and %logw < 1. Therefore, it follows that (B.157) holds.

Step 4: putting things together. We now putting all the results obtained in the
previous steps together to achieve the claimed bound. Under Bj, there always exists v, :=

Uxp) € Y such that (B.156) holds. Hence, setting ¢ = (210_63) + log (T'M) log w,

M t-1 M t-—1
DD wh(sa) < |Y 0D wi(s.aiz)| + DG, Tx)
m=1 u=0 m=1 u=0
L 4 2
BRI TN SIAIT2M | 129 [Ty
1—y) VM ) 11—y VM
2064 [ A|S||A|T2M
< —log (T'M)log ————— B.163
<a_yVar og (T'M) log 5 (B.163)

where the second line holds due to (B.157) and (B.156), and the last line holds due to
L < 64log (T'M). By taking a union bound over all (s,a) € S x A and ¢t € [T], we

complete the proof.
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Proof of Lemma 16

For notational simplicity, let A be the largest integer among h € (hg, ¢(t) — (I — 1)I) such

that
M
> N 1y (8,0) < 2M prayg(s, a)I7. (B.164)
m=1
Then, the following holds:
M
Z h()ThT Z (h V)t (s,a +Z hor(h—1)7 (s,a)

< MT 4 2M prag (s, a)IT. (B.165)

Also, for the following proofs, we provide a useful bound as follows:

% Ny (h+1)7—(8 a) - E%zl e"Nﬂ,(hH)r(s’a) <14 277 an‘if,zl N}:?’:(h-f—l)’f'(s’ CL)
~ = M = M
M m
< exp 277 Zm’:l NhT,(h—l—l)T(S? a)
iy M )
(B.166)

which holds since 1 4+ x < e* < 1+ 2z for any x € [0, 1] and 77Nh7 (h+1)T(S’ a) <nr <1.

According to (B.153), for any integer u € [h7,t — (I —1)I7), (s, a) is clipped to zero.

Now, we prove the bounds in Lemma 16 respectively.

Proof of (B.154a). For u € [hoT, h7),

u

SO o 33 C B ATl T ) et
(s,a)= ]I

v M M
h=hg

(i) $(w)—1 Z%:l(l _ 7]>_Nﬂi(h+1)T(s’a) 3n
< 1] i
M M

h=hgo
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M

(i) o » 3n
< exp (M Z NhoT,(hl)T(S’a)> M

m/=1
(i) 3n (v) 9
< e)<;p(477;za\,g(s,CL)IT)M77 < Mn’ (B.167)

where (i) holds since (1+n)” < €™ and nNj,) ., (s,a) < n7 < 1, (ii) holds due to (B.166)

and the fact that ¢(u) < h — 1, (iii) follows from the definition of i in (B.164), and (iv)
holds because 4ntayvg (s, a)IT < 1.

Proof of (B.154b). By the definition of h, it follows that

6(t)—(1—1) 1

Z Z Z/x\?f(s,a) :;; Z fo(s,a}.

h=ho uEL{}’L’fr’(}Hl)T(s,a) m=1 0 uEM}’l’;’(h+1)T(s,a) m=1

Using the following relation for each h:

Z Z (s, a)

uelU s,a) m=1

e (
h7,(h+1)T

Zbr;',uﬁ»l (S7a)

= ’ﬁ Z%:l(]‘ B n)_N;?TY(h/‘FI)T(S’a) ]Zw: ZueuhT <h+1)T( ) 77(1 B 77)_
M M
h'=hg

’
_N;L?T,(h/ﬁ»l)T(s’a)

h—1
_ H 2%21(1 - 77)
M
h'=ho

)—NZ'/’T (w41y7(5:9) )_Nm

3
I

(1= ) MFronr ) g
M

NE

3
I

h' 7 (R +1)T (S,(I)

h M M
_ (1 S0 (' St
M M ’
h'=hg h'=hg

and applying (B.166), we can complete the proof as follows:

Z Z Zx 3a<Hexp

h=hg ueld™ s,a) m=1

M

(2772 m/=1 hrh‘r( a))
< exp —1

M /
(277 D=1 N;TT,(MH)T(S’“)) 1

hT, (h+1)7'(

M

152



(i)
< exp (Anptavg(s, a)IT +2n71) — 1

(i)
< 1679 ptavg(s, a)IT,
where (i) follows from (B.165), and (ii) holds because ¢* < 1+ 2z for any = € [0, 1] and
20T < Anptavg (s, a)IT < 1/2.

Proof of (B.154c). Similarly,

> > > (@ (s,a))? = i 3 > (@ (s a))?

h=hg ueU™ a) m=1 ueU™ (s,a) m=1

hT,(h+1)T(s’ hr,(h+1)7

Using the following relation for each h:

ZZ

wEUy 4y 11y, (s,0) T

2 m
R D T e e I

h—1 M ’
- H Em/ZI ?7) (h b E hr, <h+1>T(
M M?
h'=hg

3
I

h=1 7Nwll/ / s,a M _ m s,a
< H S (L =) 417 () Z n((1 = ) 2Nineer (59 1)
N M M2

h'=ho m=1

— M m/ 2 M o
< i ﬁ ex 2 Zm/:l Nh’T,(h’—‘rl)T(S? G) ox A Em’:l NhT,(h+1)T(S7 a) .
=M P\ = i p | 47 i
h'=ho
M ’
4 N s, a N”;L_ 5.a
= % exp (4772771 =1 ]’\le,hT( )) (exp <4772 h]\4(h+1) ( )) _ 1)
1 Vi 5a M_ N (s,a

= % <e><p (4772 h(}\}(h“”( )> — exp (4772’” = ]@”’f”( ). (B.168)

where the inequality is derived similarly to (B.166) under the condition 2n7 < 1, we can

complete the proof as follows:

S it N (s,a)
S Y Yereopsl (o (a2 )
h=ho ue€llj .\, (s,a) m=1
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@
<

=

% (exp (8nftavg (s, a)IT 4+ 4nT) — 1)
) 6407 g5, 0) I
—_ M )

(B.169)

where (i) follows from (B.165), and (ii) holds because ¢* < 1 + 4z for any = € [0,2] and
ANt < 8Nptavg(s,a)lT < 1.

B.6.7 Proof of Lemma 10

The proof follows a similar structure to that of Lemma 7. We omit common parts of the
proofs and refer to Appendix B.6.4 to check the detailed derivations. First, we decompose

the error term as follows:

M
E}(s,a) = Z Z Woi(s,a)P(s,a)(V* = V")
m=Lu€UGT 4 1)—p)r (5:0)

. 4

o
=E3%(s,a)

1) > @py(s,a)P(s,a)(V* = V™). (B.170)

m=Lu€U(Z ) _g),4(5:0)

- 4
g

=:E3%(s,a)

We shall bound these two terms separately.

e Bounding E}*(s,a). First, the bound of E?*(s,a) is derived as follows:

M
Bl 3 andsalPeallv -y

YU 4 (1) — gy~ (5:0)

22 (4 ) TN N yra(o)

S

(11) 2 avg BT

< —n) (B.171)
=7

where (i) holds due to Lemma 8 (cf. (B.38d)), and (ii) follows fromapplying Lemma 2
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that with probability at least 1 — ¢,

M
M BT 4y
> Niw-pyrals;a) 2 ———%

m=1

holds for all (s,a) € S x Aand 0 <u < v <T aslong as 57 > ty.

e Bounding E’(s,a). Combining (B.125) and Lemma 14 to bound ||[V* — V™| ., we

bound E}(s,a) as follows:

M
EX(sa)l <vd Y Ghsa) V-Vl

m=L €U 1y gy, 4(5:0)

M $(t)—1

<y D S @ a) (14 207) ] Al + Tocal)

m=1 h=¢(t)—B ueld™
1+~

< Olocal + T max HAhTHOO (B172)
¢(t)—B<h<4(t)

hT, (h+1)7'(5 a)

where we denote gjgea = 87”17_1 log ASHAITM £ 1 otational simplicity, and the last
1—v g 1) y

inequality follows from Lemma 8 (cf. (B.38c)) and the assumption that n < 1=

Now we have the bounds of E?%(s,a) and E?(s,a) separately obtained above. By

combining the bounds in (B.170), we can claim the advertised bound, which completes the

proof.
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Appendix C

Analysis Federated (Q-Learning in
Average-Reward MDPs

C.1 Preliminaries

Solutions to Bellman equation. By (2.3), the optimal bias function h* satisfies the

Bellman optimality equation. For convenience, we restate it here:

J*+ R (s) = max r(s,a)+ Z P(s'|s,a)h*(s') | = max [r(s,a) + Egp(s.a[h(s)] -

acA
s'eS
(C.1)
By introducing the bias Q-function h}(s, a) defined as
ha(s,a) = r(s,a) + Eyop(|sa) [R*(s")] — J*,
we can rewrite (C.1) as
J* 4 hy(s,a) = 7(s,a) + Egnp(lsah*(s)], and (C.2)
max b} (s, a) = max [r(s,a) + Egyopisa b (s)]] — J* = h*(s). (C.3)

acA acA
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Motivated by the observation that (C.2) is shift-invariant, we define normalized value

functions V* and Q* by shifting ~*(s) and h}(s,a) by a constant c:

maxy h*(s") + ming h*(s")
5 :

V*(s) = h*(s) — ¢, Q*(s,a) = hj(s,a) —c, where c:=
(C4)

This normalization ensures that ||V*||oc = ||2*||span- One can then verify that (V*, Q")

satisfy the same Bellman relations, namely

J* +Q*(s,a) =7(s,a) + Eyop(is)[V*(s')], and maxQ*(s,a) = V*(s). (C.5)

acA

> 1, the (o,

~

By virtue of (C.5), one can straightforwardly verify that provided ||A*||span

norm of V* and QQ* are controlled by the span semi-norm of the bias function:

IV Nloo = 187 spans Q7Moo < IV {loo + lI7lloc + ™ < 1A% [lspan + 2 S [[27[|span- (C.6)

Two auxiliary sequences. Next, we introduce two auxiliary sequences. The first is
based on the discounted value and Q functions V' (s) and Q% (s,a), k = 1,..., K, whose
general definitions are given in (2.4). Under the assumption that the AMDP is weakly
communicating, Lemmas 6-8 of Wang et al. (2022) imply the following bounds:

Lemma 17. If an AMDP is a weakly communicating MDP, for all (s,a) € S X A,

(VI(s) = T <40 =)[[W7]lsp and [Q7(s,a) = J*| < 4(1 = 7)[[7"[|sp: (C.7)

Also, note that for any epoch k and iteration ¢, and state s € S,

Vie(s) = V7(s)] < max Qrt(s,a) — Q5(s,a)| < 1. (C.8)

The second auxiliary sequence builds on the normalized functions V* and Q* from
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C.4). Define the sequence of value functions {V*}i~; C R® b
( k Sk> Yy

Vr(s) = I+ %V*(s), (C.9)

which converges to J*1 as k — oco. Correspondingly, we introduce the Q-functions Qy,; €

R%4 via a Bellman-like update:

r(5,0) - ——Eyopon V), W(s.a) €S x A, (C.10)

Qk+1(3 a) = k1

k+1

with initialization Q7 (s, 7*(s)) = V{*(s) and Q7(s,a) = 0 for a # 7*(s). By virtue of (C.6),

we obtain

Vi = Tl = IV < Pl 1)
Furthermore, the sequence @)} satisfies the following identities for all £ > 1:
1
Qipa(s,a) = J + k:——i-lQ (s,a),  Vii(s)
= maxQils, ). [Qhulle < 14 2 e (g
Proof of (C.12). Substituting (C.9) into (C.10), we obtain
1 k
Qia(5:0) = 777 (r(5:0) + Bopo [V ()]) + =77
(€2 k—-lm (J* + Q*(s,a)) + kLHJ* — J %HQ*(s,a), k> 1. (C.13)

Moreover, we have

(C.13)
ey @it 2 g |+ 1@"60)
* 1 *
Y S

: 1
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vy, VE>1.

Furthermore, by virtue of (C.6), and (C.13), we have

19" oo 2+ [[2*[lspan
k+1 '

<1+ E 1

1Qis1lloe < 11" lloo +

Useful properties of the learning rates. The learning rates specified in (3.10a) and

(3.14a) have the following properties:

t

Vi<t : m H (1 — k) < Mee (C.14a)
Jj=i+1
t
VE>1 Z”’” H (L= meg) + ] = mey) = (C.14b)
Jj=i+1 Jj=1
Proof of (C.14). For the learning rates defined in (3.10a), (C.14a) can be proved as
follows:
t 1 128 _23
8log(4(i+1)) 8 log(4t)
Mk,i H (1 - nk,j) = 1 2/3 = (i+1)2/3 1 Ogt2/3
j=it1 * Slogan 1 T Slog(4(i11)) T Slog(@n
(i+1)2/3 (i42)2/3
Slog((it1) _ Slog(d(it2)) 1
- _i2/3 (i+1)2/3 £2/3
L+ Siogan 1+ siogairy LT Sloz@
1
S i = kb (C.15)

L+ 8log(4t)

where the last inequality follows from the fact that (14)%? < 1+42/3 for any i > 1 due to
subadditivity. Similarly, the property (C.14a) can be proved for the learning rates defined
n (3.14a). Next, we prove (C.14b) by induction. For ¢t = 1, it holds that

1 1 1
S ks TT @ =me) + T = meg) = mea + @ =men) = 1. (C.16)
=1 j=itl j=1
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Then, suppose the statement holds for t — 1, and we show it also holds for ¢:

t t t
D i [T (0 =meg) + L0 =)
7=1

=1 j=i+1
-1 t—1 t—1
= Z L =) =) + e+ [T = 1) (1= 0)
=1 J=i+1 j=1
-1 -1
(1= 1) (Z mea [ (U=meg)+ ] - 77k,j)) + Nkt
Jj=i+1 j=1
= (1 = M) (1) + ey = 1. (C.17)

Notation. In the remainder of the proof, we use vectors V*, V;* € R¥ and Q*, Q%,r € R%4
to denote the respective mappings from S or S x A to R. Let P € R¥4*S denote the tran-
sition probability matrix, where P(s,a) = P(:|s, a) is the probability vector corresponding
to the state transition at the state-action pair (s,a). In addition, we define the local

empirical transition matrix at the ¢-th iteration in epoch £ in the single-agent setting as

Pp.s € {0,1}54%5 as

1, if & = sp4(s,a)
Pri((s,a),s") = : (C.18)

0, otherwise

In the federated setting, we denote the local empirical transition matrix for the m-th agent
as P, € {0,1}54% in a similar way. Let P™ € R®*% be the transition matrix under
policy 7, with the s-th row equal to P(:|s,m(s)). Similarly, define r™ € RS as the reward
vector under policy 7, with the s-th entry given by r(s,m(s)). For convenience, we write
P* = P™ and 7* = r™ . Notation J* may refer to a scalar or to a vector with dimension
implied by the context. Finally, define the quantity T} = Zle N;. The inequalities <

and > between vectors are understood entry-wise.

Armed with these notation, update rules (3.9) in single-agent setting and (3.5) in fed-

160



erated setting are expressed by

Qr = (1 — Met) Qrp—1 + it ((1 — V)T + %Pk,tVL(m)), (C.19a)

Q= (1-— nm)Qth_l + nm((l — V)T + kaﬁwyb(m)), Vi<m< M. (C.19b)

C.2 Analysis in the single-agent setting (Theorem 2)

C.2.1 Analysis for the first group of parameters

For each epoch k € [K], we decompose the error as
1Qrt — T lloe <@, — T lloc + 1@kt — @7, Il (C.20)

The first error [|Q% — J*[|o, which arises from horizon mismatch, can be directly

bounded according to Lemma 17 as follows:
1Q%5, = T lloe < 3(1 = i) I2" sp- (C.21)
Now, it suffices to show that the second error is bounded as

1@kt — @5 Ml S (1= ) 1A |sp- (C.22)

Denote Ay = Qrt — @, . Since v, remains fixed within stage k, the analysis follows
a similar structure to the discounted MDP case in Li et al. (2024a). The key difference is
that we derive error bounds in terms of both the discount factor and the span norm of the
bias, ensuring that the second error converges at the same rate as the first error (C.21),

thereby balancing the convergence bottleneck.
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Step 1: error decomposition. Using the fact that Q* = (1 —y)r + PV, we can

write the error as

Ak,t = (1 - Uk,t)Ak,t—l + Nkt Yk (Pk7tvk,L(k,t) - PVWZ) .

Then, it follows that

t t t
Ape =[] = i) Bro + 9% Y e ( I]a- %j)) (PriVau(ri) — PV3)

im1 i=1 j—i—‘rl
=gk
= H (1 = i) Ao + Ve Z Tk,i H 1= 1k j) Pri (Vhb(k,i) - Vw*k)
j=i+1
::‘E,I%,t

—l—%ZT}mH 1 —ni;) (Pri — P) V7,

Jj=i+1

59

ot

t t
+ Vi Z Mhei H (L= ) Pri Viewieay — Vi) (C.23)

i=t—g+1 j=it+1

N v
~\~
—. 3
7k

—log(1—)?
Mk, Ny, )

where g == [

Step 2: bounding the decomposed errors. We can bound the error terms separately

as follows:
* Bounding the initialization error E},. For sufficiently large t > g, = [%N_W)ﬂ,
) NV

with the proposed learning rates (C.14), the initialization error decays at least in the

rate of

t

II O =me) <O =m)? <exp(—nmeuge) < (1— %) (C.24)
i=[t—gr|+1

Since ||[Viuki) — Vo lloos |Akolloe < 1 according to (C.8), it follows that || E:][e <
2(1 — ’Yk)2
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¢ Bounding the transition variance E,it. By applying Bernstein inequality, we obtain
Lemma 18. For any ((k,t),s,a) € [Tx] x S x A and § € (0, 1), the following holds

2|S[| ATk

1B lloo S (1= 7)*12*lsp log ==

(C.25)

at least with probability 1 — 0, where Tk = Zle Ny.

Proof of Lemma 18. Let z;; be a random vector defined as z; = ny; H;Ziﬂ(l —

Mk,j) (Pxi — P) Vx| then

Vk?
t
ERy =) (C.26)
=1

Since each zj; is an independent random variable with zero mean, we aim to apply
the Hoeffding inequality to bound E,it. Due to the properties of the learning rates
(C.14), we first derive the following bounds:

t t 2
> <77k,i I]a- mc,j)) IV 12 < el Vo 12, < 16(1 = 3)(6(1 — i) 12" [|sp)?,

i=1 =it
(C.27)
where 7y, < 16(1 — ;)2 for ¢ > % and
1Vl = [max V7 () = min V2 ()] < 6(1 = )1
according to Lemma 17. Applying the Hoeffding inequality yields
t t t L 2S|JAIN
Sl S (e TTO ) IV 0 254N
=1 . i=1 j=itl
2|S||A|T;
< /5760 = ), log 2T
L S|AIT
< 2(1 35?1 o 2 ATE, (29
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where Ty = Zszl Ny, and this completes the proof.

* Bounding the recursive optimality gap Ej,. Using the fact that |[Vi; — V' [l <
| Ak illoo, following from (C.8),

ol < A il C.29
1B oo < e, max Akl (C29)

Then, by combining the error bounds altogether, we obtain

1Akl S (1= ) 1B*]|sp + i, _max | Apilloc (C.30)

7291@ S’i<t

for sufficiently large t > 2¢g;, = 2 [M-‘ . Note that given N;, > 1000 for any k € [K],

Mk, Ny,

it follows Ny > 2g; since ()" < 2(Ng)?? and (N;,) ™3 < (1 — ) < 1.

Step 3: solving recursion. Now, we solve the recursive relation we obtained from the
previous step as follows:
< . 2 * )
B85l S (L= P+ mmax_ Bkl

S (=20 lsp + (1 = 70)*[12*[|sp + () N_hax Akl

1
< . 2| 1% L )
ST I+ ()" max Ak
S (1= ) [W*lsp + €7 07m"
S (=) A s (C.31)

for L = [_1(01@%17;;’“)} and % > 2 <1°g((41/_(17;)7’“))> log(léilN_%)Q) > 2Lg;, because the learning
N

rates and discount factors in (3.10a) satisfy (1 — v;)~! < N}, and

4log(Ny)

2log(4Ny,)
(N, )23

BALE < (1—r) and
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Finally, by plugging (C.31) and (C.21) into (C.20), we conclude that after K stages, the

error of Q-estimates is bounded as

17" lsp
- J* < — * <
1QrNie — S oo S (L =) |27 ]|sp S (N )3 (C.33)
To achieve ||Qx n; — J*|lo < &, K should be large enough to satisfy
K 7)o\
Ny = max(1000,2%) 2 — (C.34)

and the total number of samples is bounded as
- - = L%
SAY N, < SA (10 + sz> =0 <SA (T") ) . (C.35)
k=1 k=1

Here, note that we need N, > 1000 to make sure a large enough number of iterations is
given, N > 2g; for small k, which is required for the error bounds in Step 2 to hold for
all k € [K].

C.2.2 Analysis for the second group of parameters

Step 1: error decomposition. We begin from the k-th epoch, which aims to approx-
imate @j,,. Combining the update rule (C.19a) and the definition of @, (cf. (C.10)),

we express the estimation error at the ¢-th step as:

* * r k *
Qrar1 — Qi = (1 =) (Que — Qrsy) + Mk ((1 — V)" + VPt Vi) — Pl mPVk)

Note that ¢(k,t) = (k — 1, Nx_1), and vy, = k/(k + 1). For ease of notation, we denote

Vi =Vio = Vici N, -
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The estimation error can be further simplified as:

* * kj *
Qrir1 — Qs = (1= M) (Qrp — Qfyy) + kz—zkl<Pk’th — PVy)

By recursion, the estimation error at the end of the k-th stage becomes:

Qk+1,0 - QZH = Qk,Nk - QZH

Ni—1
* k77 —1—1 *
= (1= )™ (@ko = Qha) + 77 D2 (L= m)™ T (PeVe = PVY)
i=0
kn Np—1
* * * k —1—3 *
= (1= m)™(Qro = Q0) + (1= m)™(Qf = Qha) + 777 D (L= m) ™ (PiVe = PVY).
i=0
(C.36)
Define the error term as
Apy1 = Qrr10 — Qryy € R4,
Identity (C.36) then tells us that
kn Ne—1
Agpr = (1 =)™ Ap + (1 —m)™(Qf — Qk1) + k _|_k1 Z (1= ne)™ 7 (PiVi — PVY)
i=0
By recursion, Ag.; can be decomposed as:
k kook
Ap =] =)Mo+ T —m)™ Q) —Qpy)
j=1 j=1 I=j
o —:5?
ko k . N1
#3 TL0-m 2 S ) B - P, ()
§=1 I=j+1 =0

J/

Step 2: bounding the decomposed errors. Now we intend to bound the error terms

in the right-hand-side of (C.37) separately as follows:
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* Bounding the initialization error FE and errors from historical epochs Ej and Ej ;
for 7 < k. Notice that as long as N, > 4log T}, which is satisfied by cy > 4logcy +
3log 2, then the following decay factor at the k-th stage satisfies

i N N, 1
(1 — 7)™ < exp(~Neme) 2 exp ( —) < exp (— N, ) =720 (C:38)
L+ 4log T}, 2log T, k
where (i) arises from the value of 7 in (3.10b). Consequently, the first error term
E} in the right-hand-side of (C.37) is controlled by:
[21lloe _ 197 = Quofloe @ 1Qilloe @ L+ 12" lspan.

1Bl < == = = s (C.39)

where (i) holds since Q10 = Qo0 = 0, and (ii) uses property (C.12). Similarly, using
(C.38) yields the following bound for the error term E?:

k
1Q; ~ @jualle © 1 ) Q'
E2 . < J + < J* __J*_
Al _Z s Z - il
IIQ*Hoo 0 Qe D 2+ 1A lspan
— < (C.40)
Z j+1 17 T?

where (i) holds since (C.12), (ii) arises from Z§:1 1/(j(j+1)=1—-1/(k+1), and
(iii) uses the bound of [|Q*]| given in (C.6).

Moreover, the error terms £} ; for j < k in the right-hand-side of (C.37) satisfy:

k—1 k-1 k N;—1
Jn —1—i *
Eli’,j = H (1- )Nlﬁ 2(1_77]) - (P:V; — PVY)
j=1 o j=1l1=j+1 i=0 ~
k-1 k N;—1
<> T a=m)™m > =)™ (1Villoo + 1V lloo)
j=1 I1=j+1 i=0
1 k—1
< 73 2 (IVillse + 1V lloo), (C.41)
[

where the last inequality arises from (C.38) and 7; 3000 (1 — ) N1 <, /n; = 1.
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By virtue of (C.11), we have ||[V}|[oc < 1+ [|2*[|span/j and [|V}]|eo < 1, which further

yields

k2 A+ [h*se)  KlI2*[lsp

<
= 2 ~ 2 )
Tk Tk

(C.42)

k—1

3
> B
st

(e}

provided that ||h*||, = 1.

Bounding the error term from the last epoch E,?k Note that the error term E,fk,
does not contain the factor (1 — 7)™, and thus its £,, norm cannot be bounded in
the same manner as (C.42) To control ||E,§’k||oo, we need to establish a new recursive

expression. Inserting (C.39), (C.40), and (C.42) into (C.37), we bound A, as:

ke Np—1—i * k(P |lsp
A = 7 2 A =m)™ RV = PV 0 (=

Z (1 =) P(Vi = V)

> Q=) (P = P)Vi+ O (%) . (C.43)
k

1=0

where the first term reflects the bias and the second term comes from the randomness
of sampling.

Let m(s) = argmax,e 4 Qr(s,a). Recalling that P(V, — V) = P™Q — P™Qj <
P™(Qr — QF) = P™ Ay, where the < is entry-wise, we apply recursion to (C.43) and

obtain

ko e e k|| 7|
Api1 < B PTEA, + Tk Z (1 —m) Ve (Pyy — P)Vi + O (—Sp)

T k+1 k+1 T
1 k
< — P™A
= ra E(Oﬂ ) 1
::Eg,k,o
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N;—1

k k .
. Ny 1-i 172" lsp
Z::H azPl?mZ(l—m) (Jgj,i—P)‘/jJrO(m :

l=7+1 =0

(. S/

Vv
—- 3
=B}

k.j

(C.44)

where ay, == Zﬁ}]—l(l — )17 < 1, and the last inequality uses Ty, > N >

cnk?. Noting that [|Aq]jee < 14 |[2*]|sp (cf. (C.39)) and the ¢; norm of probability

transition matrix ||P™|; = 1, we have

Lt |27 lse
E o < ————. C.45
1B glle < (C.45)
Next, we shall control £}, ;. Note that
Ve =T llsp < NIV = Viillso + IV = T [lsp
) o V7lls
= Ve = Villsp + L -
17" lsp
< 1Akl + : (C.46)

k

where (i) comes from the fact that V" — J* = Y= (cf. (C.9)). Moreover, notice that

all entries in J* are identical, the variance of the second term Ej, ; is bounded by

N;—1
Var (E ;) = Var | n; Y (1 =n)Ni 77 (Pyy — P)(V; = J*)
1=0
772
< —2  Var((P;; — P)(V; — J*
= (1=, ((Pyi — P)(V; )
<nillV; = J*II2,
i) e \ 2
<1 (181 + LD ) (C.a7)

where (i) comes from (C.46). By applying Bernstein’s inequality, with probability at
least 1 — §/(25%), the following holds; moreover, by a union bound over all j € [K],
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the overall probability is at least 1 — o:

25 A2 N 25 A2
Bl S 4 Var(L ) low 227 v, — 110 252

h*||s SAj
A (N R ()
O logT; s SAj
< Al oo P log ==~
S (1 + ) o
o 1 < [17*]] 1
S Ajllo + .s"> : C.49
FlogG + ) \ 1] i) Ven (C49)
where (i) comes from the definition of n; (cf. (3.10b)):
1 1 4logT;
nj = — = <8l (C.50)
14+ —=F— 1+ 5 N;j
4log(3X7_, Ni) 4log Tj

(ii) arises from

SA SAN\?
N; = enj?log”(j + 1) log® <T> > cnj?log?(j + 1) <10g(j +1)log (T))

"
Zeng?log?(j + 1) log T log %; (C.51)

by virtue of the fact that logT; < log(j%log®(j + 1)log®(SA/d)) < log(j + 1) +
log(SA/d) <log(j+ 1)log(SA/S). Inequality (C.48) holds since

4log T] log T} 1

< ..
N;j & eng?log?(j + 1) log T} log =5 545 ~ log%

M <

Substituting (C.45) and (C.49) into (C.44), provided that ||2*||span 2 1, we have

Y

k
P, 1 0 ( ||h*\|sp) 17 ||sp
A + , Ajlloc +—" ) +
HS T k+1;10g(j+1) 121 ] (k+1)c%

k

Ol 1 OllA o Ol [lsp log log(k + 1)
~ k1 k+1 logj—l—l k+1
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k

|17*]|sp log log(k + 1) 01| Al oo
= C.52
E+1 k—i—lzlogj—i-l ( )

where 6 .= 1/,/cy < 1, and (i) uses the fact that Z§:1 i og ' (j+1) < 2loglog(k+
1).

Similarly, we can derive the following lower bound for Ay, q:

* k
a5 Il loglog(i+ 1) 0118

~ kE+1 k:+1zlogj+1

Step 3: solving recursion. Combining the upper and the lower bound, we control the

infinite norm of A, as

[l _ el loglog(h+ 1) 0 Z 14
log(k+2) = (k+1)log(k+2) (k+1)log(k +2) log(j +1)

~ k+1  (k+1)log(k+2)’

sum .__ k (AN
where AU = " ol

J=1log(j+1)"
Now, we solve the recursive relation (C.53). We first claim that for sequence a;, satis-
fying

g1 = MeSk + Brs

where Ay, O, a1 > 0 and s, = Zk

=1 @j, we have

k—1 k-1

Apq1 = k+>\kZH (1+ X)) 52+>\kH1+)\

=1 j=i+1

Taking ay = ||Agl|/log(k + 1), A == cf/(k + 1)/ log(k + 2), and By = ¢||h*||sp/(k + 1), we

have

. k-1 k-1 )
[Axsilloo _ cllP*]lsp n cd Z 11 (1 cd cl|*|sp
log(k+2) = k+1  (k+1)log(k+2) j+1log(]+2) i+ 1

=1 j=i+1
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o 77 cf Al
Tk Dloglk +2) 11 (1 TG D logli 1 2)) log2 (C.54)

For 6 < 1/2, the product in the right-hand-side of (C.54) satisfies

k—1 0 k—1 0
1 (4 G ) <o (Z G+ log(i + 2))

< exp(20loglog(k + 1)) < logk.

Substituting it into (C.54), we have

k—1

[Ariilloe _ cllp*llsp _c*0llh*|lsplog k 1 cOlogk  [[Aille
< E . +
log(k + 2) k+1  (k+1)log(k+2) <~ i+1 (k+1)log(k+2) log2
(1 +0logk)[|h*[lsp  [IP*]]sp log &
< <
~ k+1 ~ k41 (C.55)

Recalling the definition of Ak, and by virtue of || J* — Q% lloc = [|Q* |lo/ K S || ||sp/ (K +1)
(cf. (C.12) and (C.6)), we get the final result that
7 ]lsp (172" lsp log K

K K
(C.56)

1Qk.Nk = I lloo S NQr Nk = Qclloc + [[J7 = Qlloe < (| Akl +

C.3 Analysis for the federated setting (Theorem 3)

C.3.1 Analysis for the first group of parameters

The proof will follow similar steps as in the proof of the single-agent case in Section C.2.1.
We omit some of the repetitive derivations and only highlight the key differences here.
Similar to the single-agent case, we split the error into two components, one due to horizon

mismatch and the other due to the optimality gap in the discounted MDP, as follows:

1Qkt = T lloo < 11Q7, = S [loo + [|Qrs — @7, lloo- (C.57)
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Since the first term can be bounded by O((1 — Ye)llh*]|sp) as (C.21) for the single-agent
case, we only need to focus on proving the bound of the second error term, that is,
1Qre — Q% |l S (1 — )||R*]|sp for the first parameter group defined under the feder-
ated setup. Since 7, remains fixed within stage k, the analysis follows a similar structure
to the discounted MDP case in Woo et al. (2023). The key difference is that we derive error
bounds in terms of both the discount factor and the span norm of the bias, ensuring that
the two decomposed error terms in (C.20) converge at the same rate, thereby balancing

the convergence bottleneck.

Step 1: error decomposition. Unlike the single-agent case, where the error is defined
in terms of a single Q-estimate, in the federated setting, the error at iteration t of stage k

is defined in terms of averaged Q-estimates of all agents as follows:

Akt—Zth «,k

Recalling the error decomposition for the single Q-estimate in (C.23) shown for the single-

agent case, we decompose Ay, as follows:

t

Ak,t:H(l—ﬂkz AkO"‘_Z”kz H (1 — )

(Pl?l,i(vkab(k,i) - PVVZ)

M= 114

=1 Jj=i+1
t =gk
(1 — M) Ak0+_znk1 H (I =) > B (Vewway — Vi)
i=1 j=i+1 m=1
—EL,
’}/ t t M
+Mk2m,¢ H (1 = k) Z (P —
=1 jeitl m=1
7‘,2
Tkt
Vi t t M
+t Z Mk H (1 —7nj) Z P (Vi) — V2 ) - (C.58)
Timtogetl =it m=1 )
e
=y
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Step 2: bounding the decomposed errors. With the proposed learning rates (3.14a),
for any k € [K] and sufficiently large 2g; < ¢t < N, we can derive the bound of the error

terms as follows:

B e < 201 — 2P (.50
N 2|S||A|Tk

1 o < 2401 — 307 g AHATEE (C60

IEY oo < max || Ao (C.61)

vk t—gr+1)<i<t

Note that given N; > 1000 for any k € [K], Ny > 2g; since (m)~! < 2(Ng)?2M~Y/3 and
(MN)™"% < (1 =) < 1. We omit the detailed derivations for the bounds of E}, and
E,it since they follow similarly as in the single-agent case. See Section C.2.1 step 2 for
reference. The bound of the transition variance term El%’t is derived by similarly applying
the Hoeffding bound, but the intermediate values are different from the single-agent case
and are expressed in terms of the number of agents M, which appears only in the federated

setting. We provide the detailed proof below.

Proof of (C.61). Rewrite the second error term as the sum of random vector Ef, =
25:1 2k, Where 2z, = Ny H;:i—f—l(l — M,j) (Pri — P) V7 is an independent random vector
with zero mean. Due to the properties of the learning rates (C.14), we can derive the

following bounds for 2 ;,

Mt t 2
* 1 * *
— Z ' <77k,i H (1- ﬁk,j)) V22, < Mﬁk,tHV%pr < 16(1 = 7)2(6(1 — i) 1A *[Isp)?,

j=it1

(C.62)

where np, < 16M(1 — ;)% for ¢t > 2 and [V llse = [max, V2 (s) — ming V2 (s)] <

6(1 — vk)||/h*|lsp according to Lemma 17 and the following properties of the learning rates

1 8M log(4Mt) log(2M Ny,) )
8M log(4Mt)
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Since each z;; is an independent random vector with zero mean, we apply the Hoeffding

inequality as follows:

1 = o : 2|S||A|T.
EAENES ) <1H1—77m>| : 1, 1og 2SIAT

Jj=i+1

2|S||A|T:
< /57601 = ), log 2T

2|S||A|Tk
)

< 24(1 — .)?[[7*|sp log (C.64)

where Ty = Z,{;l Ny, and this completes the proof.

Step 3: solving recursion. Combining the error bounds obtained from the previous

steps, we solve the recursive relation as follows:

1 L
e lloe S T (0= 01y + ()" oAl
S (1= )"y + ¢~ 0"

S (=) 1A"[lsp (C.65)

for L = [W} and > 2(1°g((41/(%) )))log(lgijk)z) > 2Lgy, because the learning rates

and discount factors in (3.14a) satisfy (1 —;)~' < M N and

2log(4M Ny,)
(M Ny)'/3

AM log(M Ny,) <
(INJPs = e

<(1—r) and (C.66)

Finally, by plugging (C.65) into (C.57), we conclude that after K stages, the error of

averaged QQ-estimate is bounded as

15l
—J* < (11— x| o< T TSP
Qe = Il £ (0= S 735055 (67)
To achieve ||Qx v, — J ]| < €, K should be large enough to satisfy
Ng = max(1000,2%) > ”h*”“’ (C.68)
~ M €
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and the total number of samples is bounded as

SAZN 9] (M (Hh;”“’) > (C.69)

k=1

Analysis of the number of communication rounds. When communication intervals
at stage k are set as gy, i.e., ming 4,ec) [t1 — t2| = gk, the number of communication

rounds is bounded as

N, 1
C(k) S g—k < Nimin, < (M Ny)3 (C.70)
%

Thus, the total number of communication rounds for K stages is bounded by

K
Z |<M”3Z WSS AR N S (M T, (€1
k=1

since 2K < T = ST0 N, < 10* 4 2541 and K = O(log(T})).

C.3.2 Analysis for the second group of parameters

The proof is similar to the argument in Section C.2.2. We omit some of the repetitive

derivations and only highlight the key differences here.

Step 1: error decomposition. Similar to the derivation of (C.36), we split the error

A1 = Qi1 — Qfyy as follows:

Qri10— Qi = (L =)™ (Qro — Q}) + (1 — )™ (Qf — Qi)

1k
RS . Z Z — )T BV = PYR). (C.72)



Using a similar recursive approach as in (C.37), we obtain the following counterpart:

k k k
Ap =[] =n)MAr+) T —m)™ Q) — Q5y)
j=1 j=1 I=j
—.B —.5?
k k . M N;—1
+3 T =) =L ST ST (1) NPy - PV (C.T3)
j=1 l=j+1 G+1M m=1 i=0
_VS
»y

We claim that for sufficiently large cy, the following inequalities hold, whose proof is

postponed to the end of this section:

SA
MN,, 2, enk*log®(k + 1) log ~ log(MTy), k> 1. (C.75)
Based on this claim, we have (1 — n;)V < exp (— E ) = sp7z as the analysis of
2Tog(MTy) k
117 |Isp Kl[h*|lsp k[P |lsp ;
(C.38). Thus we have ||E} |l < T |E2 |l < 2T and 1E} lloe S S for j < k.
Then we obtain
P
Apgr = —2 1— )M PV, — W
k+1 k+1;( k) (Vi Y
Nyp—1
k’nk M = Ni—1—i th*HSP
— 1- R P = P)Ve+ O : C.76
+ M+ 1) mZZI 2 (1 —m) (P Wi + M2T? ( )

Step 2: bounding the decomposed errors. Repeating the argument in (C.44), we

obtain
AV
1 k
< — | (g P™)A
< g rma
E} o
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k k . M
T J nj N;—1—1 m Hh*HSP
E | | pry—L I E E 1 —n Vi P™ — PV, )
T2l (o >/<:+1 M , (1=m) (Fis = P)V; +O((k+1)cN 77)

J/

Since || E} ;. ollso can be bounded by 5(%), as shown in (C.45) for the single-agent case,

it suffices to focus on establishing the bound for the second error term, £}, ;. To this end,

we compute the variance of E,:;’ r; as described in (C.47) for the single-agent scenario:

1j 12 ]ls ’
var (Bt,,) < % (18,1 + =)

By applying Bernstein’s inequality, with probability at least 1 — d/(25%), we have

) [12*ls SAj | . 28 A;*
B S 2 (180 + P02 ) Vog 524 2oy = 10 25
0 flogT; ] 54;
A sP 1 _ 7

g1 <|!Aj||oo+M) L (C.78)
Jlog(j+1) J VN

where (i) arises from the definition of n; (cf. (3.14b)):

1 1 4log(MT;)
77] = 1 Nj = 1 Nj S N ?
+ 4log(MTy) + 4log(MTy) J

and (ii) arises from (C.75). By substituting (C.78) into (C.76), we derive the recursive
formula presented in (C.52) and (C.53).

Step 3: solving recursion. Repeating argument in Step 3 in Section C.2.2, we have

17" lsp
K

[[2*[|sp log K
K b
(C.79)

1@ v = I Moo < NQK nye = Qiclloo + 17 = Qiclloo < 1Akl + S

178



which is consistent with the result in single-agent setting. The sample complexity and the

number of communications are obtained immediately.

Proof of (C.74) and (C.75). Let

72

A A
Imin = arg min {z : M log <M log ST) log(i +1) > ZM log®(i + 1) log® (ST) } :
We then have N, = cylog (Mlog %) log(k + 1) for j < ipy, and N = cN%bg‘r’(k +

1)10g3 % for j > dmin. Next, we proceed by proving (C.74) for the cases k < iy, and

k > imin separately. For the case k < iy, assuming cy is sufficiently large, we have

SA SA
Ny = cy log (Mlog T) log(k + 1) > logcy + 2log M + loglog log 5 + 2log(k + 1)

SA
> log (cNkM log (M log T) log(k + 1)) = log(MTy). (C.80)
In the case where k& > i,,;,, we have the following inequality:
SA SA
N, = Np2 log”(k + 1) log® — =N log <M10g T) log(k + 1)

M

SA
> log ey + 8log(k + 1) + 3loglog 5

A
> log (cNk:3 log®(k 4 1) log® ST) = log(MkNy) > log(MT},). (C.81)

Similarly, (C.75) is derived from the following expression:

A A A
MNy, > exk?®log”(k + 1) log® ST > cyk?log?(k +1)log ST <log3(k: + 1) log? ST) ,

(C.82)

and
SA
log(MTy,) < log(kM Ny) = log (cNk:Mlog (M log T) log(k + 1))

A A
< log(ey M) + log k + log log log ST < Mlog®(k + 1) log® ST
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C.4 Analysis for optimal policy learning (Theorem 4)

We first decompose the estimation error of the optimal policy as
0SS =J <=V +VE =V + VI —J". (C.83)
According to Lemma 6 - Lemma 8 in Wang et al. (2022), we have

17 = Villoe < 400 = 7)1 s, (C.84)
177 = Villoe S IVEllse < IV = Villoo + 1V lsp < 400 = )17 o+ V7 = Vi e
(C.85)

Moreover, by definition, we control the estimation error [|[V* — V7 || by using the esti-

mation error for @ as follows:

Vi = Vil = mae 2 T2 = o

= max (Q;K (5,73,.(5) — Qr Ny (5,75, (5))

+ Qi i (5,75, (5)) = Qi (5,7(5)) + Qi (5,7 (5)) — Q% (5,7 (5)))
) 2(|Q5, — Qi N lloo
1=k

—~
—

(C.86)

where (i) holds since Qg ny (s, 7% (s)) — Qr.n,(s,7(s)) < 0 by the definition of 7. Sub-

P UK

stituting (C.84), (C.85), and (C.86) into (C.83), we have

177 = T lee <17 = Vi lloo + IV = Vielloo + IV = Il

. . = . 41Q% - — Qrng |l
<8(L =) | lsp + 21V, — VI oo < 8(1 — &) |[A"[|sp + = —

1=k
Following similar analysis as that in federated setting, we claim that
X - o S - h*||sp log (N M C.87
195, = Queavele S | T o (Vi ). (87
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whose proof is postponed to the end of this section. Recalling the choices of vx, we have

J—JT < 1Pl log - [[72*||sp log (N g M)
17* s SAMTK
Provided that
1773 s SAMTy
NKN 5M 1 (NKM)IOg T,

we have J* — J® < e. Recalling that N, = cn2F, we have Tx = Zle N < 2Nk and

complete the proof.

For the number of communication rounds, we have

4log(1 — vx) 1<810g(1 ) 8

log(1+70)/2) = 11— :g(NkM)l/slog(NkM) (N M)Y? log(Tx M).

U'IOO

ICk| =

Thus we have

K K

8 log(Tx M)
Y ICl < Og K § (NWM)Y3 < (N M)Y3 log (T M).
k=1 k=1

Proof of (C.87). According to the update rule of Q;, we have

t

Qri — Q2 = H(1 — Mk ) (Qro — Q%) + W anz H (1 = M) (P Vieairsy — PVI)
j=1 Jj=i+1
ok t) t

t
- H(l — ) Qo — Q%) + Z i [] (U= ) (P Viaws) = PV3)

Jj=i+1

Z Nk i H 771:] szvkb(’“ PVWZ)

i=u(k,t)+1 j=i+1
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Denote by t; the h-th smallest value in the set C; for h > 1, and let ¢ty = 0. Note that for

h > 2, we have

th tp
IT C—mp)<esp|= D muy | <exp(—(th — ta)mrs,) -
Jj=th-1+1 Jj=th_1+1

Considering that for h > 2, we have t;, — t;_1 = (1 — y)ts/2, and

th(1 — )

—1
=1 Yh > 1.
Mt < + 810g(MNk)) ’ =

If t, > 8log(MNy,)/(1 — ), then we have ry,,, > 28N 5y

th(1—vk)
123
1 — )t
[T 1) o0ty 1
et 141 2 th(l — ’)/k) M Nk

We are now ready to introduce an error sequence

A = ||Qryty, — Qf,kHooa

(C.88)

(C.89)

where (i, denotes the result after the h-th communication round, shared identically

among all agents. From (C.89), and noting that Q) , (%, <1, we obtain

1 2
Ay < 1EN oo + IEoor B> 1,

MZ2N,
where

5,&1})1 = % Z Z Nk,i H (1— nk,j)(Plle‘ - P)‘/:;;c)7

th tp,

M
2 Tk m *
£ = i S0 e [T O = me) P Vi, — Vi

m=1i=tp_1+1 j=i+1
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For h > 2, direct calculation yields

% Z | Z Mk, H (1 = meg) < v,

o . S 2 " = 2 Velth = th-1) o
e Z Z Thi < 3f Z L VL
m=1 i:th_1+1 i:th_l-"-l

(L — y)tn 64log*(MN;) _ 7;log*(MNy)

< )
o 2M t%,1(1 — ’)%)2 ~ (1 — ’)/k)Mth

where we have used t5,/t, 1 < 2. Recall that |V [ls; S (1 — %)[|h*||lsp- By Hoeffding’s

inequality, with probability at least 1 — d, we have

SAMTy

log
1
H&%”m S Ve

m(l = ) [[77[|sp log (M Ny

(1 — ) log S48
= %\/ i, [[2*|sp log (M Ny)

Moreover, we have HS,EQZH < YAk p—1. Substituting these into (C.90), for h > 2, we

obtain

) ]-Og SAMTK

Mty

- * (1 - fyk) 10g SAMTy B — 1
< A+ Ol B s 10g(MNk)\/ VA Z%}J ;

M (1 + %) \ t_

lo SAMT h 1+
sv;f?1+Cm|h*||splog(MNk)\/( =) g Z( 7’“) ’/th' (C.93)
=1

* — Tk
Apn < VD1 + Cyllh Hsp\/( log(M Ny,)

_ N 11—
<+ Cl|h ||sp10g(MNk)\/( )

Let

o {bg((l - wﬂ |

log(+£2x)
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Then we have

log SAMTx log SAM Ty
At < 4 20010 lsp log(MNi) | === S I [lsp log(M N\ | 7 =<7
wi <Y, 207||h*|sp log( K) (1 — ) MN, ~ 177]lsp log (M NG) (1 —y)MN,’

which completes the proof.
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Appendix D

Analysis of Federated Q-Learning for
Offline RL

In this section, we will outline useful properties of FedLCB-Q and the key steps of the proof
of Theorem 7, deferring the details, such as proofs of supporting lemmas, to Appendix D.3
and D.4.

Throughout the paper, we adopt the following shorthand notation
Ph,s,a = Ph('lsaa) € [07 1]1XS> (Dl)

which represents the transition probability vector given the current state-action pair (s, a)
at step h. In addition, define P}, € {0,1}** as the empirical transition vector at step h

of the k-th episode at agent m, namely

Plh(s) =1(s = s¢},,,), forallseS. (D.2)

These are the notations pertaining to the counters for visits of agents on each state-

action pair (s,a) € S x A. For any (m, k,h) € [M] x [K] x [H],

* [,(s,a): aset of episodes in the interval (:(k), k] during which agent m visits (s, a)

at step h, i.e., [ (s,a) = {u(k) <i < k: (s, a}) = (s,a)}.
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* L7 (s,a): aset of episodes in the interval [1, k] during which agent m visits (s, a) at
step h, i.e. L (s,a) = {1 <i <k:(sf},a)) = (s,a)}.

We also introduce the following notation related to the synchronization schedule C(K).

For any positive integer k£ and u,

t,: the index of episodes, after which the uth synchronization occurs.

e 7,: the number of local updates (episodes) taken between the (v — 1)th and the uth

synchronizations.

e (k): the most recent episode where the aggregation occurs before the kth episode.

e ¢(k): the minimum index of aggregation occurring after k-th episode.

D.1 Basic facts

Error recursion of Q-estimates. We begin with the following key error decomposition

of the Q-estimate at each synchronization, whose proof is provided in Appendix D.4.1.
Lemma 19 (Q-estimation error decomposition). Consider a Q-function Q™ = {Q7 (s, a)}{r]xsx.A
and value function V™ = {V7(s) }1mixs induced by a policy w. Then, for any [H] x S x A

and k € C(K), the error between Q) and Q. is decomposed as follows:

QR (s, a) = Qrn(s; a) = worn(s, a)(Qr(s,a) = Qonls,a))
=:D7 (s,a,k,h): ﬁitialization error

+ Z Z S a (Phsa - Pir,'ilz)vz‘r—nl,h—i-l

m=1ieL}, (s,a)

[\

J/

Vv
=:Ds(s,a,k,h): transition variance

o (k)

+ZBtu, s, a) H Aw 1 (S, a)

u'=u+1
TV

D3 (s,a,k,h): global penalty

+ Z Z Wi n (8, 0) Prsa(Viis = V21 ), (D.3)

m=1ieL?, (s,a)

(.

J/

J/

TV
=:DJ (s,a,k,h): recursion
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Figure D.1: Illustration of the rescaled learning rates (7;7,(s,a)) and the episode weights
(wiko,n (8, @) induced by the learning rates of two agents m = 0,1 for episodes 1 <7 < 60,
where H = 5, the occupancy distribution of each agent on (s,a,h) € S x A x [5] is
d)(s,a) = 0.7 and d} (s, a) = 0.3, respectively, and the synchronization schedule is C(60) =
{10, 30, 60}.

where LY, (s,a) = {1 < i <k : (s]},ai;) = (s,a)} and [, (s,a) = {u(k) < i < k :

(i, aiy,) = (s,a)}. And, for simplicity, we use the shortened notations defined as

1 Zf Nk,h(s,a) =0

)\v7h<57 a) = 3 y U= ¢(k)7 (D4a)
Nl,(k),h(s7a)

\ Nk, (s,0)+Hng, k(s,a)

(

otherwise

1 Zf Nk,h(s,a) = 0
W (8, 0) = ; (D.4b)

\ 0 otherwise

o(k)—1
H+1 Ny, n(s,a) ,
m e z (= Lm .
Wikn(5: ) Nin(s,a) + Hngp(s, a) I}(,) Ny, n(s,a) + Hny, pn(s,a) |’ ! ea(5,0)

(D.4c)

Equally favoring episodes within the same local update round. According to
the decomposition (D.3) in Lemma 19, for any (s,a,h) € S x A x [H], the Q-estimation
error at episode k significantly depends on the weighted sum of transition difference for

each episode where the local update occurs, namely Ds(s, a, k, h). Intuitively, the weight
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Wiy, n (s, a) assigned to each episode i balances the accumulation of information from old and
new updates. Our choice of learning rates, which decreases fast during local updates, as
illustrated in Figure D.1a, ensures that the weight "} (s, a) within the same local update
round is always equal for all episodes and agents, as shown in (D.4c¢) and Figure D.1b. The
uniform weights allow the transition information of each episode to be accumulated evenly,
regardless of other transitions that occur in future episodes or other agents’ episodes. This
is essential to keep variance arising from local updates low, especially when a synchro-
nization interval is long. Assigning equal weight to every episode allows to fully utilize
transitions observed during local updates without forgetting old information, regardless of

the length of the synchronization interval.

Bounded visitation counters. We next introduce the following lemma regarding the

visitation counters, whose proof is provided in Appendix D.4.2.

Lemma 20 (Concentration bound on the visitation counters). Consider any 6 € (0,1)

and some universal constant ¢c; > 0, and let

2|S||A|KH 4G,
CO og ( 5 an 0(87 a, ) ClMdzvg(S, a) ( )
Then, for all (s,a,h) € S x A x [H], the following holds
1
when k > Koy(s,a,h) : §/€Mdzvg(s,a) < Nin(s,a) < 2kMd3(s, a), (D.6a)
when k < Ko(s,a,h) : Nin(s,a) <8/ (D.6b)

with probability at least 1 — 9.
Monotonic and pessimistic global value updates. Note that the global value esti-
mate is always monotonically non-decreasing, i.e., for &', k € C(K) it holds

VseS: Vin(s) > Vien(s) when k' <k, (D.7)
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which follows directly from the update rule (5.10). Moreover, we have the following im-
portant lemma regarding the pessimistic property of the value estimate, whose proof is

provided in Appendix D.4.3.

Lemma 21 (Pessimistic global value). Recall Qy.p, Vin, and mp in Algorithm 5. Let
Tk = {Ten e Given any § € (0,1), for all (k,h) € C(K) x [H], it holds with probability
at least 1 — 9 that

. 403612[—[4
V(S,G) €ESxA: |D2(S,(l,]{7,h)| §D3(S7auk7h) < \/maX{Nkﬁ(s,a),l}? (D8a)
V(s,a) e S x A: Qun(s,a) < QrF(s,a) < Qr(s,a), (D.8b)
Vse S Vin(s) < V™ (s) < Vi(s). (D.8c)

In words, Lemma 21 makes concrete the role of the penalty term in dominating the vari-
ability of the value estimates due to stochastic transitions, and ensures that the estimated

value is a pessimistic estimate of the true optimal value function.

D.2 Proof outline of Theorem 7

Now we are ready to provide the proof of Theorem 7, which is divided into several key

steps as follows.

Step 1: decomposition of the performance gap. The performance gap between the
solution policy 7 of Algorithm 5 after K episodes and the optimal policy 7* can be bounded

as follows:

Vi (p) = ViT(p) = Euyp [Vi (51)] = Eaye [V (s1)]

1

—~
=

IN

Egp Vi (51)] = Esynp [V (51)]
H(K)

—
—

i)

IN

1 x
= D By Vi (0)] = Earry Vit (s0)])

—

v=
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P(K)

KZ%Zd” — Vi, 1(9))

ses o0 =p(s)

<maxd 7Y di(s) (Vi(s) = Vioa(s), (D.9)

where (i) follows from Lemma 21, and (ii) follows from the monotonicity property in (D.7)

and Zf(j) T, =K.

Since 7* = {7} }nhe[m) is deterministic, for any k& € C(K) and h € [H], it follows that

> di(s) = Vin(9) =D di (s, mh(5)) (Vi (s) = Vien(s))

seS SES

< S d (5.7(5) (@i (s, 7 () — Qunls. Th(5))) (D.10)

seS

where the inequality holds because Q. (s, 7}(s)) < maxeea Qrn(s,a) < Vin(s) due to
(5.10).

To continue, applying Lemma 19 by setting 7 = 7*, the Q-estimate error after k

episodes is decomposed as follows:

QZ(& CL) - Qk,h<s7 Cl) = DT*<87 a, k? h) + D2(57 a, kv h) + D3(87 a, ku h) + DZ*(S7 a, k7 h‘)
< DT (s,a,k,h) + DT (s,a,k, h) +2Ds(s,a,k, h), (D.11)

where the second line follows from Lemma 21. Finally, inserting the decomposition (D.11)

and (D.10) back into (D.9), we control the performance gap with the following terms:

Vi'(p) = Vi (p)
1 P(K)
< e X Z To Zd” DT (s,75(8), ty, h) + DT (5,75(5), ty, h) + 2Ds(s, 75 (5), o, h))
seS
1
= g}gn[ ](D1h+D4h+2D3h) (D]_Q)

for which we shall aim to bound each term individually, adopting the following short-hand
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notation:

D,y = Z TUZd7r DT (s, m5(5), s, h) for i € {1,4},

v=1 seS
d(K)

Dspi= D7) dy (5)Ds(s,m}(s), tu, h). (D.13)
v=1 sES

Step 2: Bounding the decomposed terms. Here, we derive the bound of the decom-
posed terms separately as follows under the event that (D.6) holds, which is denoted as &
and holds with probability at least 1 — §.

* Bounding D;;. Using the fact that 0 < Q7 (s, 75(s)) — Qon(s, 7 (s)) < H, which

follows from Lemma 21, it follows

P(K)

Diyw=Y 7Y dy (s,m5(s)woe,n(s: ()@ (s, m(5) — Qonls, mi(s)))

v=1 SES

= HY A7 (5,7 (5) Y ol Nua (5, mi () = 0}, (D.14)

where the last line follows from (D.4b). To continue, note that

P(K)

> N s mi(s) = 0} = > 7o 1{Ny, (s, w3, (s)) = 0}

’UE[(?(K)}:tUSKo(S,ﬂ'Z (S),h)

< KO(Sv WZ(S), h)>

since under the event &, Ny, 5(s, 7 (s)) > 0 when t, > Ky(s, 7} (s), h). Plugging the
above inequality and the definition of Ky (s, 7 (s), h) back to (D.14) leads to

Diy < H Yy dy (s,m5(s)) Ko(s, i (s), h)
seS
min{d? (s, 75 (s)),1/S} (12¢ dr” (s, 75 (s))
- 1 3 S () s e DTS,

seS
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HC* S
g (D.15)

where the last line follows from the definition of C* _ and the fact that

avg

> — {j?{% (S’g(f))){ gy < 2 (1 (s, 7i(5)8) = D0 (1447 (9)5) = 25

seS seS SES

Bounding D; ;. The range of Ds(s,a,k,h) is bounded as shown in the following
lemma, whose proof is provided in Appendix D.4.4.

Lemma 22. For any (s,a,h) € § x A x [H] and k € C(K), if Ngu(s,a) = 0,
Ds(s,a,k,h) =0, and if, Nyp(s,a) > 0, the following holds:

cp(H* 4epiH?
Ds(s,a,k,h) € [\/Nk,h(s,a)’\/Nk,h(S,a>] ) (D.16)

With the above lemma in hand, recalling (D.13) gives

(K)
Dyp=3_ 70 > df (5, m()) Da(s. mh(s). tu. )
v=1 sES
(K)
. 4epCiHA
< 0 (5.7 (s T . D.17
_Z (57 >>; max{ Ny, (s, 77(s)), 1} (A

According to Lemma 20, Ny, »(s,a) > 5t,Md;"®(s,a) holds if t, > Ky(s,a, h) under

the event &. Therefore,

. < H v
; ! max{ Ny, n(s,a),1} — Z T Z i max{ Ny, »(s,a),1}

vity <Ko(s,a,h) vity >Ko(s,a,h)

H4
2
S H Ko(s,a,h) + Z T max{ Ny, r(s,a),1}
vity >Ko(s,a,h) h ’ ,

A(K) 4
S H2K0<87a7 h)+ ToA | 77 7avgr . N\
vzl Mt,d; (s, a)
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Plugging the above inequality and the definitions of Ky(s, 7 (s),h) (cf. (D.5)) and
C%,, to (D.17), we obtain

avg

dr’ (s , T (s ) H4
Dan 3 _Zdavg (s, (s Z Zd 5 (s Mt,d;"®8(s, 75 (s))

v=1 seS§

< HQC:vg Z dg i)
mln{d” s,mr(s)),1/S}

H4c:vg73 \/ m}()))?
mm{d7T 7 (s)),1/S}

1 2 vk * A(K)
H cavg /H4Oavg5 s
v ty

W) H2Cy,,S H4SKCa*Vg b1

where (i) holds due to the Cauchy-Schwarz inequality and the fact that

S T < G0 ) =T 09
and the last line (ii) follows from the Cauchy-Schwarz inequality and the fact that
Z A )7, = K and Zf If) 7 < 1+log K, with the latter following from Lemma 24
(see Appendix D.3).

¢ Bounding D, ;. In the following lemma, whose proof is provided in Appendix D.4.5,
we extract the recursive formulation of Dy as follows.

Lemma 23. Consider any § € (0,1). For any h € [H], the following holds with
probability at least 1 — 6

ZTU Z dy; (s,a Z Z Wi, 1(85@) Prsa(Vits — Vigiyht1)

v=1 (s,a)eSxA m=L4ieL , (s,a)

107¢
1
saaux+(1+ )andhﬂ (Viia(s) = Vi (5)), (D.20)

= seS
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H2KSC?, H2SCy,
where oaux = 1/ -t

Step 3: Recursion. Combining the bounds of the decomposed errors (cf. (D.15), (D.19),

and (D.20)), for any h € [H], we obtain the following recursive relation:

#(K)
ZnZM ~ Viun(s))
SES
#(K)
S Ot < ) Z T“Zdﬂ (Vieea(8) = Vi na ()
seS

< (0 + Hr) + (1+ —) Z TuHZdﬂ (Viia (8) = Viwnsa (5))
seS

(ii) ¢(K ]

< (0x + Hm) + (1 + —) Z TuZdﬂ (Viea(s) = Vina(s)) . (D.21)
seS

where (i) holds because Vi, (s) — Vi, nt1(s) < H and (ii) holds due to the condition
<1+ 2 for all 1 < u < ¢(K) and the fact that V;,,(s) > Vi, p41(s) shown in

Lemma 21, and we denote

_ HCG,S H*C},.S \/H4SCa*Vg \/H%SC* H2SC*
+ + -

) e D.22
for any k € [K]. Then, by invoking the recursion (H — h + 1) times, it follows that
anw o)
s€S
22
5(9K+H71>+<1+ﬁ> (9t¢(K —|-H7‘1)
(14 2) E:'MEZd” ) (Viteals) = Viunsa(s))
s€S
22 9\ 2(H—h+1)
S O+ Hr) + (14 =) Brygoy + HR) 4o+ (14 ) botior—stsns + HT1)
< HOx + H?*ny (D.23)
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where the second line follows from the fact that V7 (s) — Vi g11(s) = 0 for any k € [K],
and the last line holds because 0, < 0 for any k < K and (1+%)2(H_h+1) < (1+%)2H < el
Finally, by plugging the above bound into (D.9), we obtain the bound of the perfor-

mance gap as follows:

P(K)
* ™ 1 T *
Vi(p) = Vi (p) < = max Y7, > di () (Vii(s) = Vi, ()
K helH] v=1 seS
1
S E(H@[{ + H 7'1)
H3SC, HSSCY, H?m T=HK [H7SC? H*SC*
< avg avg 1 < avg avg 24
Swurk VN Tmr Tk S Voar T ur O
. : HSC3,, T .
where the last line holds if 7 < 57—, and this completes the proof.

D.3 Technical lemmas

We present a basic analytical result that is useful in the proof.

Lemma 24. Consider any sequence {x,},—1.. , where x, > 1 for all z and let X, =

> xy. Then, for any Z > 1, it follows that
7z
X(Z) = 2 <1+logXy.
(2) ;Xz s 1+ log Az

Proof. For Z =1, X(1) = % = 1. For Z > 1, suppose the claim holds for Z — 1. Then, it
holds for Z as follows:

T Xz
X(Z):X(Z—1)+X—ZZ <1+logXs 1+1— ;Zl

Xz
gl—i—logXZl—log( ; !

) =1+logX,, (D.25)
z

where the first inequality follows from the induction hypothesis and x; = X; — X 4, the
second inequality follows from logy < y — 1 for any y > 0. By induction, this completes

the proof. ]
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Last but not least, we have the following useful properties regarding the parameters
introduced in (D.4c).
Lemma 25. For any (s,a,h) € S x A X [H], k' <k € C(K), where we denote u = ¢(k),
and i € L}, (s,a). Then, it follows that:

2H
Nin(s,a) + Hngp(s,a)’

YY whoals,a) <1 (D.26b)

Wi n(s,a) < (D.26a)

Z Z wjykyh(s a) < m (DZGC)

S Y @hasa)?< 2 , (D.264)

m=1 jELm (s,a) Nhh(S,CL) + H’)”kah(s’a)

S ) S S Wl (sa) < menls. a>(1+%). (D.26¢)

v>u m=1 i€l (s,a)

Proof. For notation simplicity, we will omit (s,a) for the following proofs. Moreover,

u= ¢(k) and t, = k.

Proof of (D.26a). Recalling the definition of w7} , in (D.4c) and using the fact that
H>1,

Wik h

B(k)—
H+1 H Ni, n 2H
~5(i) z,h

P — Gl < . D.27
Nipn + Hnyp, +Hny,p | = Npp+ Hngp ( )

Proof of (D.26b). By rearranging the terms,

o(k)

H+1 Ntzfl,h
mzljeLZ a) ; mzljelzm Neyw + Hny, p, Zg_l Neyw + Hng, gy
P(k) ( ) o(k)

H+1 Nty h H Ntzfl,h
Niow+ Hnyg, g

=v+1



=1- - <1 D.28
}_‘[ Nign+ Hng,p — ( )

Proof of (D.26c). Let v = ¢(k'), ie., k' = t,. Similarly to the proof of (D.26b), by

arranging some terms, we obtain the upper bound as follows:

M H+1 e Ntx_l,h
> D “ikalsa)= Z Z o News+ H1e wﬂwthz

+ Hn
m=1jelm  (s,a) m=1 jel oh tash

ok
_ (H+ D, & N
Neyw + Hny, p, Ni,w+ Hnyg,

=v+1
B(k)—1
_ (H"— 1)ntv7h (f[ Ntm
Niw+ Hngp \ 20 Negn + Hng,
(H + V)ng (D.29)
N k,h + H?’Lk h ’

Proof of (D.26d). Using the bound in (D.26a) and (D.26b),

M M
( m )2 _ m m < m < 2H
wj’k’h = max wjvkvh w]}k?,h < max W
me[M],geLgfh

J.k,h = :
€[M],jeL? N, + Hn
m=1jeLr, m=1jeL, meMJELE k,h kel

(D.30)

Proof of (D.26e). Recall that k = ¢,,. Then, reusing the intermediate result derived in
(D.29),

M v—1
H + 1 ntu Ntz h
Nty h s a - Nty b ’
Z Z 7t Z + Hnt h H Ntz + Hntz h
v>u m=Liely | (s,a) v2u U T
=Pz,h
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[e%s} v—1
Nty h
“re g Yt (T )

=(H +1) ntuhZH 1— Bun) (H@h)
< 1
< Nk (1+H)
(D.31)
[

D.4 Proofs for Offline Federated Q-Learning (Theorem 7)

D.4.1 Proof of Lemma 19

For any (h,s,a) € [H] x S x A and k € C(K), according to the pessimistic aggregation
update rule in (5.9), the estimate error of QQ function at the k-th iteration can be written

as follows:
Qn(s,a) — Qrn(s,a) = Qr(s,a) (Z oy, (s,a) Q) (s, a)) + Brn(s,a)

Z O‘ h Qh(s a) Q;crjh(&a)) + Bk,h(saa)a (D32)

m=1

where the last equality holds by the fact 3 a7 wn(s,a) = 1.
Then, invoking the local update rule in (5.7), for any i such that (s}},, afy,) = (s, a), the

local Q-estimate error at each agent m can be written as follows:

1- nzlh(& a))(QZ(s, CL) - zﬁil,h(sa (1)) + 77%(37 a)(rh($7 a) + Ph,S,thﬂ-&-l - rh(sa a) - Pi?}z‘/iTl,h-&-l)

(
= (1 =0 (s, a))(Qf (s, a) = Qi (s, a)) + 0 (s, a)(Qf (s, a) — ral(s, a) = PRLVI™ j40)
(
(1 = ni(s,a))(QR (s, a) = Q4 (s, a))
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+ 0738, 0) Prosa(Viter = Vil nn) +100(8, @) (Prsa — PRV s (D.33)

where the second line follows from the Bellman’s equation. Then, by invoking the relation

recursively, the local Q-estimate error at each agent m obeys the following relation:

Qr(s,a) = Q(s,a) = [ @ =n(s,0) (QF(s,a) — Quaynls, a))

iGlth(s,a)

+ Z Min (s, a) H (1= n75(5,0) Prsa(Viier — Vi%1 i)

ielgh(s,a) {j>i:j€lﬁh(s,a)}
+ Y ah(sa) I (= uih(s,0)(Prsa — PV
ielth(s,a) {j>i:j€lﬁh(s,a)}

where [}, (s, a) denotes a set of episodes where agent m has visited (s, a) at step h within
(¢(k), K].
By inserting (D.34) to (D.32) and letting v = ¢(k), we obtain the following recursive

relation for u-th local updates:

Qh(s,a) — Qrn(s,a)

ZO‘ZFL(&‘I) H (1 —U%(Saa» (QZ(S,CL) _Qb(k),h(s’a)) +Bk,h(87a)

el (s,a)

(. S
v~

::)‘v,h (Sva)

M
+ Z Z (s, a)nily (s, a) H (L =nj(s,a)) | Prsa(Viia = ViZins1)

m=L14el}, (s,a) {5>i:jel, (s,a)}

M
+ Z Z aZ?h(S? a)n%(& a) H (1— 77%(5’ a)) | (Phsa— R’%)Viz,hﬂ

m=1iel, (s,a) {5>i:jel, (s,a)}

= Xon(s,a) (QF (s, a) — Q. (3 a)) + Bip(s, a)

(H+1)
Ppsa(Vity — VI
]\/vtv7 (5 a)—l—Hnt h s, a Z Z h, h+1 1h+1)

7126lkh(sa)
M
(H+1)
P sa_ Vm D35
—i—]\/vtU7 (S a)+H’rLthSa Z Z h, ) 1,h+1" ( )

m=Lliel, (s,a)

+
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Here, the last line holds by invoking the definitions in (5.13) and (5.14) and observing with

abuse of notation (omit (s,a) when it is clear)

aph(s.anfi(s,a) I A—nfi(sa)

{j>i:j€l£fh(s,a)}

1 N+ M(H + )0y, M(H +1) " (N + MH + )07+ 1))

- M Nk,h + an,h NL(i),h -+ M(H -+ 1)%;”;1 E ( NL(i),h + M(H + 1)(71,21,1 + ])

1 Ny + M(H + )0, M(H +1) N.yn + M(H + 1)nf,
M Nip + Hny, Ny + M(H + 1), N,y + M(H + 1)ni,

_ H+1L)  (H+])

© Nen+ Hngp N+ Hng,

(D.36)

where the last line holds since ¢(i) = «(k) for i € [}, (s,a) and k € T(K) leads to k =
tok) = to-

Then, by invoking the above recursive relation for each aggregation, the Q-estimate

error after k episodes is decomposed as follows:

Qh(s,a) = Qrn(s, a)

o (k) o (k) o (k)
= H)\u,h(s,a)(Qh(s a) — Qon(s,a) +ZBtu s,a) H Azn(s,a)
u=1 r=u+1
=W,k (5,0)

u=1 m= 11€lm

Ha1 o(k) i
3y > \ ¥ A T desls) | (P = PP

-~

*wzkh( )
)

Y H+1 9%
- Z Z Neyw + Hngy H Aan(,0) | Phsa(Viiis = Vﬁl’h“)

u=1 m=1 iElZ‘L L (s,a) =u+1

=w0kh(8 a)(Qr(s,a) — Qon(s, a))

+Z Z (s:0)(Prsa — P Vi pia

m=1ieL (s,a)

o(k) o(k)
+ZBtu’h(s,a) H Aen(s,a)
u=1

r=u+1
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M
Z Z (8,0)Prsa(Viga — Vi1 hg)- (D.37)
m= e (s,a)

Here, Ay n(s,a), worn(s,a), and w;pn(s,a) can be simply written as described in (D.4a),

(D.4b), and (D.4c), respectively, which will be proved momentarily. For notational sim-

plicity, we omit (s, a) in the derivations.

Proof of (D.4a). Consider k = t,. First, consider a case that Ny, = 0. If ngp = 0,
Aoy = Zi\n/[:l ap, = L Otherwise, if n;, > 0, where there exists at least one agent

m € [M] that visits the state-action at least once until k-th episode, it follows that

i 1 ( H+1 Mnkhﬁ” <M(H+1)(j—1))

Z Nk, Z Neh (H+1)j ' ‘
me[M]:n}] h*O\ , mEM]m, >0 ‘\7:1 .

Vv
=0

On the other hand, when N, > 0,

1 Ny +M(H + 1)nkh H (Nb(k‘),h +M(H +1)(j - 1))
M N(k n T+ (H + 1)nk7h NL(k),h + M(H + 1)]

(D.39)

i L Ny + MUH + Ui Nuw).h __ N
M NL(k T+ (H+ 1)nkh NL(k),h + M(H_|_ 1)n;€n,h Nk,h +an,h

Proof of (D.4b). According to (D.4a), if Nyp(s,a) = 0, then A\, u(s,a) = 1 for all
1 < wu < ¢(k). Thus, worn(s,a) = 1. Otherwise, let the epsiode when (s,a) is visited at
step h by any of the agents for the first time be j. Then, Ay, = 0 because N, x(s,a) = 0.
Thus, if Ny (s,a) > 0, it always holds that wo (s, a) = Hﬁfl) Aun(s,a) = 0.
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Proof of (D.4c). For ¢ such that ¢(i) = u, by rearranging terms and applying (D.4a),

bk
o (HFD © N
i,k,h Ntu,h -+ Hntu’h gl Ntz,h + H'fltz h
B(k)—1
H+1 N,
- T h (D.40)
Nin + Hnyp, ey Negw + Hny,

D.4.2 Proof of Lemma 20

Consider any given ¢ € (0,1) and (k,s,a,h) € [K] x § x A x [H]. Note that N}, (s,a) ~

Binomial(k, d}*(s,a)) for all m € [M]. Then recall the definition of N (s, a) in Section 5.3,

M

we can view Ny ,(s,a) =, _,

NJ%,(s,a) as a sum of kM independent Bernoulli variables
with expectation v = E[Ny (s, a)] = kMd;"®(s,a). Therefore, applying Chernoff bound

(see Mitzenmacher and Upfal (2005, Theorem 4.4)) yields:

vie[0,1] : P(|ND(s,a) —v| > vt) <exp (—cvt?), (D.41a)

Vi>1 o P(N{,(s,0) —v > tv) <exp(—evt), (D.41b)

for some universal constant ¢; > 0.

Armed with above facts and notations, now we are ready to prove (D.6). First, applying

(D.41a) with ¢ = 1, we arrive at:
P (|N,§?h(s,a) —v|> g) < exp <—%) <, (D.42)

where the last line follows from the condition that v = kMd};®(s,a) > = log (3).

Cc1

To continue, when v = kMd;"®(s,a) < ~-log (1/4), applying (D.41b) with ¢t = dlog (1/9)

vey —

1 gives:

S 4log (1/9)

P <N,Z}h(s, a)—v > o ) < exp(—4log(1/6)) <. (D.43)

Summing up (D.42) and (D.43) and taking the union bound over (k,s,a,h) € [K] x
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S x A x [H] complete the proof by showing that:

4 |S||A|KH kMd3®
when £k > M log < T h

o 2

4 |S||A|KH 8 |S||A|KH
whenkSCIMdzvglog< 5 ; Nkh(sa)gc—llg —

3v
< Niy(s,a) < 5 < < 2kMd;®,

l\'JIt

holds with probability at least 1 — 24.

D.4.3 Proof of Lemma 21
Proof of (D.8a)

Noticing that the (D.8a) involves two terms of interest, and we start with bounding
Ds(s,a,k,h). Forany (s,a,h) € SxAx[H] and any k € C(K), we can rewrite Dy(s,a, k, h)

as

2(s,a, k, h) ZZXZ”}MSCL (D.44)

i=1 m=1

where X% (s, a) = wilf (s, a) (Phsa — Bip) VT pa (87 af) = (s,a)}. To continue, we

first introduce Lemma 26, whose proof is provided in Appendix D.4.3.

Lemma 26. For any (k,s,a,h) € S x Ax [H] and N € [1, MK], let

Xikn(s,a; N) =0/ (8,0 N)(Prsa — PRV o W (8T, @) = (s,a) ), (D.45)
where
#(k)—1
H+1 N, 1(s,a)
s,a; N - I (s,a; N), (D.46
”“h( )= N + Hny (s, a) xl;[(i) Ny, n(s,a) + Hng, p(s, ) i ) ( )
and I7}(s,a; N) = 1{2 1 N1 (s, a) +> 0 1{(s lh,a%) = (s,a)} < N}. Then, for
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any 6 € (0,1), the following holds:

,/&N%Z (D.47)

<\S||A|MK2H>
=)

kM
ZZ ZkhsaN

1=1 m=1

at least with probability 1 — 0, where we denote (; = log

Armed with the above lemma, for any (s,a,k,h) € S x A x [K] x [H] where k € C(K),
the following holds by setting N = Ny 5 (s, a):

kM S1HAC?

hen N 0: |Dsy(s,a,k, h)| < N; AN oo
when Ny (s, a) > |Do(s,a,k,h)| Zz::mz: ien(8,a; Niw(s,a))| < Nin(s,a)
(D.48)

with probability at least 1 — 0. As it is obvious that Ds(s,a, k, h) = 0 when Ng(s,a) =0

from the definition of Ds(s,a, k, h), we arrive at

S1HAC
Nk,h(sa CL) .

ZZ (8,05 Niw(s, a))

=1 m=1

|Dy(s,a,k,h)| < (D.49)

Finally, combining the results for Ds(s, a, k, h) (cf. (D.49)) and Ds(s, a, k, h) (cf. (D.16)
in Lemma 22), we conclude that for any (s,a, k,h) € S x A x [K] x [H] with k € C(K), it
holds with probability at least 1 — ¢ that

81HA(} cp(PH*
D k. h)| < = <D k,h). D.
| 2(8,@, ) )| = \/Nkﬁ(S,a) Nkﬁ(S,CE) = 3(8,@, ) ) ( 50)

Proof of (D.8b) and (D.8¢)

For all (h,s,a,k) € [H] xS x Ax C(K), it is clear that Q" (s,a) < Q}(s,a) and V;"*(s) <

Vi¥(s) by definition. Hence, it suffices to show that

Qrn(s,a) < Qpf(s,a) and  Viu(s) < V™ (s)
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for all (h,s,a,k) € [H] xS x A x C(K), which we will prove by an induction argument as

below.

e Base case. When h = H + 1, for all (s,a,k) € S x A x C(K), the relation always
holds since Qg z41(s,a) =0 < Q4 (s,a) and Vi gii1(s) = 0 < V7% (s) according to
the definition of Q g41 and Vi g1, respectively.

e Induction. When h € [H], suppose the relation holds for h+1, i.e., Qg pt1(s,a) <
Qpi1(s,a) and Vi py1(s) < Viik(s) for all (s,a,k) € S x A x C(K). First, we will
verify the Q-estimates at step h are pessimistic. For any (s,a,k) € S x A x C(K),
applying Lemma 19,

WE(s,a) — Qn(s,a) = DT*(s,a, k,h) + Da(s,a,k,h) + Ds(s,a, k,h) + Di*(s,a, k, h).
(D.51)

We control the above four terms one at a time. Here, Di*(s,a,k,h) > 0 since
WE(s,a) > Qon(s,a) = 0. In addition, according to (D.8a), |Da(s,a,k,h)| <
Ds(s,a,k,h). And it is clear that Dy > 0 due to

Viek1 2 Vi1 2 Vi) pes (D.52)

where the first inequality holds by the induction assumption, and the last inequality
arises from the monotonicity of the global value update in (5.10). Therefore, it is
clear that for any (s,a,k) € S x AxC(K), the Q-estimates at step h are pessimistic,

l.e.,
i (s,a) = Qrp(s,a) = 0. (D.53)

Next, to show that value estimates at step h are pessimistic, recalling the global

update in (5.10),

Vb (s) — Vien(s) = QpF(s, men(s)) — max{mcffxx Qrn(s,a), Vimn(s)}
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= @3 (5, mr,n(s)) — max Qo p(s, )

= Q3" (8, Tk n(8)) — Qro,n(8: Mo n(s)) = 0, (D.54)

where ky denotes the most recent episode satisfying Vj ,(s) = max, Qk,n(s,a) and
k > ky € C(K), and the last inequality holds because 7y ;(s) = mgyn(s) and

WE(s,a) — Qron(s,a) > 0 can be similarly verified using (D.51) and (D.52) for
ko. Now, we verify that Q3" (s,a) > Qpn(s,a) and V;"*(s) > Vi x(s) holds at step h

for any (s,a,k) € S x AxC(K), and this directly completes the induction argument.

Proof of Lemma 26

To begin with, for any time step h € [H], we denote the expectation conditioned on the

trajectories j < ¢ of all agent as

W(i,m) € (K] x [M]: Egml) = B[« [ {870 a7h Vit } s comepn L5000 @ e
(D.55)

Armed with this notation, fixing N, it is easily verified that E; [)A(:Z”}c(s, a; N)| = 0 since

then V™ , ; can be regarded as fixed and (P s, — F/7},) is independent from &ff (s, a; V).

Consequently, we can apply Freedman’s inequality (see the user-friendly version pro-
vided in Theorem 10) and control the term of interest for any (s, a, k, h) € Sx Ax [K]|x [H]
and N € [1, M K] as below:

kK M
(i) 32H4 3H> /81H4
SN Xn(s,a;N) \/SBlcl + - Bzgl \/ G Cl G (D.56)

i=1 m=1

at least with probability 1 — . Here, (i) and (ii) arises from the following definition and
facts about B; and By:

kM _ 4
Bl = Z ZE(%m) |:<X$€,h(saa; N)>2:| < %7 (D57)



b Xm (s, a3 N)| < 24 -
= max 7 s. a 20 |
2 (%m)e[k}X[M] i,k,h 27 < N

where the proofs of (D.57) and (D.58) are provided as below, respectively.
Proof of (D.57). In view of that the events happen at any time step h are independent

from the transitions in later time steps including P/, we have W} (s, a; V) is independent

from (Phsa — Pi)Vi™ 11, Which yields

kM kK M
ZZE(i,m)[(szh(s a; N)) ZZE(zm W n (S, ; N))? Varp, . (V") 1)
=1 m=1 =1 m=1
kK M
SHZZZE(zm zkhsaN))]
i=1 m=1
2H AH*
< H’N = ——
(%) =%

(D.59)

where the penultimate inequality holds by the fact that W]} , (s, a; N)| < %

Proof of (D.58). For any (i, m, h) € [k] x[M]x[H] and fixed N € [1, M K], it is observed
that

X25n(,0 )| = [0 (5, 05 N)(Prsa = PV (T al) = (5,00}

< @ik (8, @ N)| - ([ Brsa = il - VT palloo < =5 (D.60)

where the last inequality follows from [[V™ ;1 llc < H, [[Phsa—F 11 < 1, and [0, 1, (s,a; N)| <

2H
228

D.4.4 Proof of Lemma 22

With slight abuse of notation, we will omit (s,a) from some notation when it is clear

from the context for simplicity in this proof. Recall the definition of Ds(s, a, k, h) in (D.3)
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and the global penalty defined in (5.12). When Ny ;(s,a) = 0, the global penalties are
all 0, which yields Ds(s,a,k,h) = 0. Therefore, it suffices to focus on the case when
Ni.n(s,a) > 0 and show that for cg =81, ¢, =4 and ¢, = 1,

(k) 27174 2H4
Cch<1H CucBC1
/ ) D.61
(s,a,k,h) E B, n(s,q) l l Aw(s,a) [\/Nk,h(&a)’\/Nk,h(S,CL) (D-61)

u/'=u+1

Towards this, for any (s,a) € S x A, we consider a more general term as below: for

any integer z > 1,

z

z z (H + 1)7’Lt h CBC12H4
B /\u’ = - )\u/
uz:; tu,h u’£[+1 h uz:; Nk,h + Hntu,h Ntuvh /l_[ "
CB§12H4 Z
u=1

tush
= 1\/cgCPHY (2) (D.62)

where the penultimate equality follows from

(H 4 1)ng, 1(s,a)
N+ Hny, p(s,a)

=1-—Aun(s,a)

for all (s,a) € S x A, and the last equality arises by defining

- Z Nj h<1 - Au,h) H )\u’,h- (D63)
u=1 ws

uw' =u+1

As a result, to show (D.61), it suffices to verify that

) [\/Ntz,:és,a)’ \/Nth:zs?a)] : (D.64)

which we proceed by an induction argument.

208



Proof of (D.64) by induction. To begin with, for the basic case z = 1, it is easily
verified that

1 .
if n
N t1,h >0

Y(1) = , (D.65)
0 if ny, =0

since when ny, 5 > 0 we have A 5(s,a) = 0, and otherwise A; ;(s,a) = 1. Then suppose

(D.64) holds for z — 1, namely,

C] Cy
Y(z—1) € , : D.66
( ) |:\/Ntz—17h \/Ntz—lyh:| ( )

we hope to show (D.64) holds for z. Towards this, we first show the upper bound in (D.64)

holds for z as follows:

[ 1
Y(2)=Y(z—1\pn+ N (1—XA.p)
t2h

g Cy Ntz—l,h i 1 (H -+ 1)ntz’h
N N w Neew +Hnyy, Ni.n Ni_p + Hny_p,
< Cy, Ntz—17h i 1 (H —+ 1)ntz,h
“ VNV New\| New+ Hny_p, Ni.w Ni_p + Hny_p,
[ Ni._in n 1 (H 4 Dny

Ne.n Ne,w + Hny_p, Cy N, + Hny, gy

N, N, N,

_ Cy tz—1,h + i 1 - tz—1,h 1 + tz—1,h

N, Ny oy + Hny_p, Cy Ny oy + Hny_p, Ny oy + Hny_p,

< ;
Ni.n

where (i) follows from the induction assumption and N(tH:}FZZ’hiS(’g)a) = (1 = A.n(s,a)) for

all (s,a) € S x A, the penultimate equality holds by

1_ Ni. 1 n _ Ne.nw — Ne,yn + Hry_p, _ (H + 1)ne, p
Ni w4+ Hnyp, Ni oy + Hny_p, Nen+ Hny g
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N,
and the last inequality arises from ,/i (1 + \/#‘Hﬁih) <1 as long as ¢, > 4.

Analogous to (D.67), the lower bound of Y (z) is derived as below:

1
Y(2)=Y((E=-1)An+ (I—=X.n)
\/ Ni.n

AT New [ (4
TV N, w Nep + Hny_p, Ne.w Ne,p + Hny_p,

> ] Ntz_l,h i 1 (H + 1)ntz
NV New Ny, + Hny, gy Ne.n Ne,p + Hny_p,

C
)
Ni.n

(D.68)

where the first inequality follows from the induction assumption and H:L)H"ijt is(g)a) =

(1 =X n(s,a)) for all (s,a) € S x A, and the last equality holds when 1 > ¢;. Finally, by

induction arguments, (D.64) holds for any z € ¢(K), and this completes the proof.

D.4.5 Proof of Lemma 23

Recall the definition of Dy, (see (D.13) and (D.3)), D4y can be rewritten as follows:

P(K)
Dy = Z T Z i (s,a Z Z Wity 1(8,0) Phosa (Vs — Vi ne1)
(s,a)eSxA m=14eL} , (s,a)
) o(K) v M
=Y Y A (50)) PV = Vi) D | DD Wl u(sia)
v=1 (s,a)eSxA u=1 m=1 \4€l}" ,(s,a)
=ty :),h(s a)

- Z Z Z d” S a thsa Vh+1 ‘/tu 1h+1)¢uvh($ (I) (D69)

(s,a)€SxA v=1 ty_1<j<ty

where (i) holds by rewriting the sum as ZiGLg,h(s,a) = > Zielgi,h(s,a) and the last
equality holds by the definition of 7,,.
To further control (D.69), we introduce the following lemma that bounds the expecta-

tion form (D.69) by an empirical version; the proof is postponed to Appendix D.4.5.
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Lemma 27. Consider any 0 € (0,1). For any h € [H|, the following holds:

Z Z Z dﬂ- 8 a thsa Vh+1 ‘/tu 1h+1)wuvh(s (I)

(s,a)eSxA v=1 t,_1<j<ty
o(K)

d’r s, a)
Z Z a}i/g ntv 8 a ZPhsa Vh+1 V;t 1h+1)¢uvh(s (l) +Ua£Dl70)

(saESXAW 1 u=1

at least with probability 1 — 0, where

H2KSC? H2S5C?,

avg avg

ux D.71
Ua N M M ( )
Then, applying concentration bounds, Dy, is bounded as follows:
(i) W g
D4h ,S Z Z Z davg ntu (37 a)Ph,s,a(V};_l - %u_1,h+1)wu,v,h(37 CL) + Oaux,1

(sa)eSxAv 1 u=1 s, a

#(K)
1 s,a
Z Z avg Ph s a(vh+1 ‘/tu 1,h+1 Z Nty b S a>¢u v h(s (I) + Oaux,1

(s a)eESxA u=1 5@ v=u
(i) 1
S Z Z avg Ph s a(vh+1 V;fu_hh—&—l)ntu,h(sa (Z) <1 + E) + Oaux,1

(s a)eESxA u=1

(D.72)

where (i) follows from Lemma 27, and (ii) holds because

Zntv (s,a) Z Z wit, n(8,a) <ny, p(s, a)(l—l—%) (D.73)

U>u m=1 Zeltu h(s a)

according (D.26e) in Lemma 25.

To continue, we introduce the following lemma that transfers the distribution at time

step h to the distribution at time step h + 1; the proof is provided in Appendix D.4.5.
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Lemma 28. Consider any 0 € (0,1). For any h € [H|, the following holds:

n
Z Z tuavg dﬂ (8,0) Prsa(Vigr = Vi ynt1)

u=1 (s,a)eSxA
o(K)
< Z Tu Z dh+1 Vh+1 ) ‘/;«Lufl,h'i'l(s)) + Oaux,2 (D74)

seS

at least with probability 1 — &, where

H2KSCh, HSCY,

avg avg

Oaux,2 =
M M

Armed with the above lemma, rearranging the terms in (D.72) and applying Lemma 28,

n
(1 + _) Z Z . dﬂ- (S &)Phs G(Vh—i—l V;fu—thrl) + Oaux,1

davg
u=1 (s,a)eSxA
o(K)

s+ )ZTuZdh+1 Via(9) = Vi1 (9) + Gawes + Gave
s€S

=!0aux

and this completes the proof.

Proof of Lemma 27

Consider any given (s,a) € S x A and v € [1, ¢(K)]. Before proceeding, we introduce some

notation and auxiliary terms. Let

Gv,h(sa (Z) = Z Ph,s,a(v};_l - ‘/tu_hh—i-l)wu,v,h(sa CL). (D75)

u=1

Then, for any ¢, ; < j <t,, we introduce the following auxiliary variables:

m av, m _m dy;’ (S’ CL)
}th = Z (dh g(57 CL) — 1{(8, (1,) = (Sj,h7 aj,h)}) va’h(S, CL) (D76)
(s,a)ESxA ho A%
vm m m m dﬂ—*(S,CL> ~—J,m
V= 3 (@) = H(s.0) = (5 a)) g, g G50 (D7)
(s,a)eSxA h ’
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where we define

éf%m(s CL) — vflJ)h (S a)PhSCL(Vh-i-l ‘/tu—l,h-i-l) (1 — Yo, h (S a))GU—l,h(su a’) if v>1
Ph,s,a(V]le - %,h—l—l) if v=1

(D.78)

and

(H + 1)(n4,,n(s,0) = 1{(s,0) = (7, al)})
Ni,_yn(s,a) + (H +1)(ne, n(s,a) = 1{(s,0) = (S??ma%)})
_ (H + D w gt x o oty 1(s:0) = (7 'h’%' h>}) (D79
Ni, p(s,a) + (H + 1)(Z(m/,j/)e[M]X(tv_l,tv}\{(j,m)} 1{(s,a) /m @jr 7}5

Uyl (s,a) =

We replaced G, (s, a) with a surrogate é;%m(s, a), where the visits of agent m on (s, a)
at the j-th episode are masked regardless of the actual visits of agent m on (s,a). The
swrrogate is carefully designed to remove the dependency on the event 1{(s, a) = (s}, a}},)}

from G, (s, a) while maintaining close distance to the original value G, (s, a).

Before continuing, we introduce some useful properties of the above defined auxiliary

terms whose proofs are provided in Appendix D.4.5: for any v € [¢(K)],

wv,v,h(sa a)Ph,s,a(Vh*Jrl - V;fv,l,h-i-l) + (]- - ¢U,v,h<sa a))Gv—l,h(Sa CL) if v > 1

Gv,h(sa a) = )
Ph,s,a(vh*+1 - %,h—H) if v=1
(D.80a)
0< G5 (s,a), Gonls,a) < H, (D.80b)
|G 7™ (s, a) — Gyp(s,a)| < min< H 2 (D.80c)
R s = "Ni,w(s,a) ) '

Now, we are ready to prove (D.70). Towards this, we first observe that moving the first

term in the right-hand side of (D.70) to the left-hand side, and multiplying by a factor of
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M, yields

Z Z Z Z dTr S (l j;lvg((s a4 Nty .k thsa Vh+1 ‘/;fufl,thl)wu,v,h(S?a’)

(SCL)GSX.AU 1 m=1t,_ 1<]<tv

P(K)

i M dTr* 7
0y V(Y Y @) DI ﬁa()

(s,a)eSx A v=1 m=1t,_1<j<ty

S Z(, d;vg<s,a>—21{<s,a>=<s;?7h7a§-'?h>}> %G”

(s,a)eSxAm=1

=33 3 (d%(s,0) — 1{(s,0) = (], aln)}) ;“()) wnlsa) =3 S 81

j=1 m=1(s,a)eSx.A j=1 m=1

where (i) holds by plugging in (D.75) and n, 4(s,a) = S0 ni" (s, a), (i) follows from

S S e, 1= K and Y00 0 (s,0) = 300 1{(s,a) = (s7,,a7)}, and the last
equality arise from the definition of Y7} in (D.4.5).

Therefore, the above fact shows that to prove (D.70), it is suffices to show:

5 Mo'aux,l- (D82)

<
I
H
3
I
o

We will control the two essential terms separately as below:

e Controlling ‘Zj . Zm L J",fL‘ To begin with, we observe that the approximate
ijbm(s,a) (defined in (D.78)) is independent of agent m’s visits on (s,a) at the
j-th episode since Vi, | p11, Gy—14(s,a) are independent of the j-th episode and

~_j7m

L (s,a) is independent from agent m’s visits on (s,a) at the j-th episode (see

(D.79)). It follows that E;_ 1[Y "] = 0, where we denote

By [] = B [+ {(s5 i), Vit bicimeian]

Thus, applying the Freedman’s inequality for each h € [H], we can show that the
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following holds:

JH?MKSCs,, + HSCS, (D.83)

at least with probability 1 — §, where B and W is obtained as follows:

)Ym‘ < 205, (1+ df (5,7 (5))S) max G/ (s, 7%(s)) < ASChH =: B

sES ave
(D.84)
K M K M dﬂ'*( m ) 2
vm ho h jm (.m m
33 (7)) < 3 B | (s
j=1 m=1 j=1 m=1 5k Zgh

SHChg > Y Md; (s,7%())(1+ dfy (s,7(s))S)
j=1 se8
< 2H2SCAL MK = W

(D.85)

jm di” (5,7 (5))
using the fact that |G 1 (87, ajy,)| < H shown in (D.80b) and i o (), /5T <
1+df (s, 7(s))S.

Bound on the approximation gap of }7]2 The approximation gap of Y 18

bounded as follows:

ff( - Y7)

j=1 m=1
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s
dhg(s,a)

(1 5.0 o |G 5.0) = Gl

M d;;* S, a . 2H?
=33 Y Y 1= (sfh,afh)}@vg(—&cgmln{m’ﬂ}

v=1 m=11t,-1<j<tv (s,a)eSxA

—~

P(K)

(iii) dﬂ—*<8 ™ (8)) { 2H? }
< C* n S - h* ! min { —— 7H
g%z; ton(s, T mm{d;; (s,7(s)),1/S} Ny, n(s,7(s))
<o, Y (s >>S>q§§)min s & NEE )
e 2. n (s, 7 (s 2 Ntv,h(s,ﬂ*(S))’ntv’h S, TS
)
< 1 H%S (D-86)

where (i) holds because wv oh(s,a) =Y I (s, a) if (87 s, aly,) # (s,a) and éﬁlm(s, a) =
Gy (s, a) according to (D.80a), (ii) follows from (D.80c), (iii) naturally holds accord-

S < 1T (5,7 (s))S,

ing to the definition of C7; mIn T (5,7 (5)) /5]

avg)

and (v) holds because for any z € [¢(K)],

(iv) holds because

z

3 W < 1+ log (Ni, (s, 7(5))), (D-87)

according to Lemma 24.

Now, combining the bounds obtained above (cf. (D.83) and (D.86)) into (D.82), we

conclude that

K M
> DV

j=1 m=1

e — H2KSC?, H?SC*
S HQMKSC;vg +H2S0:vg _ ( M avg + M avg> (D88)

which completes the proof.
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Proof of (D.80)

Proof of (D.80a). We will proof (D.80a) by considering different cases separately. When

v =1, we have

Gv,h(57 a) = Ph,s,a(vi;-l - W1x—17h+1)w1,1,h(87 a)
M
= Ph,s,a(vh*ﬂ — Vons1) Z W%,h(& a) | = Ph,s,a(vifﬂ — Vont1)
m

=1 iGlZ’th(s,a)

(D.89)

where the second equality follows from the definition of 1, , 1(s,a) in (D.69), and the last

equality holds since

(H + 1)7’Lt17h . (H + 1)7’Lt1 h

w; s,a =1
tl h< ) Ntl,h + H?’Lthh (H + 1)nt1 h

Mz

m=14el i (s,a)

When v > 1, invoking the definition of wj} , in (D.4c) yields that for any u < v,

wuvhsa Z Z

m=14el | (s,a)

_ (H+ Dy Hl Nion
Ntv,h + Hntmh i Ntz,h + Hntz,h

v—2
- (H + 1)ntu,h H Ntx,h Nt'uflah
Niyovn +Hng, o n \ 5o Negw + Hrg o ) Neyw + Hng,

== ¢u,v—1,h(57 CL)(l - wv,v,h(sa CL)) (D90)
where the second equality holds by ¢(i) = u for alli € I[" , (s, a) and the fact zm 1 Zlelm (sa) 1 =
N, 1, and the last equality holds by 1—1,, , (s, a) = 1— ]\éHji)HnZJt’hh — Moy, h+(i+i)fznt iHH)ntv’h =
Ntv_lyh El Vs U vy

NiyntHng, n'

Consequently, inserting the above fact back into (D.75) complete the proof by showing
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that

Gyn(s,a)

= Z Phsa(Viia = Ve pt1)Vuwn(s, a)

u=1
v—1
- Ph,s,a(v];:rl - val,h—o—l)wv,v,h(& CL) + Z Ph,s,a(vf:;rl - V;fufl,h—l-l)wu,v,h(sa CL)
u=1
v—1
= Ph787a(vh*+1 - Wu—hh-&-l)wuv,h(‘sa a) + (1 - d}v,v,h(sv (Z)) Z Ph,S,a(Vh*-i-l - %u—l,hﬁ-l)wu,v—l,h(‘sa a)
u=1
= Ph,S,a(Vh*—i—l - ‘/;51;—1,h+1)wv,v,h<37 a) + (1 - va,v,h(sv a))Gvfl,h(& (I). (Dgl)

Proof of (D.80b). First, applying (D.8c) in Lemma 21 gives G, ;(s,a) > 0. Then we

focus on deriving the upper bound G, (s, a). Towards this, we observe that

Gv,h<57 a) = Z Ph,s,a(v];+1 - ‘/tu,1,h+1>¢u,v,h(57 CL)

u=1

S Ph,s,a(Vh*_H - Vb,h-i—l) Z wu,v,h(sa a’)

u=1

S H Z zpu,'u,h(sv CL)
u=1

= Hi % > whalsa) | <H, (D.92)
u=1m=1 \iel™ , (s,a)
where the first and second inequalities hold by the fact P, s o(Vi¥ 1 = Vi, ht1) < Prsa(Vi —
Vort1) < H for any x € [¢p(K)] (see the monotonicity of the value estimates in (5.10) and
the basic bound ||V}, |l < H), the last equality arises from the definition of 1, (s, a)
in (D.69), and the last inequality follows from (D.26b) in Lemma 25.

Similarly, the same facts hold for é;%m(s, a), which can be derived in the same manner.

We omit it for conciseness.
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Proof of (D.80c). Consider v = ¢(j). If v = 1, combing (D.80a) and (D.78) directly
gives é;im(s, a) = Gy p(s,a). Then we turn to the case when v > 1 and bound the term

of interest in two different cases, respectively.
* When (s73,,a73,) # (s,a). In this case, invoking the definition in (D.79) gives

H + 1)ng, p(s,a) _
Mg q ( A = " (s, a), D.93
vvh( ) Ntv_1,h(57a) + (H + 1)ntv,h(57a) vvh( ) ( )

which indicates (see the definition in (D.78))
G, 3" (s,a) = Gun(s, a) (D.94)
* When (s7},,a7},) = (s,a). In view of (D.80a) and (D.78), it holds that:

G (s,a) = Gup(s, a)

= (@Dv,v,h(Saa) - vvh (5 a))<Gv71 n(s,a) — Phsa(vi:-s-l — Vi, ht1)

Vo5, 0) = 025 (5,0) | max {Gor (s @) | Prsall Vi = Vil |}

IN

o)
<H

V(s @) = 0,77 (s,0)

(ii) 2H? }
<min< H,——— ¢, D.95
S min 12 (D-95)

where (i) holds by (D.80b), || Prsall = 1, and ||V, — Vi, 1| < H. Here, (i)
can be verified by

0 Yyn(s.0) — 5275, a)
B (H 4 1)ng, 1(s,a)
Ny, _n(s,a) + (H + 1Dng, (s, a)
B (H + 1) (e, n(s,a) — H{(s,a) = (s}, a}3,)})
Ni,_in(s,a) + (H + 1) (ng, n(s,a) = 1{(s,a) = (573, aT})})
_ (H + 1)ng, n(s, a) 3 (H + 1)(ne,n(s,a) — 1)
Ny, yn(s,a) + (H + Dy, pn(s,a) Ny yn(s,a) + (H 4 1) (g, w(s,a) — 1)
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= (N;i’,zl(& (I) - @Z}v,v,h(S? a))PM&a(Vh*-i-l - Wv—lyh"l‘l) + (¢v,v7h(s> (I) - %You h (S a))Gv—Lh(Sa

a)



< (H+1)
= Nea(s,0) + (H + Dg, (s, a)

2H
<mindl,-——""_\ D.96
N { Ntvyh(s’a)} ( )

where (iii) holds by the fact that - is monotonically increasing with  when a, z > 0.

Proof of Lemma 28

For each j € [K], let

m m m m dﬂ-* (S’ a) *
Zj,h = Z (1{(37 a) = (Sj,h7 a’j,h)} —dy'(s, a)) haTPh,s,a(VhH - W¢(j)_1,h+1>~
(s,0)ESx A Mdy*(s, a)

(D.97)

Then, to prove Lemma 28, it suffices to show ‘Z]K:l Z%:l Z;{Lh’ S Caux2-

Since Vi, ., n+1 1s fully determined by the events before the j-th episode, E;_; [Z}”h] =0,

where we denote

/

E;j1[] = E[{(s7, al), Vi bicjmenn)-

Thus, we can apply the Freedman’s inequality as follows:

HQKSC* HSC
,/8W1og—+ ®Blog 22 </ ey e (D.98)

using the following properties:

ZZJmh

7j=1 m=1

203, H . 4HSCE,
Z5nl < —3f (Z(l +dj, (s,w*(s))5)> <—; =B (D.99)

K M K M dﬂ( ) 2
m h? i,h

35 3- 3 Bt | (et henis Vi )

; Sj,ho @y,

i K M o dr” (s, (s ’
<H Z > (s (s) (Mdzv(g(s,;*()aj)))




H2C:Vg K dh S ﬂ- )) T* * - m *
I (1 +dy (s,7(s))S) p_ dy'(s, 7 (s))
>3 (v <s>>) h 2.4

=1 m=1

HQC:Vg ZZal7r s, 7(s))(1 + d} (s,7*(5))S)

seS j=1

2H2KSC*

avg

M Y

(D.100)

dz* (s,m*(s)
min{d;{* (s,m*(s)

which follows from that fact 0 < ||V, — ‘/t¢(j>,1,h+1Hoo < H and
1+df (s, 7(s))S.

)
):1/S} =

D.4.6 Proof of Corollary 1

7 *
= Aiczavg, it always holds that

Note that if 7" =<

5 * HSC;vg
MT 2 H*SClg and H <\ —— 2%, (D.101)

H3SCy,

as long as ¢ < H and ¢ < —*%. Now, we obtain the number of communication rounds

of the specified schedules, periodic and exponential synchronization.

HSCy,, T

avg

Periodic synchronization. Consider 7 < a7 Then, since MT 2 HSC},, the

value gap is bounded as

. . o HASC, /H7SC;V H3 HS - H7SCx,

In this case, the number of synchronizations ¢(K) = |Cperiod (K, 7)| is

K MK MT H?
oK) ’77’-‘ \/HQSC* \/HSSC* €

avg avg
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Exponential synchronization. Using the fact that MT =2 HSC?, and 11 = H <

avg
HSCy,,T H’SC

Cave *£ the value gap is bounded as

_ HASC* /H7SC* J2E: \/ HSC \/ H7SC*
* . T < avg avg avg avg

To continue, note that if v = % and m, = H, for any u > 1, 7, is bounded as

when € <

1 \u—1 2\ u—1
<1+E> H§Tu§<1+—> H,

since
1 2 2 2
—\r < SN\ 1<, = il D )~
(1—1— H)Tl < (1—1— H)TZ 1< 7 {(1—1— H)TlJ < (1—1— H)Tl

given the fact that 7, > H for any ¢ > 1. Then, considering the minimum number of

synchronizations ¢(K) = |Cexp(K, )| satistying

u—1

$(K) $(K) 1 1\ oK)
Sz (1eg) () 1) 2
we obtain
K
P(K) = {%w <1+ (1+ H)log (%4‘1) S H (D.104)

because —5 < log(1 + ) for any z > —1.
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Appendix E

Analysis of Federated Value Iteration

with Heterogeneous Rewards

E.1 Notations

Throughout the analysis, Xy, for X € {N, ]37 B™ Q™ ,V™} denotes the value of X at
the beginning of episode k (i.e., before episode k’s execution step). All these values are

computed using data from episodes 1,...,k — 1. In particular:

® X, refers to the initialization (no data collected yet);

® Npn(s,a)= Zn]\le Zf;l H{(STh7aTh) = (s,a)};
. ﬁk,h(s’|s, a) = Ngn(s,a,s’)/max{l, Ny p(s,a)}.

The policy executed in episode k is 7}, (s) = arg max, Q" (s, a).

E.2 Proof of Theorem 8

For each agent m at episode k, we can decompose the regret as follows:

Eo VI (51) = VI (51)]

m,m

< ESlW[Vﬁ(Sl) -V (51)]

223



m

Eovmparp (D (@t (oo i (sn)) = Q™ (sn it (5n) ) ) (E.1)

h=1

Here, the first inequality holds since Q7" (s, a) > Q" (s, a) for all (s, a, h) by the optimism

property of the algorithm, which we will prove in the following Step 1.

Step 1: Optimism. We want to show that V}}(s) — V;"""(s) > 0 for all k,h,m,s. We
can prove this by induction on h. For h = H +1, V", 1 (s) = V771 (s) = 0 for all m, k, 5.
We can then use backward induction to show that the optimism holds for all h € [H]. For
any (s, h) at episode k of agent m and a = 7, (s), we can decompose the estimation error

as follows:

Vilh(s) = Vi (s) = Qily(s,a) — Q3 (s, a)

Qi
< s,a) + Pk hsaVeni T Bi (s, a)) — <Thm(s, a) + Ph,sjthﬁ’l*>

(Pk,h,s,a - Ph,s,a) Vk%+1 + Ph,s,a (Vk%—H - Vhrj-’;) + Bl??h(sa a)

m 2 m m m
> =B (s,a) — Eph,S,aAk,h—H + Phs,a D1 + Bin(s, a)
2
= (1 - ﬁ) Ph7S’aAZ?h+l Z O (EQ)

where the first inequality holds by the transition estimation error bound in Lemma 29 and

the induction hypothesis A}, ;(s) > 0 for all s.

Lemma 29. (Transition Estimation Error Bound) Let A, (s) = Vi (s) — V,"""(s) For
any episode k, step h, state-action pair (s,a), and agent m, with probability at least 1 — 9,

we have

2

_B]??h(sa a) - ﬁPh,s,aAZ?h+1 S (Pk,h,s,a - Ph,s,a) Vk%+1 S B]Z?h(sa a) + Ph,s,aAZf}H_l

H
(E.3)
Proof. By applying the empirical Bernstein inequality (Maurer and Pontil, 2009), we can
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show the upper bound as follows:

(ﬁk,h,s,a — Ph,s,a) Viha

— (ﬁk,h,s,a - Ph,s,a)vhrf:; + (ﬁk,h,s,a — Ph,s,a) (‘/]g]LhLl - Vhﬁf)

_ \/ 2Varp (Vy7) log(4M SAKH/3) L TH log(AMSAKH/§)
- Nk7h(8, a) 3N]€7h(8, CL)
+ |(Pk,h,s,a - Ph,s,a>Ath+1’

\/ Varg, o (Vi) 0s(MSAKH/S) | 11SH? logAMSAK H/9)
Nk7h(8, a) Nth(S, CL)

<

1 m
+ ﬁph,s,aAk7h+1

2

Here, the last inequality transitions from the optimal variance Vars(V*) to the empir-
ical variance Varp(Vy) used in By,. By standard deviation properties, \/Varp(V*) <

/Vars(Vi) + 4/ HPA;. Since PA;, < 2PA, + O(1/N) via Bernstein, applying Young’s
inequality bounds the difference by + PAj +O(1/N), yielding the additional & PA, term.

Similarly, we can also show the lower bound as follows:

D m m 2 m
(Pk,h,s,a - Ph,s,a) Vk,h+1 > _Bk,h<57 a) — EPh,s,aAk,hH- (E.5)

Bounding |(ﬁk7h,s,a — Phsa) Al ]: For any fixed A. that approximates A}, ., by

the error of €, by applying the Bernstein inequality, we can show that

2Varp, . (A In(2/6")  2H log(2/8")
Nk’h<8,(l) SNth(S,a) '

|(ﬁk,h,s,a - Ph,s,a)Ael S \/ <E6)

To cover all possible A}, | with an error of €, we need to consider all possible A, splitting
[0, H] into [H/€] intervals for all states, incurring covering number N (e) < (1 + %)S . By

taking a union bound over N (€), (h,s,a,m), and possible visitation counter Ny (s,a) =
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N € [MK], we can replace §' with 6/(MSAKHN (¢)) in the above inequality, yielding

(Pk,h,s,a - Ph,s,a)Ath+1|

= (Pissa — Prsa) Al + [(Pinsa — Prsa) (A — Al
§|(Akhsa Phsa)A’+2€
2Varp, | (A)log2MSAKHN (€)/6)  2H1og(2MSAK HN (€)/9)

< 5, + 2¢
Nin(s, a) 3Npn(s,a)

) [2H(PA, 4 +€)log2MSAKHN (€)/0)  2H log(2MSAK HN (€)/9)

S > ~|» + 26

Nk h(s,a) 3Nk,h(s,a)

Z) 6SHPA}, , log(2MSAKH/S)  6HSlog(2MSAKH/6)

o Nin(s,a) Nin(s,a)

(iii) 1 8SH?*1og(2MSAKH/6)

< — m .

— H‘Ph s C’«Ak Jh+1 + Nk,h(sy a) (E 7)

where (i) holds because

VarPh,s,a (A ) Ph s aA (Ph saA ) S Ph,s,aAz S HPh,s,aAe S HPh,s,aAZ:Lthl + HEJ
(E.8)

(ii) holds when choosing very small ¢ = 1/(HMK)?, and (iii) follows by applying the
Young’s inequality that zy < ca?® + Z—Z for any z,y > 0 and ¢ > 0, which yields

6SHPh,s,aA]T§rfh+1 10g(2MSAKH/5) 1 m 25’H2 log(2MSAKH/(S>
_PhsaAk 1 + (Eg)
Nin(s, a) H Nin(5,0)
when ¢ =1/H, z = \/PAP, 1,y = \/GSHIO;g\f(j%ff)KH/é)
L]
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Step 2: Solving the Recursion. Now, we can obtain the regret bound by bounding

the Q-estimation error as follows:

Eqyp[Vi™ (51) — V™ ( Esinpmp <Qg”jh(5h,77;€n(sh)) —-Q, " (Shaﬂ?(sh))>]

\Mm

(E.10)

m m,my m _ m R Va2
Denoting Ak 1 = Vi = Vi ®oand ARy, = Vi — Vi, for any step A and
state-action pair (sp, ap) induced by p and 7}, we can decompose the estimation error as

follows:

QZ,Lh@ha anp) — szk (sn,an)
= (T;T(Sh, ap) + ﬁk,h,sh,ahvﬁbﬂ + B/??h(sm ah)) - (T;T(Sh, ap) + Ph,sh,ahvhrj_qu )
mﬂ'L"

. m D m El
= Bk,h<3h7 ah) + (Pk,h,sh,ah - Physhﬂh)vlc,thl + Physh:ahAk,h—&-l

W 2 - -
< 2By (sn, an) + Eph,sh,ahAk,hH + PrspanDppit
(i2)

2 m,mw

where (i) holds due to Lemma 29, which yields:

D m m 2 m
(Pk,h,shﬂh - Ph,sh,ah)‘/k,thl < Bk,h(shv ah) + Eph,sh,ah k,h+1> (E12)

and (i) holds because V7 > Vhﬁf *and AP, < A;nh:’_‘l

Taking the expectation over the trajectory induced by m}", the transition operator

Py s, o, naturally evaluates the expected value of the next state spy1 ~ P(-|sp, ap):

Esimpmn [Q’,,th(sh,ah) — Q™ (sn, ah)]
= Eswﬂﬂf;ﬁ” [Azgk (Sh)}

2 m,x
S ES1~p,7T;” |:QB£?h(Sh, ah) + (1 + E) Ak hf1(3h+1):| . (E13)
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Unrolling this recursion from step h = 1 to H, and using the analytical fact that (1 +
2/H)"1 < (1+2/H)H < e? we can explicitly bound the expected regret for episode k:

H h—1
m.k m,m 2 m
]Eslrvp ‘/1 ’ (Sl) — ‘/1 k (Sl)] S EslNP,ﬂ’L" [Z (1 + E) 2Bk’h(3h,ah)]
h=1
H

Z Bl??h(sha ah)

h=1

< 2€? - By, mpmm (E.14)

Step 3: Bounding the Total Regret via Martingale Concentration. Summing
over all agents m € [M] and all episodes k € [K], the total expected regret of the federated

learning system is bounded by:

M . M K
SO B, [V (1) =V ()] <262 303 By

m=1 k=1 m=1 k=1 h=1

Z By, (ks ah)] . (E.15)

Crucially, the exploration bonus By, is computed using the global visitation count
Nyi.n(s,a), which aggregates the experiences from all M agents. To rigorously bound the
expected sum of bonuses using the empirical observations collected along the actual tra-

jectories (s3',, ap,), we construct a formal Martingale Difference Sequence (MDS).

We define a global rollout index 7 that strictly flattens the multi-agent episodes into a

step-by-step sequential timeline:

T=(k—-1)MH+(m—-1)H+h for kel[K], me[M], he[H], T€[l,MKH].
(E.16)

Let F, be the filtration (a o-algebra) capturing all historical information available exactly

strictly before the start of the 7-th step. Formally, F, is defined as:

T—1
F—0o (U {S(i)’a(i)’r(i)}) . F=1{0,0), (E.17)
i=1

where the superscript (i) refers to the state-action pair at the specific global step index

1. Since the global estimator P and the counter N are updated strictly using past data

228



contained in the episode-start filtration F_1yyr41 C Fr, the policy 7" and the bonus

function By, evaluated during step 7 are JF,-measurable.
Let Wi, (s) = Egpm Zfih By(si,a;) | sn = s| be the expected cumulative bonus from
step h. We define the sequence of random variables {D, }M&H as the step-wise expected

deviation of the future bonuses:
D: =Egp(|sp,an) [Wl:ithrl(S,) | JTT} - Wl:?thl(sh-&-l)' (E.18)
By the tower property of conditional expectation, it strictly holds that:
E[D, | F;] = Eg [Wi(s) | Fr] = Eg [Wihia(s) | F] = 0. (E.19)

Thus, {D,}MEH forms a valid Martingale Difference Sequence adapted to the filtration
{F}. Because W[, (sn) = B (sn,an) + E[WT, | F;], summing D, over a single
episode yields a telescoping series that exactly bridges the expected and empirical bonuses:
Zthl D, = Wﬁ(sl) - Zthl Bl??h<5h= an)-

Furthermore, the expected bonus sums are naturally bounded in [0, H]. Due to the
algorithmic truncation Q" < H, the value updates inherently act as if they are computed
with an effective exploration bonus bounded by H. Thus, without loss of generality, we can
formally treat the cumulative future bonus as bounded: W}, (s) < H for all (k, h, s, a).

Consequently, the step-wise deviation D, is bounded by H almost surely:
Wia() €[0,H] = |D;| < H almost surely. (E.20)

Applying the Azuma-Hoeffding inequality to the bounded MDS {D, }M&# ' we guarantee
that with probability at least 1 — o:

MKH MKH

> D, < % S (2H) log(1/6) = /2H3M K log(1/9). (E.21)

T=1 T=1

Substituting the telescoping sum of D, back into this concentration bound, we tightly
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relate the expected sum of bonuses to the empirical realization:

M
E E Esle,ﬂ'}zn

K
m=1 k=1

M K H
ZBZ?h(sh,ah)] < Z ZZB%(S%,@%) + \/2H3MK log(1/9).
k=1 h=

h=1 m=1 1 1

(E.22)

Step 4: Variance Decomposition. Recall the definition of the exploration bonus

B, (s,a), which utilizes the empirical variance of V[}

4Vars (Vi e SH?
B?J?h(s,a)Z\/ Tehaa B i (E.23)

+ ;
Nin(s,a) Nin(s,a)
where ¢ = log(4MSAKHN (€)/§) bounds the logarithmic terms including the covering

number, and ¢ absorbs lower-order term constants.

To aggregate the total expected regret, we must translate the empirical variance Varp
into the true variance Varp. Using Lemma 30, we can upper bound the empirical variance

by the true variance as:

16Varp, . (V") 1 dSH?.
B < hooe ) Ml P s oA e E.24
k,h(87a) > \/ Nin(s, a) + Qo2 e kht + Nk,h(&a)’ ( )

where ¢’ is a large enough constant to absorb the additional lower-order term from the

variance gap. Here, to transition to the optimal variance, we applied the gap Varp(V}) <

2Varp(V*) + 2HPA,, and extracted the error linearly via Young’s inequality (,/gcy <

_1
4e2H "

ax + L) with o =
Lemma 30. (Empirical Variance Gap) For any (s,a,m,h) and Npp(s,a) < MK any
fized value function Vhﬁ’l* € [0, H], with probability at least 1 — §, the deviation between the

empirical and true variance is bounded by:

10H?,

™k m,* T ~—
‘VarﬁS,a,k,h(VhH) - VarPh,s,a(VhH)‘ < Varp,,. (Vi1 + Nin(s,a)

(E.25)

Proof. For notational simplicity, we omit the subscripts and superscripts in }A’kjhjsva and
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P s, and simply denote them as P and P respectively. We also denote V' = Vhﬁ’f for

brevity. First, we decompose the variance difference as follows:

Varp(V) — Varp(V)| = |(PV? — (PV)?) — (PV? — (PV)?)]
PV2 — PV?) + ((PV)? — (PV)?)]

(

(
<|(P—P)V?*|+|(P+P)V-(P-P)V|

(

Then, applying the Bernstein inequality to both terms, we can show that

2Varp(V2) N 2H?,
N 3N
8H?Varp(V ) N 2H*

< Y
- N 3N
~ [2Varp(V)e  2H. [2Varp(V)e  2Hu
P—-P < <
‘( )V‘ - N * 3N N * 3N’

using the fact that

(V2 e [0, H?)

(P—P)V?| <

Varp(V?) =

Combining the above bounds, we have:

32H*Varp(V 2H?
|Var13(V)—Varp(V)|§\/ ;rp( )l -

Applying the Young’s inequality,

SH?, SH?,

g Varp(V) - < Varp(V) + N

\/32H2Varp(V)
N
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(E.27)

(E.28)

(E.29)

(E.30)
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Step 5: Finalizing the Regret Bound. Now, we substitute the upper bound of the
empirical exploration bonus into the total expected regret. The dominant variance term

across all M agents, K episodes, and H steps is given by:

m=>>> \/ el il (£32)

Nk,h(sk,lw ak,h)

We apply the Cauchy-Schwarz inequality globally over all M x K x H elements simul-

taneously:

(E.33)

(I < 16LZZZV3rPhga (Vi) (st ail) X ZZZN

m=1 k=1 h=1 m—1 1 he1 " KR Sk o Qg h)

We bound the two factors in Eq. (E.33) separately:

1. Bounding the Total Variance: For each agent m, the sum of true variances
along a trajectory is bounded by the Law of Total Variance. Over K episodes, applying

the standard variance lemma (e.g., Azar et al., 2017) yields:
K H
SN Varg, (V) (5 af) < HYK + O <H3/2\/ ) < 2HK. (E.34)
k=1 h=1

Summing this strictly decoupled bound over all M agents gives:

M K H
SN Varp, (Vi) (sit. aity) < 2H?MEK. (E.35)

m=1 k=1 h=1

2. Bounding the Harmonic Sum of Counts: The counter Ny (s, a) tracks the
cumulative visitations. Since the sequence of visits made by all M agents across K episodes
directly increments this global counter, we can apply the Pigeonhole Principle (or the

integral bound for harmonic series). Bounding the sum of reciprocals of visitation counts
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over the state-action-step space gives:

Nk (s,a)

ZH:Z > % < 25AH log(MK). (E.36)

s,a  n=1

M K H
ozt o NSt ain)

Combining the Bounds: Substituting the variance bound and the harmonic sum

bound back into Eq. (E.33), we obtain the tightest bound for the dominant term:

I) < \/16(2H2MK) x \/2SAH log(MK)

— /64H3SAM K 1log(MK)
=0 <\/H3SAMK> . (E.37)

Similarly, the lower-order term (II) is bounded using the same Pigeonhole Principle:

M K H c SH2 _
Z >N < /SH*(2SAHlog(MK)) = O (S*AH?).  (E.38)
=1 h=1

Tk Niw (S, @n)

Step 6: Putting All Together.

M K
DD By [V (1) = T (s1)]
m=1 k=1
M K H
<Y Y Eapp [Z (@i (s () — Q4™ <sh,w3;7h<sh>>)] (step 1)
m=1 k=1 h=1
M K H
< 262 Z ZEsl~p T Z Bl??h<5ha ah)] (step 2)
m=1 k=1 h=1
M K H
< 2¢2 (Z SN B (s ap) + 2MKH3 10g(1/5)> (step 3)
m=1 k=1 h=1
M K H M K H
16Varp ’SH2
< 2e2< h“ + + /2HPMEK log(1/5)
1 m
+ Z 462HPhsaAk h+1> (step 4)



By moving the estimation error term to the left-hand side, we absorb the variance

substitution difference completely:

M K
(1 _ L) Z ZESY"P [Vlm’*(sl) — Vlm’wkm(sl)} <O (\/ H3SAMK.? + S2AH3L2>

m=1 k=1

(E.39)

Since the dominant term O(VH?SAMK) scales with vK and strictly dominates the
lower-order term (5(5 2AH?) for sufficiently large K, the final total regret bound across all
agents is tight.

E.3 Proof of Theorem 9

The proof proceeds in four major steps, demonstrating how the federated global coverage

eliminates the need for action-wise exploration bonuses.

Step 1: Global Concentration via Reward Heterogeneity. = Under Assumption 2,
the heterogeneity of the agents’ optimal policies guarantees that the global trajectory covers
the state-action space. Although individual agents act purely greedily, the federated global
count Ny (s,a) grows linearly with the episode k.

Lemma 31 (Global concentration via heterogeneity). Suppose Assumption 2 holds. Let
Ni.n(s,a) be the global visitation count for any state-action pair (s,a) € S x A at step
h € [H] until episode k. With probability at least 1 — g, for all k > 1, h € [H], and
(s,a) € S x A:

2SAKH
Niin(s,a) > kMNy — \/2leog (T) (E.40)
Consequently, there exists a critical initial phase K, = [W-‘ + 1, such that
0

for all k > Ky, the global wvisitation count is strictly lower bounded by a linear rate:

Nk+17h(s, a) Z %klM)\o
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This implies that the environment is thoroughly explored by the collective behaviors of

the heterogeneous agents, completely bypassing the need for forced exploration.

Proof. Let F,_1 be the filtration representing all historical interactions up to the end of
episode 7 — 1. At the beginning of episode 7, the central server broadcasts the empirical
transition kernel ﬁﬂh, which is fully determined by F,_;.

Crucially, we clarify the relationship between the estimated dynamics ]37,;1 and the cov-
erage guarantee. While each agent m computes its greedy policy 7" using the estimated
transition kernel ﬁT,h € F._1, the marginal visitation probability d;r;n(s, a) is always eval-
uated under the true transition kernel P, not under ]37,;1. Since ]377;1 is a valid stochastic
matrix and therefore belongs to the set of all valid transition kernels P, Assumption 2 ap-

plies directly with P = ﬁﬂh: regardless of how inaccurate }A)T,h may be relative to the true

M

1 structurally ensures

dynamics Py, the diversity of the agents’ reward functions {r™

M

m—1 collectively cover the state-action space under

that the resulting greedy policies {7
the true environment, yielding Z%Zl dz:n(s, a) > M), for every episode 7.

Conditioned on the filtration F,_;, each agent m € [M] computes its purely greedy
policy 77, based on its local reward 73" and the shared estimated dynamics ﬁﬂh. Let
d;lr:n(s, a) be the exact marginal probability of visiting (s,a) at step h under this executed
policy 7.

We define the sequence of random variables X" = d;lr;n(s,a) = I(s, = s,aly, = a).
By definition, X" is a martingale difference sequence with respect to F,_1, since E[X™ |
F._1] = 0. Furthermore, the absolute value is strictly bounded: |X| < 1.

By applying the Azuma-Hoeffding inequality over the k£ x M random variables, and

taking a union bound over all S states, A actions, H steps and K episodes, with probability

at least 1 — g:

k M kK M
m m T QSAKH
YN s =sal=a) 2SS A (s,a) \/2le0g (T) (E.41)

Crucially, because the empirical transition }A’T,h € P is a valid transition kernel (being

an empirical average of valid states), we can directly invoke Assumption 2. Regardless
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of how inaccurate ﬁﬁh might be compared to the true dynamics P, the ensemble of the
agents’ greedy policies structurally guarantees a uniform coverage lower bound. Thus, for

every single episode 7:
M
> di(s,a) > M) (E.42)

Substituting this lower bound into the martingale concentration inequality, we obtain

the cumulative lower bound for the global visitation count:

k
Nit1n(s,a) > Z(M)\O) — \/2le0g (QSA#) = kMM — \/Zleog (2SfisKH>
=1

(E.43)

To ensure Ny 4(s,a) > %kM)\o, we require kM \g— \/Qkag(QSAKH/(S) > %kM)\O,

(2SAK H/5)
M2

which simplifies to k > 3l + 1. We define this threshold as Ky,. This completes

the proof. O

Step 2: Shrinking Bellman Error.  With the linearly growing global visitation counts

for £ > Ky, the empirical transition dynamics ﬁk,h rapidly converge to the true dynamics

P, as follows:

Lemma 32 (Shrinking Bellman Error). Suppose the result of Lemma 31 holds. Let
th(s,a) be the action-value function computed by agent m at episode k using the em-

pirical transition ﬁk,h, and let Q)" (s,a) be the true optimal action-value function. With

probability at least 1 — 0, for all k > Ky,, m € [M], h € [H], and (s,a) € S X A:

o H*log(AKMHSA/S) H*log(4AKMHSA/S)
m _ 5 <
il 0) = Qi (s )] <O \/ Mok i Mok

(E.44)

Proof. We bound the absolute estimation error of the Q-value by backward induction on

h. For the base case h = H + 1, the error is 0.
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For any step h € [H]|, taking the absolute difference between the empirical Q-value

update and the true optimal Bellman equation, we apply Holder’s inequality:

Q. (s,a) — QT (s,0)| < ‘(ﬁk,h(s, a) — Py(s, a), V')

+ )<Pk,h(57 a), Vlg,nh—&-l - VhTID

Let X; = V)V (Sip41) — Pu(s,a)V,y7. Then, the first term is the sample mean of X;

over Ny 5, samples centered at 0. Invoking Bernstein’s inequality, with at least probability

1 — ¢’, the deviation is bounded by:

~ 2Varp, (Vii1)log(3) | 20Viitllsc log(F)
P._P Vm,* < h\ " h+1 & h+1 6 E.45
(Pop = Pn, Vi) < \/ Nin(s,a) * 3Ngn(s, a) ( )

For all k > Ky, by substituting the lower bound Ny (s, a) > %kM)\O from Lemma 31

and ||V |leo < H, we have:

R Varp, (Vi) log(3)  Hlog(2)
P . P Vm,* < h h+1 ) d E46
(Pr,n b Vigr) < O \/ Mok + MMk ( )

The second term can be recursively unpacked as the maximum estimation error of the
value function at step h+ 1. As the errors propagate backward until reaching the last step

H, the maximum error accumulated over H steps is bounded by:

m m,* 10g(%) 7 m,x H2 log(g,)
max Q. (s,a) — Q) (s,a)| < O MAZk 2:: Varp,, (V') + _MA()I;
log(%) .., H?log(Z)
- " E.4

Here, we use the fact that the variance of the optimal value function is bounded by H?,

implying 4/Varp,, (V) < H. Summing this worst-case bound over H steps yields H?,

which is then absorbed into the square root as H*.

We require this bound to hold uniformly for all k € [K], m € [M], h € [H], s € S, and
a € A. To apply the union bound (allocating the remaining §/2 failure probability), we
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! )
set 0' = sargaa- Lhen,

H*log(4KMHSAJS) n H?log(AKMHSA/S)
Mok Mok

max [ QF (5,0) — @7 (s,)| < O V
(E.48)

This completes the proof. O

Step 3: Burn-in Costs.  Because PF-EFVI does not inject any UCB bonuses, an agent
m will strictly choose the optimal action 7, (s) if its Q-value estimation error is strictly

Qi — < A /2. We derive

less than half of the minimum suboptimality gap, i.e.,

the critical burn-in episode K" for agent m as follows:

Lemma 33 (The burn-in cost of pure exploitation). There ezists a critical burn-in episode
K§" such that for all episodes k > max(K, K3'), the purely greedy policy %, (s) =
arg max, Q}', (s, a) evactly matches the true optimal policy T, (s), yielding zero instanta-

neous regret. This tipping point 1s bounded by:

m H*log(KMHSA/S)
=0 () (B49)

m,x

Proof. Let €, = max, . |Q} (s, a) — Q)" (s, a)| be the maximum absolute estimation error

at episode k. By Lemma 32, we have ¢, < O ( A log(KMHSA) 6)).

kM Mo

Because the agent acts greedily without any UCB bonuses, it will strictly prefer the

optimal action a* over any suboptimal action a’ if:

QZ?h(& CL*) > Q;Zh(s’ a/) (E50)

Using the absolute error bound, the estimated values satisfy Q},(s,a*) > Q1" (s,a*) — €

and Q7Y (s,a’) < Q" (s,a’) + €. Therefore, the optimal action is guaranteed to be chosen
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if:

W (s,a) — e > Q) (s, d) + e = 26, < Q) (s,a%) — QY7 (s,d') = AJ (s, a)

(E.51)

To ensure this holds for all suboptimal actions, we require 2¢;, < Al . Substituting the
upper bound of €, and solving for k, we find that the condition holds for all £ > K{". For

k > max(Ky,, KJ'), no suboptimal actions are ever chosen. O

Step 4: Summing the Regret.  To compute the total regret for agent m, we split
the learning process into the initial uncontrolled phase (k < Ky,) and the shrinking phase
(K < k < K{"). If a suboptimal action is chosen, its gap is bounded by 2¢;. Since the
instantaneous regret is strictly zero for all & > max(Ky,, KJ') (by Lemma 33), we sum the

regret across these two phases.

During the uncontrolled phase (P1), the instantaneous regret is trivially bounded by
the horizon H. Thus:

Ko ( Hlog(SAKH/ 5)) (E.52)

Regret}?l(K)SZH:H-Kth:O A2
0

k=1

During the shrinking phase (P2), we integrate the bounded error €:

m
K 0

Regretg(K) = 3 Bupey [ W (1) = 1" (51)]

k:Kth-‘rl

Ky H
D> Erpaimo [Z (Q (sn ™ (s0)) — Q?’*(Shaﬂﬁh(sh)))]

k=K;p+1 h=1

fﬁ o \/ Hblog(K MHSA/5)
k=1

—~
.
=

IN

kM X\

) -

Hblog(KMHSA/S 1
<0 —
Mg — vk
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2 /KF (E.53)

_0 HSlog(KMHSA/))
B M)

where (i) follows from the Performance Difference Lemma. Since the estimated Q-value
error at any step is bounded by ¢, the suboptimality gap of the chosen greedy action
at each step is at most 2¢;. Summing this over the H steps of the trajectory yields an

instantaneous regret bound of 2H¢.

2\/0— . .
We substitute the explicit value of /K" = O (H \I/Eiff SA/6)> into Equation
(E.5b3):

min

HSlog(KMHSA/S) H?\/log(K MHSAJ)
m K < .
Regretpz( ) <O \/ Mg V M)\OAT&H
H°log(KMHSAJS)
= E.54
o( " ) (554

Summing these independent bounds over all M agents yields the final total system

regret:
M
Regret(K Z (Regret, (K) + Regretp,(K))
m=1
Hlog(SAH/6) H5log(KMHSAS)
< M-
=M O( MAZ > ZO( MANAT,
Hlog(SAH/S) H5log(KMHSAS)
pu— . E.
o () o DY mZ ) B
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