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Abstract

Rapid progress in generative artificial intelligence (AI) has taught models, namely large

language models (LLMs), surprising capabilities, which drive the spread of their poten-

tial to various domains and applications. Yet, ine"ciencies in various components of the

architecture and inference pipeline limit broader deployment. The demanding nature of

model inference can harm latency, throughput, and memory. Fortunately, a close look at

the model architecture, data, intermediate features, and hardware behavior reveal emer-

gent patterns and redundancy that provide clues to optimize inference for e"ciency and

performance.

This thesis takes an end-to-end approach to attain e"cient and performant generative

AI inference in a variety of settings and their associated bottlenecks following common

themes of sparsity, low-rank structures, and parallelism. Starting with bottlenecks of

common LLM settings, we propose methods to reduce computational footprints in key-

value caches and model weights, allowing for low latency and high throughput generation.

In addition, we explore inference optimizations in reasoning tasks, where performance

can be brittle and scale is often necessary, by introducing small recovery modules and a

generalization of parallel LLM inference. Finally, we take the lessons in these works on

textual data and carry them over to generative modeling in the materials science domain to

accelerate and improve collection of an expensive imaging modality. Together, our methods

and insights push towards the compute-performance Pareto frontier for AI inference across

a diverse set of applications.
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Chapter 1

Introduction

Since the introduction of transformer architecture (Vaswani et al., 2017), the field of ar-

tificial intelligence (AI) has seen astronomical progress and an explosion of downstream

applications in areas such as computer vision, speech processing, and healthcare. Perhaps

above all, the impact of AI can be felt most heavily in natural language processing (NLP),

where transformers greatly benefit from scaling to billions—sometimes even trillions—of

parameters and training on enormous datasets (Ho!mann et al., 2022; Kaplan et al., 2020),

sparking the rise of powerful large language models (LLMs) with most having transform-

ers at their cores (Achiam et al., 2023; Anthropic, 2024; Dubey et al., 2024; Guo et al.,

2025; Team et al., 2024c). Although scale enhances performance, optimizations in resource

utilization are sidelined. This comes with high inference costs which have negative impli-

cations on applicability, accessibility, and energy consumption (Samsi et al., 2023; Strubell

et al., 2020). While reducing compute without harming performance is one direction we

can take, understanding what is important for performance can also hint at ways to scale

compute more e!ectively. Consequently, there is an inherent tradeo! between inference

e"ciency and performance, so we aim to maximize performance with every bit of compute

we are given. AI models are gaining new capabilities by the day, but we also need to ensure

they are are easy and cheap to use.

We recognize that AI “e"ciency” and “performance” are loaded terms. Perhaps most

familiarly, an e"cient model can be measured by metrics like latency, throughput, and
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memory consumption in which strategies that reduce resource overutilization are espe-

cially nifty. Adding on, resource underutilization, such as suboptimal use of hardware and

information, can also be an issue, and hence further contributes to a model’s ine"ciencies.

On the other hand, performance, as referred to in this thesis, is a general evaluation of a

model’s capabilities. Commonly, this includes minimizing and maximizing certain metrics

for a broad class of tasks. In addition, qualitative measures, especially useful when eval-

uations cannot be boiled down to a few numbers, will also provide valuable insight into

performance.

With an initial cursory glance at modern AI models likes LLMs, the bottlenecks that

limit inference e"ciency and performance are amorphous. Deployment settings for AI

models are exceptionally heterogeneous, even though the model architectures are similar.

For instance, the expectations and challenges of hosting a model on a server are not the

same as local inference on personal devices. Moreover, applications like question answering,

agents, and scientific analysis will all need special domain-specific considerations. Though

daunting at first, a decomposition of the facets of inference reveals common denominators

that allow us to take surgical approaches to improve e"ciency and performance.

1.1 The Many Facets of AI Inference

Each work in this thesis explicitly and purposefully leverages information from various

facets that influence LLM inference and provide clues for e!ective algorithmic design. Also

depicted in Figure 1.1, these facets include:

• Architecture: The model architecture, including parameters and their evolution

throughout training, can determine how information is learned and stored. Choices

like attention mechanisms and model width have directly influence performance and

e"ciency.

• Data: Helpful patterns, trends, and redundancy in data exist in specific tasks and in

general. Often, one domain has unique constraints that call into question assumptions

in another domain, requiring a redesign from first principles.
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Figure 1.1: Facets of e"cient and performant AI inference that guide the design of our
methods.

• Features: With a peek under the hood, hidden states contain information that

the model uses. They can have distinct sparse and low-rank structure that exist in

various forms which can come in handy.

• Hardware: Surprises await as algorithms turn into physical operations on hardware.

By taking a full stack view, understanding and leveraging hardware behavior can

guide more e!ective algorithmic design, such that improvements on paper translate

to tangible benefits in the real world.

Inference is a combination of these facets, so it is imperative to think about how they

interact and synthesize with each other. As we will see throughout this thesis, our methods

will optimize in the intersection of multiple or all facets as we take a holistic approach to

e"cient and performant inference.
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1.2 Contributions and Organization

In this thesis, with a strong emphasis on LLMs, we propose methods to ensure AI

models use allocated compute to the maximum potential across domains for

e!cient and performant inference. Between cutting wasteful operations and exploit-

ing underutilized resources, we push inference towards the compute-performance Pareto

frontier. Depending on the use case, di!erent challenges and requirements will help guide

the design of our methods. In other words, we ground our methods in reality by recognizing

and adapting to the nuances and idiosyncrasies of various applications of AI. Beyond the

shared goal of optimizing inference, the core observations and approaches of the works pre-

sented in this thesis also follow common themes of sparsity, low-rank, and parallelism.

These illuminate powerful and intuitive cornerstones that our algorithms are built upon.

Much of this thesis improves LLM autoregressive inference which powers many popular

AI-integrated products like chatbots, agents, and search engines, yet our insight goes be-

yond NLP. Text is a topical testing ground and what many frontier AI models are trained

on, but it is not the only place where inference optimizations are needed, as we will see

later in this thesis when we explore science applications.

This thesis is organized as follows:

• Chapter 1: For the remainder of this chapter, we define notation and terminology

that we will abide by throughout this thesis.

• Chapter 2: We cover a brief overview of transformers while using notation that we

will continue to use in the following chapters and provide relevant works that improve

LLM inference.

• Chapter 3: Next, we dive into LESS, our novel hybrid KV cache compression method

low-latency and high-throughput generation for long sequences (Dong et al., 2024c).

• Chapter 4: We introduce GRIFFIN, our simple adaptive structured pruning method

to reduce latency by leveraging a surprisingly pervasive and consistent phenomenon

called flocking (Dong et al., 2024a).

• Chapter 5: Looking at the limits associated with e"cient methods applied to LLM
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reasoning, our e"cient low-rank method Caprese significantly or completely recovers

lost reasoning performance from existing compression methods (Dong et al., 2026a).

• Chapter 6: Then, we propose Bridge, a parallel inference scaling method that shares

information between sequences mid-generation to prevent information wastage for

high quality reasoning response sets (Dong et al., 2026b).

• Chapter 7: With insights from our methods and observations in NLP, we introduce

scalable deep learning algorithms for materials microscopy (Dong et al., 2023b).

• Chapter 8: Finally, we wrap up with a macroscopic view of our work and describe

future directions in the field.

1.3 Notation

Throughout this thesis, we adopt consistent notational choices. We denote constants with

unstylized letters (e.g., k, ω, and S). Vectors, which are assumed to be row vectors unless

stated otherwise, are denoted by bold lowercase letters (e.g., x). We use bold uppercase

letters for matrices (e.g., W ). We define tensors as an N -th order array where N → 3,

which are denoted with bold uppercase calligraphic letters (e.g., X ). Note that vectors

and matrices are cases when the order N is 1 and 2, respectively. Maintaining the same

arrangement of axes, indices of these structures are indicated with subscripts outside square

brackets (e.g., [Y ]i and [Y ]·,j) and sometimes also with colons to capture ranges (e.g.,

[Y ]i:i+k). We describe sets with unbolded uppercase calligraphic letters (e.g., D). Other

artifacts, such as functions and distributions, are wildcards but will be made clear in the

given context.

1.4 Terminology

The field of AI is rapidly evolving with new ideas. To iron out potential misunderstandings

in this thesis, we use the following common terminology and assumptions below for brevity

or consistency with current literature.
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Transformers and LLMs. We refer to decoder-only transformers as simply “trans-

formers” with the exception of Chapter 7 (which we will also remind in that chapter). This

simplification is because the decoder transformer is the main architecture of current LLMs

by far. Hence, this thesis also assumes LLMs are decoder transformers.

Attention. Attention blocks operate di!erently depending on the model. In the context

of (decoder) transformers, “attention” refers to causal or masked self-attention where to-

kens cannot peek into future tokens. In the context of encoder transformers, “attention”

refers to full bidirectional self-attention. Note that the use of attention actually predates

transformers (Bahdanau et al., 2015; Cheng et al., 2016).

Dimension vs. Axis vs. Order. An N -th order or N -D tensor is an array with N

axes. For example, X ↑ RD1→···→DN is an N -th order tensor where the dimension of the

n-th axis is Dn for 1 ↓ n ↓ N . A high-order tensor is one where N → 3 while a high

dimension refers to a large number of entries Dn along an axis index n. “Dimension” and

“feature size” are commonly used interchangeably in deep learning.

What is Reasoning? The exact definition of reasoning in the context of AI is a de-

bated topic, sometimes venturing into psychology and philosophy. This thesis o!ers no

fresh perspective or stance on this debate. Instead, we follow precedent in recent rele-

vant literature, using “reasoning” for models or tasks that use or require logical deduction,

akin to System-2 thinking for humans (Kahneman, 2011). In many works, this includes

tasks like math problems, agents, and puzzles, excluding tasks like information retrieval,

language modeling, and straightforward arithmetic.

1.5 Relevant Publications

The following works are comprehensively explored in this thesis ordered by publication

chronology:

6



• Dong et al. (2023b): A Lightweight Transformer for Faster and Robust EBSD

Data Collection, Harry Dong, Sean Donegan, Megna Shah, Yuejie Chi, Scientific

Reports, 2024.

• Dong et al. (2024c): Get More with LESS: Synthesizing Recurrence with KV

Cache Compression for E!cient LLM Inference, Harry Dong, Xinyu Yang,

Zhenyu Zhang, Zhangyang Wang, Yuejie Chi, Beidi Chen, International Conference

on Machine Learning (ICML), 2024.

• Dong et al. (2024a): Prompt-prompted Adaptive Structured Pruning for

E!cient LLM Generation, Harry Dong, Beidi Chen, Yuejie Chi, Conference on

Language Modeling (COLM), 2024.

• Dong et al. (2026a): Scalable LLM Reasoning Acceleration with Low-rank

Distillation, Harry Dong, Bilge Acun, Beidi Chen, Yuejie Chi, Conference on Par-

simony and Learning (CPAL), 2026.

• Dong et al. (2026b): Generalized Parallel Scaling with Interdependent Gen-

erations, Harry Dong, David Brandfonbrener, Eryk Helenowski, Yun He, Mrinal

Kumar, Han Fang, Yuejie Chi, Karthik Abinav Sankararaman, International Con-

ference on Learning Representations (ICLR), 2026.

• Dong et al. (2026c): Multimodal Di"usion to Mutually Enhance Polarized

Light and Low Resolution EBSD Data, Harry Dong, Timofey Efimov, Megna

Shah, Je! Simmons, Sean Donegan, Marc De Graef, Yuejie Chi, under review, 2026.

Moreover, the above works draw heavily from observations, insights, and results of our

earlier works:

• Dong et al. (2023a): Towards Structured Sparsity in Transformers for E!-

cient Inference, Harry Dong, Beidi Chen, Yuejie Chi, ICML Workshop on E"cient

Systems for Foundation Models, 2023.

• Dong et al. (2023c): Deep Unfolded Tensor Robust PCA with Self-supervised

Learning, Harry Dong, Megna Shah, Sean Donegan, Yuejie Chi, IEEE International

Conference on Acoustics, Speech, and Signal Processing (ICASSP), 2023.
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• Dong et al. (2023d): Fast and Provable Tensor Robust Principal Component

Analysis via Scaled Gradient Descent, Harry Dong, Tian Tong, Cong Ma, Yuejie

Chi, Information and Inference: A Journal of the IMA, 2023.

• Efimov et al. (2025): Leveraging Multimodal Di"usion Models to Accelerate

Imaging with Side Information, Timofey Efimov, Harry Dong, Megna Shah, Je!

Simmons, Sean Donegan, Yuejie Chi, IEEE International Conference on Acoustics,

Speech, and Signal Processing (ICASSP), 2025.
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Chapter 2

Preliminaries

Starting o! with an overview of the transformers (Section 2.1) and related work on AI

e"ciency and inference scaling (Section 2.2), this chapter sets the stage for the remainder

of this thesis.

2.1 Background

In this section, we delineate the standard transformer architecture, along with its training

and inference setup. Most of this thesis concerns the decoder transformer, the backbone of

most LLMs, so we begin with this architecture in Section 2.1.1. Adjustments for encoder

transformers are discussed in Section 2.1.4 which are more relevant to Chapter 7.

2.1.1 Decoder Transformer Architecture

Illustrated in Figure 2.1, the decoder transformer (Radford et al., 2018) is the choice for

numerous state-of-the-art LLMs, such as the Llama (Dubey et al., 2024), Gemma (Team

et al., 2024c), and Qwen (Yang et al., 2025a) series.1 The original architecture was proposed

by Vaswani et al. (2017) and has remained largely unchanged. Here, we briefly describe

its architecture with considerations for recent widely-used adjustments that improve their

performance or computational requirements. For the remainder of this paper, we refer
1
Hence, when we use the term “LLM” in this thesis, the implication is that it is a decoder transformer.
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Figure 2.1: Transformer architecture. This abstraction applies to encoders and decoders.

to decoder-only transformers as simply transformers, unless stated otherwise (Chapter 7).

Descriptions of encoder transformers can be found in Section 2.1.4.

In general, transformers, composed of a series of transformer blocks sandwiched between

an embedding and linear head, process sequential inputs to produce sequential outputs.

Each transformer block is made up of attention and feedforward (FF) blocks. For all linear

operations described in the follow sections, they can be accompanied with biases using

proper broadcasting, but we omit them for simplicity.

Attention Blocks

Making up half of a transformer block, the attention block (Bahdanau et al., 2015; Cheng

et al., 2016) mixes information along the sequence axis. Let S be the input sequence length,

and D, Dqk, and Dvo be various feature sizes. For an input X ↑ RS→D, we obtain queries

10



Qh ↑ RS→Dqk , keys Kh ↑ RS→Dqk , and values Vh ↑ RS→Dvo for each head h = 1, 2, . . . , H

by

Qh = pquery(XWQ,h), (2.1)

Kh = pkey(XWK,h), (2.2)

Vh = XWV ,h, (2.3)

for WQ,h ↑ RD→Dqk , WK,h ↑ RD→Dqk , and WQ,h ↑ RD→Dvo . Positional encoding functions,

pquery and pkey, add positional information to the otherwise permutation invariant calcula-

tions of attention. Some weights for keys and values may be shared across heads, known as

multi-query (Shazeer, 2019) or grouped-query (Ainslie et al., 2023) attention, depending

on the degree of sharing. Using a decoder mask M ↑ RS→S ([M ]i,j = ↔↗ for j > i and 0

elsewhere), per-head attention is calculated as

Ah = softmax

(
QhK

↑
h√

Dqk
+M

)
Vh. (2.4)

Finally, a final linear transformation WO ↑ RHDvo→D on the concatenated outputs per

head gives us the output of the attention block:

Attn(X) =
[
A1 A2 · · · AH

]
WO. (2.5)

Feedforward Blocks

The feedforward (FF) block makes up the second half of a transformer layer and mixes

information along the feature axis. For an input X ↑ RS→D, FF blocks can be simply

formulated as

FF(X) = FF2(FF1(X)︸ ︷︷ ︸
Z

) (2.6)
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where FF1 is nonlinear and FF2(Z) = ZW2 for FF activations Z ↑ RS→DFF . This describes

a wide range of FF architectures and arbitrary activation functions ε. For instance, in older

LLMs like GPT 2 (Radford et al., 2019) and OPT (Zhang et al., 2022),

FF1(X) = ε(XW1). (2.7)

More modern LLMs, such as in the Llama and Gemma families, tend to use gated linear

units (GLUs) (Shazeer, 2020) in FF blocks:

FF1(X) = ε(XWg)↘ (XW1) (2.8)

where ↘ signifies element-wise multiplication. For all examples, W1,Wg ↑ RD→DFF and

W2 ↑ RDFF→D where typically, DFF ≃ D.

Putting It Together

With the attention and FF blocks defined, we are ready to describe the transformer ar-

chitecture that many LLMs use. For an input sequence t ↑ [V ]S of length S discrete

tokens from a size V vocabulary, it is embedded into a high dimensional continuous space

to form features X ↑ RS→D. From here, X enters a series of L transformer layers, each

containing an attention block followed by a FF block. Let Norml,·, Attnl, and FFl be a

normalization layer, attention block (2.5), and FF block (2.6), respectively, at transformer

layer l = 1, 2, . . . , L. Then, the transformer layer l computes XFF,l:

XAttn,l = XFF,l↓1 + Attnl(Norml,Attn(XFF,l↓1)), (2.9)

XFF,l = XAttn,l + FFl(Norml,FF(XAttn,l)), (2.10)

where XFF,0 := X. Finally, the output from the last transformer layer, XFF,L, passes

through a linear head: Y = XFF,LWLH, where WLH ↑ RD→V and Y ↑ RS→V . Each

[Y ]t corresponding to the t-th token contains logits that can be used to find the token

probabilities at index t+ 1.
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2.1.2 Inference

To generate SG tokens from a length SP input sequence, we start with passing the entire

prompt through the transformer. The logits in [Y ]SP
determine the first generated token,

which is appended to the prompt and passed together back into the transformer to generate

the next token. This process is repeated until some stopping condition is met. This method

of autoregressively generating tokens requires cubic scaling of computation with respect to

the total sequence length.

Key-value Caching

Key-value (KV) caching alleviates a significant amount of computational demand for gen-

eration by skipping repeated computation in attention blocks, reducing computation to be

quadratic with respect to the total sequence length at the cost of linear scaling in memory.

Here, inference is split into two distinct phases: prompt (or prefill) and generation. The

prompt phase propagates the entire sequence through the model as before but also saves

every key and value in every layer, attention head, and token index. This is because atten-

tion keys and values of previous tokens are identical for every future token to use, and FF

blocks are anyways independent of token index. In turn, every step in the generation phase

involves passing only the most recently generated token into the transformer, instead of

the whole concatenated sequence with the prompt, while constantly appending new KV

pairs for every new token. While maintaining a KV cache losslessly accelerates generation,

this places a massive burden on memory which can often be inflexible in practice, which

we discuss further in Chapter 3.

Inference Scaling

The number of generation tokens can be made intentionally variable (Figure 2.2). Whether

it be spending more tokens to outline a model’s steps (sequential scaling) or sampling

multiple rollouts (parallel scaling) before producing a final answer, inference scaling can

produce higher quality outputs at the cost of additional computation, memory, and time.

Nevertheless, these class of scaling methods show large benefits for tasks that require
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Figure 2.2: For a single prompt, LLM performance can improve by letting it generate
longer CoTs (sequential scaling) and/or more responses (parallel scaling).

reasoning, such as in math, science, and logic. However, this only makes e"ciency a more

dire issue. This is the focus of Chapters 5, 6, and 7.

2.1.3 Training

While the focus of this thesis is on improving inference, we sometimes will need to briefly

fine tune models to elicit desired inference behavior. Hence, we succinctly provide an

overview on LLM training.

Training an LLM is split into multiple stages. A model is first pretrained on a large

corpus of data (e.g., 15T tokens for Llama 3 8B (Dubey et al., 2024)). A pretrained model,

also known as a base model, will already has strong general capabilities. From here,

multiple post-training steps can further improve performance for downstream applications

and consumer-facing products. One critical post-training step is instruction tuning (Wei

et al., 2021) where base LLMs are taught to follow instructions, rather than just acting as

text completion models. Another post-training step is alignment (Bai et al., 2022; Ouyang

et al., 2022), where human preference data guide desirable characteristics of LLM outputs,

such as safety, bias, and style. To improve technical reasoning skills, LLMs may undergo

another stage of post-training on verifiable tasks like math and coding (Guo et al., 2025;

Lambert et al., 2024).

Di!erent training stages can use di!erent learning paradigms. Pretraining on vast
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amounts of data is self-supervised by defining the learning objective as next token predic-

tion. Mathematically, this means for a tokenized sample t ↑ [V ]S, the input is [t]1:S↓1,

and the token-wise target is the shifted sequence [t]2:S. The model learns to minimize the

cross-entropy loss. Once pretrained, we can use other paradigms. Supervised fine tuning

(SFT) takes prompt and target response pairs to perform the same cross-entropy loss for

the response token indices. In some settings, it may be preferable to use reinforcement

learning (RL), where the model can learn from information about a generated output’s

reward.

2.1.4 Adjustments for Encoder Transformers

Encoders like BERT (Devlin et al., 2019) and Vision Transformers (Dosovitskiy et al.,

2021) di!er slightly from decoder transformers. Architecturally, the di!erence is in the

attention calculation. In contrast to (2.4), attention blocks in encoders allow all tokens to

attend to each other, forgoing the need of a decoder mask:

Ah = softmax

(
QhK

↑
h√

Dqk

)
Vh. (2.11)

Similar to decoders, encoders also su!er from computational bottlenecks associated with

attention due to constructing matrices of shape S ⇐ S. Unlike decoders, pure encoders do

not need to store a KV cache.

The objective of encoder models is also di!erent. Instead of next token prediction, they

provide text embeddings which can be useful for denoising, retrieval-augmented generation,

or data grouping, among many others. In turn, self-supervised pretraining usually involves

recovering a sequence given incomplete or shu#ed observations. More formally, for a

sample t and corruption function c, a common training objective would be to recover t

from c(t). For vision, the training objectives can include classification, contrastive learning,

and masked autoencoding.

Additionally, encoder inference is simpler compared to their decoder counterpart. Since

encoders are not used for generation, only a single forward pass is needed (no autoregres-
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sion). Encoders can also be used in conjunction with decoders to create encoder-decoder

transformers (Ra!el et al., 2020; Vaswani et al., 2017). Here, embeddings from the encoder

are used in newly added cross-attention blocks in the decoder as keys and values.

2.2 Related Works

The remainder of this chapter will cover the intuition, benefits, and limitations of existing

work on improving inference for transformers.

2.2.1 Attention Approximation Algorithms

Attention blocks in transformers are a bottleneck when processing long sequences due to

the large size of the KV cache. Many methods try to alleviate this with sparse or low-rank

approximations of attention features, each with their strengths and weaknesses.

KV Cache Policies

Many current methods to reduce the KV cache footprint involve keeping a tiny subset of

the keys and values either with some pruning policy (Ge et al., 2023; Han et al., 2023;

Liu et al., 2023b; Oren et al., 2024; Xiao et al., 2023; Zhang et al., 2023b) or a local

attention mechanism (Child et al., 2019; Parmar et al., 2018). The former method can

be applied directly to trained models whereas the latter typically cannot, so with limited

compute, deploying a KV cache pruning policy is more practical. Such methods take

advantage of the observation that many KV pairs are irrelevant for attention in some tasks

and thus omitting them leads to negligible performance loss. For instance, H2O (Zhang

et al., 2023b), continuously accumulates attention probabilities at each generation step to

identify a set of heavy-hitting KV pairs to be cached together with the most recent pairs.

Not explicitly designed for KV cache compression, algorithms for infinite inference (Han

et al., 2023; Xiao et al., 2023) maintain a full cache, but as the input sequence exceeds the

maximum context length of a model, KV pairs in the middle of the sequence are dropped.

Staying within the maximum context length, this results in a cache that maintains the
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most recent and first few tokens. Regardless of the sparse method, maintaining a tight KV

cache budget can seriously impair model performance, as we will see in Section 3.3.

There also exist several non-eviction based methods. DMC involves using a large

amount of data to fine tune models to choose between accumulating or appending each

KV pair (Nawrot et al., 2024). CacheGen’s KV cache compression at the bit-level takes a

query-agnostic approach (Liu et al., 2023a). In vision tasks, token merging is an e!ective

way to cut down the number of tokens to process (Bolya et al., 2022; Renggli et al., 2022).

Low-rank Attention

Low-rank structures in attention have been explored extensively (Tay et al., 2022), namely

from the lens of recurrent neural networks (RNNs).2 Unlike transformers, RNNs integrate

information from all previous tokens into hidden states, analogous low-rank structures to

KV caches that organically occupy constant memory. In fact, this feature of RNNs over

transformers has motivated research in alternative architectures (Dao et al., 2022b; Gu

and Dao, 2023; Peng et al., 2023; Poli et al., 2023; Sun et al., 2023b), but for now, their

adoption in LLMs is very limited compared to transformers. Though not as performative

as these alternative architectures, linear transformers that break apart the attention op-

eration into kernels also maintain a constant sized KV cache (Choromanski et al., 2020;

Katharopoulos et al., 2020; Peng et al., 2021; Tsai et al., 2019) by reformulating the cache

into an RNN hidden state. These types of caching mechanisms are low-rank since infor-

mation is condensed along the sequence axis, rather than explicitly maintaining individual

tokens. This is possible when we replace the softmax with a separable similarity metric

ϑ(qt)ϖ(Kt)↑ for some row-wise functions ϑ and ϖ, letting qt ↑ R1→D and Kt ↑ Rt→D be

the query and keys at step t, respectively. To elaborate, if ϑ and ϖ are such that

at = softmax
(
qtK

↑
t

⇒
D

)
Vt ⇑

ϑ(qt)ϖ(Kt)↑Vt

ϑ(qt)ϖ(Kt)↑1S→1
, (2.12)

2
The use of kernels on queries and keys to factorize the softmax operation in attention (Choromanski

et al., 2020; Katharopoulos et al., 2020; Tsai et al., 2019) is often categorized as a low-rank attention

method. We follow this custom as well.
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we just need to cache hidden states Ht = ϖ(Kt)↑Vt ↑ RR→D and zt =
∑

t

s=1 ϖ([Kt]s) ↑

R1→R for inference which can be expressed recursively as

Ht+1 = Ht + ϖ(kt)
↑
vt, (2.13)

zt+1 = zt + ϖ(kt) (2.14)

for each new KV pair (kt,vt). At initialization, H0 = 0R→D and z0 = 01→R. This is a clear

improvement from having to store ever increasing sizes of Kt and Vt, as the memory con-

sumption is independent from t. Note that our presentation di!ers slightly since we do not

constrain ϑ = ϖ (Chen et al., 2023c). With this formulation, transformers act like RNNs

which occupy constant memory during generation by not appending but updating hidden

states during each generation step. Since LLMs are not typically trained in this fashion, a

major challenge is to induce this property without significant computation or adjustment

to the original weights (Kasai et al., 2021). While its dilution of information restricts

its performance when specific tokens need to be recalled with strong signals (Khandelwal

et al., 2018), this is exactly what a sparse KV cache algorithm can do, so we can fully take

advantage of its infinite compression capability to obtain some high level representation

of the less important tokens, meaning kernelized attention is a good candidate method for

LESS to learn the residual (Chapter 3).

Sparse and Low-rank Decomposition

The study of robust principal component analysis (Candès et al., 2011; Chandrasekaran

et al., 2011; Dong et al., 2023d; Tong et al., 2021) has shown this type of decomposition

greatly enhances approximation accuracy and expressibility beyond just sparse or low-rank

matrices alone. Its success has spread to deep learning areas such as e"cient attention

(Chen et al., 2021; Sun et al., 2025), model compression (Li et al., 2023), and fine-tuning

(Nikdan et al., 2024).
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2.2.2 Feedforward Algorithms

The sheer size of LLM FF blocks makes them an additional source of ine"ciency. Thank-

fully, FF blocks tend to learn structures that can be exploited.

Feedforward Activation Sparsity

Various forms of sparsity in trained transformer FF blocks have been observed in the past

(Dettmers et al., 2022; Dong et al., 2023a, 2024b; Geva et al., 2020; Li et al., 2022; Liu

et al., 2023c). In ReLU-based LLMs like OPT (Zhang et al., 2022), the activations can be

exceptionally sparse and become more apparent for larger models (Liu et al., 2023c). As

more models use non-sparse activation functions like GLU variants (Shazeer, 2020), it is

di"cult for neurons to have no contribution to the output since these functions do not have

an interval that maps to zero. Without exact sparsity, the e"cacy of e"cient methods that

rely on exact sparsity becomes limited. As such, this has ushered a wave of models that

are either adapted from available models (Jiang et al., 2024; Liu et al., 2021b; Mirzadeh

et al., 2023; Zhang et al., 2021; Zheng et al., 2024) or trained from scratch (Fedus et al.,

2022) which can produce activations that are exactly zero with little to no performance

loss. Even so, these methods require considerable amounts of computational resources to

develop.

Pruning

Pruning (LeCun et al., 1989) is one sparsity-guided way to tackle compute and memory

bottlenecks of models, not just present in FF blocks. Previously, the common method

would be some variation of iteratively rounding weights down to zero based on some score

and retraining to recover any lost performance (Blalock et al., 2020; Frankle and Carbin,

2018; Liang et al., 2021; Liu et al., 2024). While this can result in most parameters being

pruned, this method comes with a few issues. First, with the increasing scale of LLMs,

retraining becomes impractical for most. Fortunately, cheap methods to e!ectively prune

LLMs have been developed (Dery et al., 2024; Frantar and Alistarh, 2023; Jaiswal et al.,

2023; Sun et al., 2023a). The second issue is that unless pruning is done in a structured
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manner (Li et al., 2023; Ma et al., 2023; Santacroce et al., 2023; Xia et al., 2023, 2022), it

is di"cult to see real computational savings, yet structured pruning often leads to much

more severe performance degradation. Third, pruning usually enforces sparsity to be static

at inference which can be strong assumption since FF blocks are widely believed to contain

the model’s memory which accessed di!erently per input (Geva et al., 2020).

Mixture of Experts

Making sparsity more dynamic has motivated the design of mixture-of-experts (MoEs)

(Jacobs et al., 1991) to avoid computing low-impact features in trained models at varying

granularities (Csordás et al., 2023; Dai et al., 2024; Liu et al., 2023c; Piórczy$ski et al.,

2023; Sadhukhan et al., 2026; Yerram et al., 2024; Zhang et al., 2021; Zheng et al., 2024).

The main idea of MoEs is to use a gating function to dynamically identify a subset of

parameters that will be used to compute the layer’s output, reducing the number of active

parameters at inference. In the ideal case, all active neurons are selected and inactive

neurons are ignored for each input. However, current methods either require excessive

training or rely on ReLU or ReLU-like activation functions.

2.2.3 Other Acceleration Algorithms

Beyond the methods described in previous sections, there are still many other classes of

methods that improve e"ciency of trained neural networks which are not within the scope

of this thesis, but we include a quick overview of some to paint a more holistic picture

of deep learning model e"ciency and show insights relevant to our work. Many of these

methods do not conflict with each other, so composition of multiple methods (including

the ones already described) is possible and common in practice.

Other compression algorithms include knowledge distillation and quantization. For

knowledge distillation (Hinton et al., 2015), a small model (student) learns from a power-

ful and larger model (teacher). As a result, the student model learns to mimic the teacher

model’s output distribution instead of learning solely from the data labels. In some cases,

this can even be used to overcome the lack of data (Guo et al., 2025). Quantization com-
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presses the weights or the activations by casting them into lower precision. While casting to

half precision (BF16 of FP16) is common without noticeable performance degradation on

simpler tasks, low-bit compression requires special consideration for sparse outlier values

(Dettmers et al., 2022; Lin et al., 2024).

There are also algorithms that are theoretically lossless3 such as speculative decoding,

parallelization, and systems optimizations. Speculative decoding (Leviathan et al., 2023)

uses a smaller model to generate multiple draft tokens and a larger model to verify the

generations. Hence, final tokens are generated with lower latency, as long as the smaller

model does not make frequent mistakes. Models and data can also be parallelized at

inference, distributing operations across devices to accelerate inference or fit models that

exceed the space of one device (Dong et al., 2024b; Narayanan et al., 2021). However,

this will introduce a recurring communication cost. There are also improvements at the

systems level to improve e"ciency such as with fused kernels. A popular example is

FlashAttention (Dao et al., 2022a), where a change in the order of operations in attention

blocks can minimize memory read and write costs.

2.2.4 Inference Scaling & Reasoning

The growing capabilities of LLMs provide great promise for complex reasoning tasks such

as those that involve significant amounts of math, science, and logic. Currently, instilling

these capabilities into LLMs requires more than scaling the model (Ho!mann et al., 2022;

Kaplan et al., 2020). In particular, inference scaling has shown immense success to elicit

reasoning behavior from a pretrained model. Described below, inference scaling methods

usually fall into two main classes: sequential and parallel. Whether it be sequentially or

in parallel, many more tokens are generated in comparison to typical inference.

3
Reality can be complicated due to unpredictable behavior from numerical instabilities, engine dif-

ferences, and networking that may introduce discrepancies in edge cases (He and Lab, 2025; Yao et al.,

2025).
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Sequential Scaling

Due to the success of chain-of-thought (CoT) (Wei et al., 2022) which spells out each step

to the answer rather than jumping to the answer, many models are trained specifically to

generate long CoTs to mimic thinking (Guo et al., 2025; Muennigho! et al., 2025; Rastogi

et al., 2025; Team et al., 2025; Yang et al., 2025a). Dubbed thinking or reasoning models,

these LLMs extend the generation length up to tens of thousands of tokens to allow for

backtracking, reflection, exploration, and evaluation within its reasoning trace.

Parallel Scaling

For one input, an LLM can generate multiple threads in parallel to generate one or more

complete responses. To produce one response (N -to-1), the task can be broken into multiple

subtasks that are tackled in parallel before merging or integrating them into the final

response (Hsu et al., 2025; Jin et al., 2025; Rodionov et al., 2025; Yang et al., 2025b).

Alternatively, to produce multiple complete responses (N -to-N), one can simply sample

multiple responses from the LLM with non-greedy decoding. This way, the probability

of producing a high-quality answer increases (Brown et al., 2024; Snell et al., 2024), and

a post-generation synthesis method like self-consistency (Wang et al., 2022) or merging

(Chen et al., 2023b; Qi et al., 2025; Zhao et al., 2025).

If we look outside of LLMs, this is not a new concept. Parallel inference scaling can be

seen as an application of Bayesian sampling methods where direct Monte Carlo sampling

independent generations is the simplest form of parallel scaling. Other forms of parallelism

also exist in classical machine learning. Ensemble methods like random forests and bagging

train multiple sub-models such that during inference, each sub-model produces an output

which is merged with others (e.g., averaging or voting) to produce the final output which

is often more reliable (Breiman, 1996, 2001). With training-intensive neural network archi-

tectures like LLMs and di!usion models, training multiple models is computationally and

economically impractical. However, since modern generative models are stochastic during

inference, multiple outputs can be sampled from the same model and same input, leading

to the current jargon of “parallel inference scaling” which this thesis follows. Analogously,

22



refinements such as importance sampling (Faria and Smith, 2025; Yao et al., 2025) and

rejection sampling (Chen et al., 2026; Leviathan et al., 2023; Verine et al., 2024) also exist

for these generative models. Later in this thesis (Section 7.4), we show this technique has

merit for di!usion models too.

2.3 Chapter Summary

Transformers are the workhorse of LLMs and in e!ect, advancements in AI. However, they

can be clunky with various ine"ciencies in various settings. Many works try to ease these

bottlenecks to broaden deployment, but there is still much work to be done. Addition-

ally with tasks that see enormous benefits from inference scaling, more compute appears

necessary, but it is important to ask if we are using the added compute in the best way

possible. Hence, two complementary directions emerge: 1) identifying sources of resource

overutilization to improve e"ciency and 2) identifying sources of resource underutilization

to improve performance. These are deeply entangled together as insights from one can

inform the other. Continuing further along this thesis, we will show our progress in both

directions.
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Chapter 3

Sparse and Low-rank KV Caching

We begin the main part of this thesis with KV cache management, an inherent issue

with decoder transformer models. With poor scalability, KV caching requires pragmatic

solutions to real computational limits. This chapter is based on Dong et al. (2024c).

Figure 3.1: Toy (top row) and Llama 2 7B (bottom row) example decoder attention maps
with H2O as the underlying sparse policy. In the top row, red/pink and gray squares are
positive and zero attention probabilities, respectively. In the bottom row, darker colors
indicate larger attention probabilities. Sparse attention policies zero out many positive
attention probabilities. Our method, LESS, ensures all previous tokens will have some
contribution to the attention layer output to better retain information.
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Figure 3.2: Incorrect summary by Falcon 7B with sparse policy H2O.

3.1 KV Cache Scaling in Practice

KV caching, an inference-time mechanism to accelerate LLM generation, comes with an

immense memory burden by storing a growing number KV pairs for each previous token,

layer, attention head, and intra-batch sample. For example, the Llama 2 7B model’s KV

cache for an input of batch size 64 and sequence length 1024 is 2.5⇐ the model size.

With memory being expensive to scale, LLM use in settings like chatbots, long document

understanding, and biological sequence processing are limited.

A line of work discussed in Section 2.2.1, which we refer to as sparse KV policies, ex-

plores the selection of the best subset of KV pairs to cache (Han et al., 2023; Liu et al.,

2023b; Xiao et al., 2023; Zhang et al., 2023b). Although very promising, these meth-

ods are inevitably and irrecoverably discarding KV pairs deemed, in one way or another,

less important than others, leading to gaps in attention maps as shown in Figure 3.1.

Consequently, they are boldly assuming tokens that are unimportant now will not hold

significance at future decoding steps, a faulty conjecture for tasks that deviate from this

pattern. For instance, using the popular sparse policy H2O (Zhang et al., 2023b) on Falcon

7B (Almazrouei et al., 2023) to summarize an article (BBC, 2015; Narayan et al., 2018)

produces a factually incorrect summary in Figure 3.2. For the full article, see Figure 3.13.

One way to combat information loss is to cache more tokens, but this is far from memory

e"cient. An ideal KV cache policy should 1) minimize performance degradation from a

full cache, 2) scale at a much slower rate than the full KV cache, and 3) be cheap to

integrate into existing pretrained LLMs.

Fortunately, with some investigation into the residual between full and sparse attention
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Figure 3.3: Attention residuals exploration in Llama 2 7B on WikiText (Merity et al., 2016).
Mean and 1000 sample relative singular value plots of true attention outputs and residuals
from top-512 sparse policy, showing the residual is much lower rank (left). End-to-end per-
formance (lower is better) using top-k caching with and without low-rank approximations
(right). A rank-4 approximation virtually recovers the original performance.

outputs, a better strategy emerges. First, define the residual as !A = A↔Asparse, where

A and Asparse are the full and sparse attention outputs, respectively. Using top-k selection

as our sparse policy, we observe the residuals !A are in fact low-rank — more so than A

— based on Figure 3.3, a similar observation to Chen et al. (2021). Even a very low-rank

approximation can nearly negate the performance degradation from sparse caching. In

turn, this finding motivates the use of low-rank methods to approximate the residuals for

e"cient caches.

We propose LESS (Low-rank Embedding Sidekick with Sparse policy) to learn the

residual between the original attention output and the attention output approximated

by a sparse policy. LESS does this by accumulating information that would have been

discarded by sparse policies into a constant-sized low-rank cache or state, allowing for

queries to still access information to recover previously omitted regions in attention maps

(see Figure 3.1).

We show that LESS makes significant progress towards an ideal cache:

1. Performance Improvement: LESS synthesizes sparse KV policies with low-rank

states to bridge the performance gap on a variety of tasks where these sparse algo-

rithms show cracks of weakness. In fact, LESS improves the performance much more

than simply dedicating that memory to storing more KV pairs.
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2. Constant Low-rank Cache Size: Low-rank caches in LESS occupy constant mem-

ory with respect to the sequence length, and in our experiments, the extra storage to

accommodate LESS is nearly free, taking up the equivalent space of only 4 extra KV

pairs in our experiments. Inspired by recurrent networks, the low-rank state stores

new information by recursive updates rather than concatenation. As each sample has

its own cache, LESS provides the same proportional cache reduction for small and

large batch sizes.

3. Cheap Integration: Changes to the LLMs’ architectures are small and do not

perturb the original weights. The only modifications to LLMs will be the addition

of tiny multilayer perceptions (MLPs) at each attention layer. For example, using

LESS with Llama 2 13B adds fewer than 2% of the total number of parameters. In

addition, we can train LESS at each attention layer independently from all others,

bypassing expensive end-to-end training. Trained once, LESS can transfer to more

relaxed settings while maintaining comparable performance, further extending its

applicability.

Our comprehensive experiments on Llama 2 (Touvron et al., 2023) and Falcon (Al-

mazrouei et al., 2023) with di!erent sparse policies (Han et al., 2023; Xiao et al., 2023;

Zhang et al., 2023b) on a variety of tasks demonstrates LESS as a highly performative

method that reduces KV cache memory. For instance, LESS recovers more than 40% of the

Rouge-1 degradation caused by a sparse policy on the CNN/DailyMail dataset (Hermann

et al., 2015; See et al., 2017) with Falcon 7B. Finally, we provide an implementation of

LESS that reduces the latency by up to 1.3⇐ and increases the throughput by 1.7⇐ from

the full cache.

Next up, we introduce our hybrid KV caching algorithm in Section 3.2. Then, we

showcase the performance of LESS in Section 3.3. Lastly, we explore other properties of

our method in Section 3.4.
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Figure 3.4: LESS algorithm during inference. At each decoding step, attention is calculated
as in (3.3). To prepare for the next decoding step, the cache is updated by placing the
most recent KV pair into the sparse policy cache, and if it has exceeded capacity, a KV
pair will be evicted and integrated into the low-rank cache Ht before being deleted.

3.2 LESS: Sparse Eviction and Recurrence Synthesis

We propose LESS, a general method to synthesize low-rank caches with any eviction-based

sparse KV cache policy, C, to close the performance gap from full KV caching while being

e"cient. Notably, our method only adds a constant sized cache which does not scale with

the sequence length. For the sparse policy, C, we require that it can output the cached

keys KC,t ↑ RBt→D, the cached values VC,t ↑ RBt→D, and the set of discarded KV pairs Dt

at iteration t where Bt ↑ N is the number of cached pairs.

Letting · denote both ϑ and ϖ, we define our kernels as

ϑ(q) = |εω(εω(qWω,1)Wω,2)| (3.1)

ϖ(k) = |εε(εε(kWε,1)Wε,2)Wε,3| (3.2)

for activation functions ε·, W·,1 ↑ RD→R
→ , W·,2 ↑ RR

→→R, and Wε,3 ↑ RR→R. The element-

wise absolute values ensure the inner product ϑ(q)ϖ(k)↑ > 0 to preserve the nonnegativity

of attention probabilities. In the ideal case, if ϑ(q)ϖ(k)↑ = e
qk

↑
/
↔
D for all q,k, then the
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result would be the original attention probabilities.

Now, we outline our method, summarized in Algorithm 1 and illustrated in Figure 3.4,

which split into two parts: attention calculation and cache updates.

Attention Calculation

At step t, we find the query-key-value triplet (qt,kt,vt) from the input token as usual.

Recalling that we have cached KC,t, VC,t, Ht, and zt from the previous generation step,

append kt to KC,t and vt to VC,t to obtain K
↗
C,t ↑ R(Bt+1)→D and V

↗
C,t ↑ R(Bt+1)→D, respec-

tively. Then, we can find ât, our approximation of the original attention at, by computing

ât =
ϑ(qt)Ht + exp(qt(K ↗

C,t)
↑
/
⇒
D)V ↗

C,t

ϑ(qt)z↑
t + exp(qt(K ↗

C,t)
↑/

⇒
D)1B→1

. (3.3)

During the prompt phase (i.e. t = 0), it is just regular attention since H0 = 0R→D and

z0 = 01→R.

Cache Updates

With the attention computed, we need to prepare the necessary ingredients for iteration

t + 1 by finding KC,t+1, VC,t+1, Ht+1, and zt+1. The first two are simple since the sparse

policy will return KC,t+1, VC,t+1, and Dt+1. Before freeing Dt+1 from memory, we embed

its information into Ht+1 and zt+1:

Ht+1 = Ht +
∑

(k,v)↘Dt+1

ϖ(k)↑v, (3.4)

zt+1 = zt +
∑

(k,v)↘Dt+1

ϖ(k). (3.5)

After this, Dt+1 can be deleted, and we are prepared for the following generation step.

Intuitively, Ht+1 and zt+1 are updated recursively by keys and values that have been newly

pruned at each decoding step. As such, they are constant size repositories of information
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from all deleted KV pairs which becomes clear when we expand the recursion:

Ht+1 =
∑

(k,v)↘
⋃t+1

i=1 Di

ϖ(k)↑v, (3.6)

and similarly for zt+1.

Algorithm 1: Generation Step with LESS

Input: C, qt,kt,vt

Load KC,t,VC,t,Ht, zt from memory.
K

↗
C,t ⇓ concatenate(KC,t,kt)

V
↗
C,t ⇓ concatenate(VC,t,vt)

Obtain ât via (3.3).
Obtain KC,t+1,VC,t+1,Dt+1 from sparse KV cache algorithm C.
Update Ht+1 via (3.4).
Update zt+1 via (3.5).
Save KC,t+1,VC,t+1,Ht+1, zt+1.
Delete Dt+1.
Return: ât

3.2.1 Implementation Details

Inexpensive Training

With our inference-time protocol outlined, we now describe how we can cheaply train our

kernel functions ϑ and ϖ. Because training end-to-end is time consuming and resource

intensive, we choose to train ϑ and ϖ at each layer independent of all other layers which

already surprisingly gives strong results. The training objective is to minimize the ϱ2

distance to the output projection of the original attention layer using that layer’s inputs.

All weights except for those in ϑ and ϖ are frozen. As a result, the only computational

requirements are the abilities to backpropagate through a single attention layer and run

inference on the full model to collect a dataset of attention layer inputs and outputs, which

for all models we experiment with, can be done on a single GPU. With more devices,

training each layer can be parallelized. While inference follows recursive updates of Ht

and zt, this does not impede parallelism along the sequence axis because we can just
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construct the full attention matrix where entries not computed by sparsely cached KV

pairs, as determined by whichever sparse policy we train on, will be found by the kernel

functions.

LESS was trained using Adam (Kingma and Ba, 2014) for 40 epochs with an initial

learning rate of 0.001 which halved every 10 epochs. We fixed the hidden layer dimension

R
↗ = 512, used a dropout rate of 0.3 within the kernels, and let all nonlinear functions εω

and εε to be GELUs. None of the original model’s weights are updated. First, we sampled

512 sequences for Llama 2 models (Touvron et al., 2023) and 1024 sequences for Falcon

(Almazrouei et al., 2023) from the C4 training set (Ra!el et al., 2019). Since Falcon’s

context length is half of Llama 2’s, the training sets have the same number of tokens.

Next, queries, keys, and values at each layer would be collected as each sample propagated

through the models. These collected features (fed in batches of 2) would be used to train

the kernels at each layer independently using some sparse policy at some sparsity level.

For multi-query attention (Shazeer, 2019), we extend H2O to aggregate attention scores

across all query attention heads to determine KV pairs to evict.

We find that the kernel initialization is critical. As we will show in our experiments

(Section 3.3), the sparse policies already have decent performance which we want to use as

a starting point. We add learnable scalars between layers in ϖ initialized to 10↓4, so the

influence of LESS during the first few gradient steps is small. This way, the sparse policy

acts as a warm start, and we can immediately reduce the sparse policy’s residual.

E!cient Generation

We also develop an implementation that enhances throughput and reduces the latency

of LLM generation of LESS. For the sparse cache, we adapt the implementation from

Zhang et al. (2023b) to support any KV cache eviction algorithm e"ciently. To avoid

data movement in memory, we directly replace the evicted KV pair with the newly-added

one. As our kernels are small MLPs with GELUs, we implement a fused linear kernel that

absorbs the activation into the layer before to avoid writing the intermediate results to

DRAM for the low-rank cache.
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Table 3.1: Token counts at di!erent sparsity levels.

Model Max Length # Tokens at 2%/5%/10%

Llama 2 4096 80 / 204 / 408
Falcon 2048 40 / 102 / 204

3.3 Core Experiments

Here, we demonstrate the impressive performance of LESS across multiple datasets, models

(Llama 2 and Falcon), sparse policies (Han et al., 2023; Oren et al., 2024; Xiao et al., 2023;

Zhang et al., 2023b), and sparsity levels, despite allocating only approximately 4 tokens

of storage to the low-rank state. In Section 3.3.1, LESS achieves the closest performance

to the full cache in language modeling and classification tasks. For example, evaluated

with 2%H2O in Llama 2 7B, LESS reduces the word perplexities on WikiText and PG-

19 by over 20% from H2O alone, relative to the full cache performance. Section 3.3.2

shows similar gains in summarization. For example, LESS reduces Rouge-1 degredation by

10%H2O in Falcon 7B on CNN/DailyMail by 41.4%. In Section 3.3.3, we note the lower

latency (1.1↔ 1.3⇐ reduction) and higher throughput of LESS (1.7⇐ higher) compared to

full caching.

We explore three sparse policies: H2O (Zhang et al., 2023b), !-masking from the infinite

generation literature (Han et al., 2023; Xiao et al., 2023), and TOVA (Oren et al., 2024).

When using H2O, the sparse KV cache is equally split between the heavy hitter tokens

and the recent tokens (e.g. 5% H2O cache consists of 2.5% heavy hitters and 2.5% recent

tokens). For !-masking, the cache consists of the first 4 and most recent tokens. The

percentages represent how much of the model’s max context length is cached, so regardless

of input length, the cache size remains the same for fairness. Since the sparsity level can

translate to di!erent numbers of tokens among models based on the max input lengths, we

include Table 3.1 as a quick reference for the models we evaluate on, Llama 2 and Falcon.

The token count is rounded down to the nearest even number to make sure H2O can have

an even split.
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Figure 3.5: LESS experimental setup. First, a sparse policy is chosen as the underlying
policy behind all methods. Then, we compare performance among the full cache model,
Baseline, Baseline+, and LESS. Baseline+ and LESS use the same amount of storage
which is slightly larger than the requirements of Baseline.

For our experiments, we set the kernel size R = 8, unless otherwise stated. Thus, while

minuscule, the size of H is nonzero, equivalent to caching 4 extra tokens. We ignore the

influence of z since it only has R entries. As such, when evaluating on a task at ς% sparsity,

we compare LESS with the sparse policy C at ς% sparsity and at ς% sparsity plus additional

tokens to match the extra space taken by H (e.g. 4 tokens in experiments where R = 8),

which we denote as Baseline and Baseline+, respectively. Both are inherently sparse-

only policies. A visual representation of the di!erent baselines can be found in Figure 3.5.

Note that the sparsity level and policy C will vary throughout our experiments depending

on the context. The purpose of evaluating Baseline is to compare the performance gain

from extra tokens and the low-rank state H . Additionally, we evaluate the full KV cache

to observe how far we are from the unconstrained potential of the original model. For our

method, we denote it as LESS (ω%) where ω is the percent cache sparsity LESS was trained

on with some sparse policy depending on the context.
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Table 3.2: Llama 2 7B WikiText and PG-19 word perplexities with H2O as the primary
underlying sparse policy. Numeric column names indicate the sparsity levels during test
time. Lower is better.

H2O Method 2% H2O 5% H2O 10% H2O

WikiText
Full Cache 8.791 8.791 8.791
Baseline 13.333 9.863 9.295
Baseline+ 12.718 9.842 9.288
H2O+Performer 13.332 9.863 9.296
LESS (2%) 10.745 9.658 9.261
LESS (5%) 11.321 9.657 9.239
LESS (10%) 14.577 9.693 9.230

PG-19
Full Cache 23.787 23.787 23.787
Baseline 37.013 27.939 25.451
Baseline+ 35.832 27.829 25.429
H2O+Performer 36.996 27.938 25.451
LESS (2%) 32.157 27.887 26.322
LESS (5%) 33.195 27.089 25.979
LESS (10%) 41.204 27.201 25.134

3.3.1 Language Modeling & Classification

We start with validating our method trained at di!erent sparsity levels on some language

modeling and classification tasks at di!erent sparsity levels using Language Modeling Eval-

uation Harness (Gao et al., 2023). For these tasks, we use the same setup as in training by

masking out query-key interactions depending on the sparse policy and having LESS cap-

ture the masked probabilities. In addition, we purposefully mismatch training and testing

sparsity levels to uncover insight on the transferability between test sparsity levels. To

illustrate why a learned kernel is necessary, we also evaluate H2O with Performer kernels

(Choromanski et al., 2020) based on random Fourier features (Rahimi and Recht, 2007),

which we denote as H2O+Performer.

Table 3.2 shows Llama 2 7B performance on WikiText (Merity et al., 2016) and PG-19

(Gao et al., 2020; Rae et al., 2019) using H2O. Looking at the scenarios where training

sparsity is equal to the test sparsity, our method is able to achieve much lower word
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Table 3.3: Llama 2 7B performance on WikiText (word perplexity), MuTual (16-shot R@1),
and BoolQ (10-shot accuracy) with 5% !-masking as the primary underlying sparse policy.

! Method WikiText (⇔) MuTual BoolQ

Full Cache 8.79 55.08 80.40
Baseline 10.66 53.50 77.28
Baseline+ 10.64 53.27 77.46
LESS (5%) 10.12 54.51 78.65

Table 3.4: Llama 2 7B performance (word PPL) on WikiText and PG-19 at 5% token
sparsity using di!erent sparse policies. Lower is better.

Method H2O ! TOVA

WikiText
Full Cache 8.79 8.79 8.79
Baseline 9.86 10.66 9.97
Baseline+ 9.84 10.64 9.95
LESS (5%) 9.66 10.12 9.72

PG-19
Full Cache 23.79 23.79 23.79
Baseline 27.94 22K 27.88
Baseline+ 27.83 22K 27.79
LESS (5%) 27.09 3.9K 27.34

perplexities than the baselines. Notably, LESS beats Baseline by a wider margin than

Baseline+ and H2O+Performer, indicating that LESS uses the space of 4 extra tokens most

e!ectively. The lackluster performance of H2O+Performer suggests that learned kernels

are needed to make a noticeable improvement. Moreover, LESS trained at one sparsity

level can often generalize reasonably to higher sparsity levels especially on WikiText, even

sometimes matching the performance of ones trained at the test sparsity level. The reverse

is less e!ective but can still be better than the baselines. However, all methods are still

quite far from the full cache performance.

Evaluation results (Clark et al., 2019; Cui et al., 2020) with !-masking in Table 3.3

show LESS’s benefit to a di!erent sparse policy (though less performative than H2O).

Similar to the case with H2O, LESS closes the gap from full caching but cannot match the
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performance completely. TOVA also observes similar benefits in language modeling, shown

Table 3.4, where we compare language modeling using LESS with H2O, !-masking, and

TOVA. We see that LESS makes a greater improvement on word perplexity than simply

caching the equivalent number of extra tokens, though none of the methods can fully

recover the original model’s performance. While LESS is e"cacious for language modeling

and classification, we also want to assess its utility for generation where the KV cache

storage becomes a critical bottleneck.

3.3.2 Summarization

Now, we move on to generation, specifically summarization, to test the ability to generate

longer and coherent sequences by synthesizing numerous tokens. Unlike in our language

modeling evaluations, the model will have access to all tokens during the prompting phase

with the sparse policy and LESS only kicking in during the subsequent generation steps.

Consequently, generation sparse policies are fundamentally di!erent from the language

modeling masks LESS is trained on, yet despite this, we show that our method maintains

its superior performance.

In Tables 3.5 and 3.6, we see LESS achieves better ROUGE (Lin, 2004a) scores than

purely H2O on the CNN/DailyMail (Hermann et al., 2015; See et al., 2017), MultiNews

(Fabbri et al., 2019), and XSum (Narayan et al., 2018) datasets. Even at exceptionally

low sparsity levels, H2O can capture a significant amount of the full cache’s performance.

This is even more surprising for Falcon models which already cache many times fewer

tokens than Llama 2 due to the multi-query attention mechanism. Despite this, we ob-

serve LESS surpasses the already strong performance of H2O across the board where H2O

underperforms compared to the full cache. Like in language modeling, we again see that

the improvement from Baseline to Baseline+ pales in comparison to the improvement

induced by LESS, sometimes even matching the full cache performance as in XSum. Again,

we also see the transferability of LESS to other sparsity levels. See Section 3.4.5 for example

generation outputs.
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Table 3.5: Llama 2 13B and Falcon 7B generation quality comparison on CNN/DailyMail
and XSum with 408 sparse tokens (10% and 20% of the context lengths of Llama 2 and
Falcon, respectively) with H2O as the primary underlying sparse policy. Llama 2 13B is
given 5 shots while Falcon 7B is given 3 shots due to its shorter context length. Values are
in the format [Rouge-1]/[Rouge-2]/[Rouge-L].

H2O Method CNN/DailyMail XSum

Llama 2 13B
Full Cache 27.55/9.96/25.80 33.14/13.05/27.33
Baseline 23.57/7.35/22.04 33.09/13.09/27.44
Baseline+ 23.40/7.31/21.88 33.09/13.06/27.41
LESS (2%) 25.27/7.76/23.64 33.40/12.98/27.41
LESS (5%) 24.45/7.70/22.87 33.15/13.02/27.39

Falcon 7B
Full Cache 25.92/8.52/24.15 27.17/8.83/22.67
Baseline 21.26/5.95/19.73 24.50/7.65/20.50
Baseline+ 21.31/6.16/19.75 24.55/7.66/20.56
LESS (5%) 23.00/6.28/21.28 24.94/8.17/20.94
LESS (10%) 23.22/6.37/21.53 25.21/8.28/21.17

3.3.3 E!ciency

Following Sheng et al. (2023), we benchmark the generation throughput and latency of LESS

on an NVIDIA A100 80G GPU using FP16 precision. We focus on the Llama 2 7B and 13B

models, with all speedup results tested end-to-end with both prompting and generation

phases. To measure its performance when generating long sequences or inputting large

batch sizes, we use synthetic datasets where all prompts are padded to the same length

and batched together. The same number of tokens are generated for each prompt. We test

di!erent combinations of prompt and generation lengths.

Table 3.7 shows results with sequence lengths from 4K to 10K. With the same batch

size, LESS reduces the latency by 1.1 ↔ 1.3⇐ compared to the full cache, though slightly

slower than H2O. Moreover, LESS saves memory to allow larger batch sizes with a 1.7⇐

improvement on generation throughput for Llama 2 7B, closely matching that of H2O’s.

We also show that maintaining and using the low-rank state in LESS has little overhead

by determining the latencies of di!erent operations in LESS. Quantified in Table 3.8, the to-
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Table 3.6: Llama 2 7B performance on MultiNews (1-shot), CNN/DailyNews (5 shot),
and XSum (5-shot) with 5% and 10% H2O as the primary underlying test sparse policies.
Values are in the format [Rouge-1]/[Rouge-2]/[Rouge-L].

H2O Method 5% H2O 10% H2O

MultiNews
Full Cache 23.79/6.87/21.35 23.79/6.87/21.35
Baseline 13.38/3.25/12.25 19.44/4.97/17.73
Baseline+ 13.58/3.32/12.41 19.44/4.96/17.72
LESS (2%) 15.31/3.73/14.03 20.32/5.24/18.51
LESS (5%) 15.42/3.80/14.14 20.55/5.29/18.70

CNN/DailyMail
Full Cache 26.25/9.34/24.40 26.25/9.34/24.40
Baseline 18.18/4.92/16.89 20.04/6.09/18.66
Baseline+ 18.24/4.91/16.85 20.15/6.21/18.73
LESS (2%) 18.71/5.40/17.34 20.76/6.40/19.32
LESS (5%) 19.21/5.44/17.80 22.29/6.85/20.69

XSum
Full Cache 30.65/11.11/25.40 30.65/11.11/25.40
Baseline 29.03/10.77/24.28 30.68/11.54/25.58
Baseline+ 28.94/10.78/24.15 30.64/11.49/25.59
LESS (2%) 30.72/11.53/25.57 30.34/10.98/25.31
LESS (5%) 30.03/11.19/25.03 30.82/11.17/25.56

tal latency of LESS is much smaller than the full cache but slightly higher than Baseline+

due to the additional operations associated with the low-rank state. This overhead repre-

sents about 15% of the decoding time, meaning it does not significantly impact the overall

e"ciency.

3.4 Ablations & Analysis

In this section, we share some interesting characteristics of LESS beyond accuracy and

e"ciency. In particular, we show our method’s improved quality of attention probability

distribution reconstruction visually (Section 3.4.1) and quantitatively (Section 3.4.2), ef-

fect from larger kernels (Section 3.4.3), and robustness to long sequences (Section 3.4.4).

Example generations can be found in Section 3.4.5.
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Table 3.7: Llama 2 7B and 13B’s generation throughput (tokens/s) and latency (s) on an
A100 GPU. In the sequence length column, we use “P +G” to denote a prompt length of
P and a generation length of G. “OOM” stands for out-of-memory.

Seq. length Model size Batch size Full cache Baseline+ LESS (5%)

Latency
5000+5000 13B 4 257.3 185.2 204.7
2048+2048 7B 24 116.7 78.3 95.1

Throughput
2048+2048 7B 24 421.2 627.7 516.9
2048+2048 7B 64 OOM 819.2 699.2

Table 3.8: Latency (s) breakdown for Llama 2 7B on an A100 GPU, with a batch size of
64, prompt length of 512, and generation length of 512 with 5% H2O as the underlying
sparse policy. “Eviction” refers to H2O’s KV eviction algorithm, “Kernels” refers to (3.1)
and (3.2), “Attn Synth” refers to (3.3), and “LR Cache” refers to (3.4) and (3.5).

Decoding Eviction Kernels Attn Synth LR Cache Total

Full Cache 50.71 N/A N/A N/A N/A 50.71
Baseline+ 23.53 4.52 N/A N/A N/A 28.05
LESS (5%) 23.61 4.39 0.87 1.35 1.51 32.96

3.4.1 Attention Matrix Visualizations

This section provides some qualitative results on attention matrix approximations by sparse

policies and LESS. While low-rank caches LESS cannot perfectly recover all the missing

information, it visually is able to reconstruct a patterns that are completely ignored by

sparse policies. We can also see the idiosyncrasies of the sparse policies and LESS, such as

H2O’s bias towards keeping early tokens, as shown in Figures 3.6 and 3.7, and !-masking’s

tendency to miss influential tokens which are captured by LESS, as show in Figure 3.8.

3.4.2 Reconstructing Attention Probabilities

Numerically, we measure the similarity of each row in the attention matrix with correspond-

ing rows produced by H2O and LESS with the Hellinger distance, which for two discrete
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Figure 3.6: Example attention probability matrices from passing a single input into Falcon
7B. From top to bottom, the rows consist of attention maps from the original model, 10%
H2O (204 tokens), and LESS (10% H2O). Darker pixels indicate larger probability weights.
Only the first 1024 tokens are displayed.

Figure 3.7: Example attention probability matrices from passing a single input into Llama
2 7B. From top to bottom, the rows consist of attention maps from the original model, 5%
H2O (204 tokens), and LESS (5% H2O). Darker pixels indicate larger probability weights.
Only the first 1024 tokens are displayed.
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Figure 3.8: Example attention probability matrices from passing a single input into Llama
2 7B. From top to bottom, the rows consist of attention maps from the original model,
5% !-masking (204 tokens), and LESS (5% !). Darker pixels indicate larger probability
weights. Only the first 1024 tokens are displayed.

Figure 3.9: Layer-wise Llama 2 7B mean Hellinger distance from original attention prob-
abilities, aggregated across WikiText evaluation samples. The underlying sparse policy is
H2O. Here, LESS is evaluated based on their training sparsity percentages.

probability vectors, p and q, is defined as

H(p, q) := ↖
⇒
p↔

⇒
q↖2/

⇒

2 (3.7)

where the square root is elementwise. The value of H(p, q) ranges from 0 to 1, where a lower

value indicates greater similarity. In Figure 3.9, we see that our method more accurately
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Figure 3.10: Llama 2 7B WikiText word perplexity (lower is better) as the kernel size
quadruples, compared against Baseline+ which occupies the same space. The sparse KV
cache policy is H2O.

replicates the original attention probability distributions as measured by the Hellinger

distance. We choose to aggregate each layer separately since the attention distribution

patterns tend to vary dramatically throughout the model.

3.4.3 Larger Kernels

In our experiments, we fixed R = 8, and as we show in Figure 3.10, the performance

generally increases as R increases. However, at a certain point, the marginal benefit derived

from increasing R is less than shifting more of the KV cache to the sparse policy, suggesting

that a small low-rank cache is enough.

3.4.4 Providing Hope for Long Sequences

Model performance appears to be highly correlated with the input sequence length regard-

less of the caching method. As shown in Figure 3.11, even the full cache model performance

drops dramatically and immediately as the prompt length increases. Baseline+ and LESS

(1% H2O) appear to perform similarly for shorter sequences but diverge for longer sequences

where we see LESS is more performative. This follows our intuition since for sparse cache

policies, a smaller fraction of KV pairs is saved as the sequence length increases, so more
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Figure 3.11: Relationship between Rouge-1 score and prompt length for Llama 2 7B with
di!erent cache methods on CNN/DailyMail (left) and XSum (right). The test sparse KV
cache policy is 5% H2O for all models. As these results can be fairly noisy, the lines are
k-nearest regression lines where k is 10% of the dataset size.

information is omitted. This is where a low-rank state can help to recover some of this

information.

3.4.5 Example Generation Outputs

We include a couple examples of generation outputs in Figure 3.12 and Figure 3.13. In both

cases, the full cache, LESS, and Baseline+ models attempt to summarize news articles. We

see in Figure 3.12 that LESS is able to produce the same concise summary as the full cache

while Baseline+ produces rambling text. In Figure 3.13, we observe that LESS completely

changes the meaning of the summary from H2O alone–Baseline+ is factually incorrect

based on the article.
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Figure 3.12: Example 5-shot (not shown) CNN/DailyMail summary generation results
produced by variations of Llama 2 7B with an underlying sparse policy of 2% H2O. For
brevity, only the start and end of the article are shown with the middle omitted with
an ellipsis. LESS produces the same concise summary as the full cache while Baseline+

produces rambling text, exceeding the 3 sentence requirement by the prompt. The original
article is from (Brumfield, 2015).
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Figure 3.13: Example 3-shot (not shown) XSum summary generation results produced
by variations of Falcon 7B. Models were evaluated with 20% H2O. The summary by
Baseline+ is factually incorrect based on the article, while LESS preserves the meaning
better. The original article is from (BBC, 2015).
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3.5 Chapter Summary

To tackle the KV cache bottleneck, we introduced LESS which has demonstrated itself to be

an e!ective way to boost eviction-based KV cache algorithms. Motivated by the necessity

to maintain information that would have been discarded, the constant-sized LESS recovers

a significant portion of the performance lost due to maintaining a small cache across a

variety of scenarios and intensities, despite being cheap to train and deploy. There are

many exciting avenues of work that can enhance LESS or build upon it, such as improving

kernel design and investigating the residual of LESS. Such directions will further push the

performance of a condensed KV cache to that of a complete cache, allowing LLMs to

accomplish the same tasks with less. In the next chapter, we will look at how to improve

inference e"ciency in small batch regimes, common in local models.

46



Chapter 4

Adaptive Structured Pruning

As we look at other sources of ine"ciencies, FF blocks jump out as wasteful layers which

perform large dense operations to produce incredibly sparse features. However, their seem-

ingly chaotic patterns have been a major roadblock for practically e"cient methods. In this

chapter, we demonstrate that a novel transformation of FF features illuminates predictable

structure which can be extrapolated for fast inference. This chapter explores Dong et al.

(2024a) and uses some observations from Dong et al. (2023a).

4.1 Chasing Sparsity in FF Blocks

FF blocks consist of approximately 2/3 of the total number of parameters in LLMs. Using

all of these parameters for every input can be serious memory and compute bottlenecks.

These ine"ciencies are highly problematic in latency-sensitive scenarios like in chatbots and

autonomous vehicles. It turns out that LLM FF blocks waste computation on intermediate

features with little to no impact on the final result due to the existence of sparse structures

within them (Dettmers et al., 2022; Geva et al., 2020; Li et al., 2022; Liu et al., 2023c).

For instance, it has been observed that in OPT-175B (Zhang et al., 2022), fewer than 5%

of neurons in FF blocks have nonzero values per token (Liu et al., 2023c), meaning 95% of

the compute in each FF block is wasted.

There have been many methods to exploit sparsity in LLMs for e"ciency gains, such
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as pruning model weights and constructing mixtures of experts (MoEs). Pruning removes

low-impact pre-trained weights to reduce storage, yet this often does not translate to real

speed-ups in practice, unless the pruning is done in a structured and hardware-friendly

manner (Li et al., 2023; Ma et al., 2023; Santacroce et al., 2023; Xia et al., 2023, 2022)

which typically causes greater performance deterioration. MoEs better preserve the original

performance by adaptively selecting subsets of the model to use per input but also come

with drawbacks. Unless the model has been trained in this fashion (Fedus et al., 2022;

Jiang et al., 2024; Sadhukhan et al., 2026), it needs to learn a cheap yet e!ective gating

function (expert selection mechanism) and sometimes even require full fine tuning. Perhaps

an even bigger weakness of many of these methods is the limited e!ectiveness and special

considerations to strictly enforce ReLU-like activation functions (Csordás et al., 2023; Li

et al., 2022; Zhang et al., 2021). In summary, pruning and MoEs provide enormous benefits

but also come with steep challenges:

1. Structured sparsity is di"cult and costly to enforce without serious performance

degradation.

2. Adaptive selection of model subsets need to be cheap and accurate.

3. The method should be e!ective with various activation functions.

Daunting at first, these challenges become surmountable because of a simple obser-

vation of a phenomenon we call flocking, highly consistent sparse activations that persist

throughout a sequence observed in many LLMs. Flocking emerges in FF activations (inputs

into the FF down projection) when we focus on a sequence’s relative activation magnitudes

instead of the absolute values. Examples from Llama 2 7B and Gemma 7B are shown in

Figure 4.1. The key takeaway is that neurons which produce high relative magnitudes are

naturally shared across tokens within a sequence, as seen with the distinct vertical streaks.

Increasingly bizarre, the two models have di!erent architectures and di!erent non-ReLU

activation functions.

Unlike existing pruning or MoE methods, we exploit flocking in our design of GRIFFIN

(Gating by Repetition In Feedforward Intermediate Neurons), a highly performative and

e"cient training-free method to adaptively activate FF neurons. GRIFFIN does this by
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Figure 4.1: Relative FF activation magnitudes of the first 512 features and tokens across a
sequence from PG-19 (Gao et al., 2020; Rae et al., 2019) in layer 10 of Llama 2 7B (left) and
Gemma 7B (right). These heatmaps show flocking, where relative activation magnitudes
are shared within a sequence, illustrated with the distinct dark vertical streaks. More
examples in Section 4.6.3.

using a sequence’s prompt to determine the experts to activate during generation, allowing

it to overcome all of the aforementioned challenges:

1. No Preparation: Our no-cost method is completely training-free and requires no

calibration. Moreover, the simple implementation of GRIFFIN means it can be

dropped into any FF block and instantly deployed.

2. Simple Expert Selection: Flocking in the prompt reveals the most relevant FF

neurons for generation with little to no performance loss. The selection process is

parameter-free and adds negligible overhead.

3. Model & Activation Function Diversity: Thorough experimentation demon-

strates the e"cacy of GRIFFIN on numerous models, including Llama 2 (Touvron

et al., 2023), Gemma (Team et al., 2024b), Mistral (Jiang et al., 2023), OPT (Zhang

et al., 2022), and ReluLlama (Team, 2023). Together, the tested activation functions

include ReLU, SwiGLU, GEGLU, and ReGLU (Shazeer, 2020).

In this chapter, we show GRIFFIN is a simple and strong adaptive structured pruning

method because of flocking. Next, we formalize the problem we are trying to solve, along

with its motivation in Section 4.2. Then, we present our novel approach in Section 4.3.2,
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which requires a thorough examination of the surprising phenomenon of flocking shared

by many LLMs in Section 4.3.1. Our rigorous experiments demonstrate GRIFFIN preserves

performance on classification and generation even after removing 50% of FF neurons (Sec-

tion 4.4.1), all while having lower latency (Section 4.4.2). For instance, GRIFFIN reduces

the number of active parameters in Llama 2 13B from 13B to 8.8B during generation to

improve latency by 1.25⇐ with almost no loss in performance. For a demonstration of our

method’s scalability and robustness in several ablation studies, see Section 4.5. Addition-

ally, for a deeper exploration on flocking, see Section 4.6.

4.2 Formulating FF Variants

This section contains a formulation of the FF compression problem which our method aims

to tackle. With bias terms omitted for brevity, recall from Section 2.1 that an FF block

operates on the input X ↑ RS→D like so:

FF(X) = FF2(FF1(X)︸ ︷︷ ︸
Z

) (4.1)

where FF2(Z) = ZW2 is a linear transformation and FF1 is nonlinear. FF blocks usually

take the form of

FF1(X) = ε(XW1), (4.2)

like in OPT or

FF1(X) = ε(XWg)↘ (XW1), (4.3)

for GLU variants like in Llama 2 and Gemma. For all, W1,Wg ↑ RD→DFF and W2 ↑

RDFF→D where typically, DFF ≃ D.

A popular method to compress FF blocks (which is also the goal of GRIFFIN, adaptive

neuron pruning, and many MoE methods) is to find Ŵ1 ↑ Rk→D and Ŵ2 ↑ RD→k (addi-
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Figure 4.2: Average Jaccard similarity between WikiText samples’ top FF neuron activa-
tions in Llama 2 7B (left) and Gemma 7B (right). Higher values indicate greater similarity.

tionally Ŵg ↑ Rk→D for GLU networks) where k < DFF such that when the FF block is

reparameterized with these matrices, the output value is preserved. Namely, for

Ẑ = F̂F1(X) = ε(XŴg)↘ (XŴ1), (4.4)

F̂F2(Ẑ) = ẐŴ2, (4.5)

FF(X) ⇑ F̂F2(F̂F1(X)), and similarly for FF blocks with non-GLU functions. For in-

stance, in the MoE setting, these smaller matrices can vary from token to token and are

actually selections of chunks of the original structures. Crucially, a solution to this problem

leads to multiplication with smaller matrices which are naturally more e"cient on GPUs

and TPUs (Fatahalian et al., 2004; Wang et al., 2019).

4.3 GRIFFIN: Adaptive Test-time Structured Pruning

Here, we take deeper dive into the phenomenon of flocking and describe the intuitive

algorithm of GRIFFIN which is directly inspired by it.
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4.3.1 Observing Flocking

Flocking arises when we look at the relative impact of each neuron per token within a

sequence. To see this, we normalize rows of Z to be unit vectors to construct Z ↑ RS→DFF

(i.e. [Z]i = [Z]i/↖[Z]i↖2), the relative activations. We show example relative activation

magnitudes for a sequence in Llama 2 7B and Gemma 7B in Figure 4.1. Since there

are distinct vertical streaks, this intriguingly implies that activations that have relatively

greater weight are common across all tokens in a sequence. Notably, Llama 2 7B and

Gemma 7B use SwiGLU and GEGLU activations, respectively, along with other major

architecture di!erences. We call this phenomenon flocking, like highly organized groups

of birds, and we observe this in virtually all FF layers (see Section 4.6.3) and randomized

inputs (see Section 4.6.2).

While relative activations magnitudes are shared within a sequence, they are not gen-

erally shared between sequences. We show this by taking the ϱ2-norm of Z along the token

axis to obtain a length DFF vector for each sample or sequence, roughly capturing the

contribution of each FF neuron throughout a sequence. Taking the top-k of this for each

sample at each layer, we find the Jaccard similarity between two sequences based on the

indices selected for di!erent k. In other words, we compute the intersection over union

of every unique pair of top-k sets. Higher values indicate more similar top-k sets. From

Figure 4.2 where we aggregate Jaccard similarities across WikiText (Merity et al., 2016)

samples, we observe a lack of inter-sample activation similarities for the vast majority of

layers in Llama 2 7B and Gemma 7B, unless the sets of selected neurons are large. This

lack of consistency implies statically pruning entire FF neurons without retraining would

be less e!ective than a more adaptive method.

4.3.2 GRIFFIN Algorithm

Using our insight on flocking, we introduce GRIFFIN as a simple general purpose and

training-free adaptive structured pruning method for e"cient generation, captured in Fig-

ure 4.3. In a nutshell, we select neurons during the prompt phase of each sample which are

then used for the entire duration of the generation phase. This e!ective approach is based
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Figure 4.3: GRIFFIN overview. Relative activations from the prompt determine expert
neurons to use for generation.

on a key observation on flocking: since tokens within a sequence share activation patterns,

the prompt and generated tokens will also share activation patterns.

Prompt Phase Expert Neuron Selection

Our expert neurons are chosen at the sequence level, so we need to consider the dynamics

of the entire input sequence rather than just a single token when choosing our neurons. To

select expert neurons, we need a statistic s ↑ RDFF to inform us of the importance of each

neuron. At the prompt phase, we do this by taking the ϱ2-norm of Z along the token axis:

s =
[
↖[Z]·,1↖2 · · · ↖[Z]·,D↖2

]↑
. (4.6)

Taking the indices of the top-k across s gives us the neurons we will use for this sample’s

generation phase which make up the set E . Using the expert neurons in E , we can find

Ŵ1, , Ŵg, and Ŵ2 by selecting corresponding rows and columns in W1,Wg, and W2,

respectively. Similarly, we can prune bias terms b1, bg ↑ RDFF to obtain b̂1, b̂g ↑ RDk .

This is done for every FF block during the prompt phase. Illustrated in Section 4.6.1, s

highlights neurons consistently activated at relatively high intensities.
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Generation with Expert Neurons

When generating tokens, we directly use the pruned layers which contain the expert neu-

rons, F̂F1 and F̂F2, to estimate FF(X) ⇑ F̂F2(F̂F1(X)) for all future tokens. In Llama 2

13B and Gemma 7B, this reduces the active number of parameters from 13B to 8.8B and

from 8.5B to 5.4B, respectively, during generation.

4.4 Core Experiments

We showcase the superb performance of GRIFFIN on numerous tasks and models (Sec-

tion 4.4.1) while achieving lower latency (Section 4.4.2). All experiments are run on

NVIDIA L40 GPUs.

4.4.1 Performance

Using various models, we evaluate on several generation and classification tasks. For gen-

eration, we evaluate on XSum (Narayan et al., 2018), CNN/DailyMail (Nallapati et al.,

2016), COQA (Reddy et al., 2019), and SCROLLS QASPER (Dasigi et al., 2021; Shaham

et al., 2022). For classification, we evaluate on HellaSwag (Zellers et al., 2019), PIQA (Bisk

et al., 2020), COPA (Roemmele et al., 2011), ARC-Easy/Challenge (Clark et al., 2018),

and BoolQ (Clark et al., 2019). With the exception of XSum and CNN/DailyMail, we

use LM Evaluation Harness for our experiments (Gao et al., 2023). Aside from comparing

with the original LLM, we also compare GRIFFIN with a static neuron pruning method

based on neuron magnitudes. Similar to neuron magnitude pruning, this baseline selects

expert neurons based on neuron magnitudes in W1 for the generation phase but uses the

entire FF blocks for prompting like GRIFFIN. In the case of GLU variants, the neuron-wise

norms of W1 and Wg are elementwise multiplied to produce the pruning metric. As we

will see, this straightforward baseline achieves great classification results but falters for

generation. Another baseline we consider also uses the full model for the prompt and

Wanda (Sun et al., 2023a) in FF blocks for generation, using the prompt activations to

prune FF weights. We refer to this adaptive unstructured pruning baseline as Adaptive
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Table 4.1: Classification tasks (0-shot unnormalized accuracy) at 50% FF sparsity.

Model HellaSwag PIQA COPA ARC-e ARC-c BoolQ

Llama 2 7B 57.16 78.07 87.00 76.35 43.34 77.71
Magnitude 57.12 77.31 84.00 70.33 40.27 66.54
GRIFFIN 57.11 77.69 86.00 74.54 42.75 73.15

Llama 2 13B 60.06 79.05 90.00 79.46 48.46 80.61
Magnitude 60.00 79.00 88.00 74.07 46.25 70.52
GRIFFIN 60.10 79.11 89.00 77.19 46.84 78.50

Gemma 7B 60.61 80.30 88.00 82.74 50.09 83.49
Magnitude 46.24 73.12 57.00 45.20 32.76 62.84
GRIFFIN 60.62 79.98 88.00 81.65 50.09 81.90

Mistral 7B 61.21 80.58 92.00 80.89 50.43 83.61
Magnitude 61.15 80.36 86.00 74.20 48.89 60.40
GRIFFIN 61.18 80.52 91.00 79.25 50.00 80.06

OPT 6.7B 50.48 76.28 81.00 65.53 30.55 66.12
Magnitude 49.21 72.63 79.00 47.60 27.13 40.15
GRIFFIN 50.44 75.63 80.00 63.93 30.55 65.44

OPT 13B 52.46 75.90 86.00 67.05 32.94 65.81
Magnitude 51.31 74.21 81.00 49.41 28.07 38.75
GRIFFIN 52.42 76.17 86.00 66.92 33.19 67.65

Wanda. Note that Adaptive Wanda is completely unstructured and does not reduce the

FF activation dimension at all.

As our method is designed specifically for generation, we alter classification evaluations

to simulate generation. In typical classification tasks, LLMs do not enter the generative

phase since the final token output of the prompt phase indicates the class. Consequently,

directly applying GRIFFIN for classification tasks trivially yields the exact performance of

the original model. Therefore, we treat all tokens but the final input token as the prompt.

Then, the model is forced to go into the generation phase for one step.

We start with a look into the relationship between the sparsity levels and performance

degradation. This translates to varying k when we select the top-k of our statistic s. To

compare the performance degradation across multiple tasks, we plot the ratio of the final

performance metrics between GRIFFIN and the full model in Figure 4.4. We see most of
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Table 4.2: Generation tasks XSum (1-shot), CNN/DailyMail (1-shot), CoQA (0-shot),
SCROLLS QASPER (0-shot) at 50% FF sparsity. Magnitude neuron pruning fails in
almost every case while GRIFFIN and Adaptive Wanda e!ectively preserve performance,
though unlike GRIFFIN, Adaptive Wanda is completely unstructured.

Model XSum CNN/DailyMail CoQA QASPER
(Rouge-1/2/L) (Rouge-1/2/L) (F1/EM) (F1)

Llama 2 7B 27.15/9.06/22.62 10.08/0.13/9.55 77.35/63.88 26.31
Magnitude 9.71/1.31/8.59 9.66/0.63/9.32 56.59/39.93 12.93
Adaptive Wanda 25.59/8.18/21.34 9.90/0.26/9.39 77.16/63.53 27.61
GRIFFIN 24.75/7.41/20.55 10.97/0.66/10.37 77.18/63.58 25.76

Llama 2 13B 26.90/9.45/22.09 2.51/0.22/2.34 79.18/66.37 28.32
Magnitude 5.72/0.78/5.06 0.02/0.00/0.02 65.69/47.87 15.55
Adaptive Wanda 24.65/8.08/20.29 1.13/0.11/1.07 79.43/67.43 27.98
GRIFFIN 25.69/7.85/20.89 3.31/0.78/3.07 79.22/66.62 27.91

Gemma 7B 26.86/9.15/22.03 17.45/4.15/15.94 79.04/65.25 30.78
Magnitude 1.49/0.01/1.47 0.00/0.00/0.00 2.92/1.50 7.02
Adaptive Wanda 24.76/7.79/20.39 12.10/2.21/11.20 75.79/61.87 30.62
GRIFFIN 25.86/7.81/20.93 18.26/4.75/16.58 78.52/64.62 27.37

Mistral 7B 28.67/10.21/23.64 0.28/0.01/0.28 80.70/67.30 24.56
Magnitude 3.58/0.27/3.31 0.26/0.03/0.26 61.99/45.93 17.18
Adaptive Wanda 25.42/8.40/21.16 0.16/0.00/0.14 80.68/67.60 24.73
GRIFFIN 26.59/8.70/22.17 1.26/0.21/1.17 80.15/66.50 23.92

OPT 6.7B 23.60/7.04/19.46 13.85/1.54/13.04 68.70/54.98 18.53
Magnitude 1.63/0.00/1.54 1.20/0.00/1.17 31.53/16.52 7.28
Adaptive Wanda 22.40/6.04/18.57 12.94/1.14/12.23 69.01/55.22 18.47
GRIFFIN 21.17/5.42/17.58 13.01/1.06/12.26 68.99/55.00 17.40

OPT 13B 25.14/7.93/20.80 13.22/1.18/12.46 69.51/55.67 20.58
Magnitude 1.23/0.00/1.21 1.29/0.00/1.29 39.38/27.07 8.87
Adaptive Wanda 23.68/6.97/19.71 13.58/1.48/12.82 69.60/56.03 21.30
GRIFFIN 22.11/6.28/18.29 12.92/1.13/12.20 69.07/54.83 20.16

ReluLlama 2 7B 25.10/7.81/20.76 20.95/6.79/19.24 78.49/66.73 23.31
Magnitude 9.09/0.22/8.20 8.50/0.14/8.17 19.43/6.48 7.21
Adaptive Wanda 22.62/6.47/18.82 17.46/5.56/16.13 78.96/66.97 21.38
GRIFFIN 21.83/5.88/18.09 16.85/4.96/14.69 78.35/67.10 22.29

the performance is preserved at 50% FF sparsity in Llama 2 7B, Gemma 7B, and Mistral

7B. Di!erent tasks have di!erent tipping points where performance sharply drops, which

may be related to the di"culty of the task (Yin et al., 2024).
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Figure 4.4: Relative performance of GRIFFIN for Llama 2 7B (left), Gemma 7B (center),
and Mistral 7B (right) as we enforce varying degrees of sparsity per FF block. For all
tasks, the original model’s performance for each task is normalized to 1.

Fixing FF sparsity to be 50%, we evaluate on more tasks and models. Table 4.1 and

Table 4.2 show the performance of GRIFFIN on classification and generation, respectively.

We see that magnitude neuron pruning achieves reasonable results for classification but

completely annihilates the original performance in most generation settings. For genera-

tion, Adaptive Wanda and GRIFFIN perform similarly, preserving most of the performance

for all models. However, GRIFFIN is able to accomplish this in a structured manner which

allows it to be more e"cient in practice. For example outputs, see Section 4.5.4. Base

models Mistral 7B and Llama 2 13B perform poorly on 1-shot CNN/DailyMail, as they

often repeated “\n” or items from the example shot. With 3 shots, both obtain Rouge-1

scores above 25.

4.4.2 E!ciency

We now present e"ciency metrics of GRIFFIN. We collect synthetic datasets with samples

having identical lengths and average results across samples. Like many MoE methods,

GRIFFIN is ideal for single sample inputs since it is adaptive, such as in the case of personal

devices, so we use batch size 1 for these experiments. Using Hugging Face implementations

of Llama 2 13B and Gemma 7B at FP16 precision, we measure the latency in di!erent

scenarios on an NVIDIA L40 GPU.

Recalling that our magnitude selection baseline is essentially neuron pruning at genera-

tion, this has the best possible speed-up since there is no expert neuron selection overhead
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Table 4.3: Generation phase latency (s). We denote “P + G” as the task of generating G

tokens from a length P prompt. When relevant, times are in the format 50% / 75% FF
sparsity.

Model Setup Prompt Full Magnitude GRIFFIN

Llama 2 13B 2048+128 0.5 6.8 5.4 / 5.0 5.4 / 5.1
2048+2048 0.5 119.1 95.0 / 83.4 94.9 / 82.8

Gemma 7B 2048+128 0.3 4.5 4.1 / 4.2 4.2 / 4.1
2048+2048 0.3 87.1 67.7 / 65.0 67.4 / 65.0

per sample. From Table 4.3, GRIFFIN matches the best case, producing up to a 1.29⇐ and

1.25⇐ improvement in latency for long generation at 50% FF sparsity in Gemma 7B and

Llama 2 13B, respectively. This illustrates that our method is as fast as a static neuron

pruned LLM during generation while being adaptive to preserve the accuracy of the full

model. In o#oading settings with large models, our method has the potential to further

accelerate inference. For a prompt, GRIFFIN essentially performs structured pruning on the

massive network, and if this pruned model can fit on a single device, it will avoid o#oading

for the entirety of generation.

4.5 Ablations & Analysis: GRIFFIN

Given GRIFFIN’s computational benefit, we now explore its behavior in di!erent settings,

including the tradeo! between prompt and generation length in Section 4.5.1, the perfor-

mance with larger batch sizes in Section 4.5.2, and a comparison with stochastic methods

in Section 4.5.3. In addition, we include example outputs in Section 4.5.4.

4.5.1 Prompt vs. Generation Length

We find that GRIFFIN can potentially be made more robust for long generation by length-

ening the prompt. To see this, we use language modeling on the concatenated version of

WikiText to simulate generation. For a length S input into the FF block, we designate

the first P tokens as the prompt and the last G tokens as the generated portion such that
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Figure 4.5: Prompt length vs. generation length for Llama 2 7B (left) and Gemma 7B
(right) as measured by increase in perplexity (PPL) from the full model on concatenated
WikiText at 50% FF sparsity.

Table 4.4: Rouge-1 scores of 1-shot XSum with varying ways to use the same selected
neurons across multiple samples. From left to right, the scores are the result of the full
model, FF neurons selected based on the prompt, FF neurons selected based on the entire
dataset, and GRIFFIN in batch sizes of 1, 4, and 16. All pruning methods use the full model
for the prompt and 50% of the FF neurons during generation.

Model Full Shot Global GRIFFIN (1) GRIFFIN (4) GRIFFIN (16)

Llama 2 7B 27.15 21.11 23.28 24.75 24.26 23.75
Gemma 7B 26.86 19.76 22.48 25.86 25.01 24.37

P + G = S. The prompt partition is used to calculate our statistic s and determine the

expert neurons. The prompt partition uses the full FF block while the generation partition

only uses the selected neurons. When comparing the original model with GRIFFIN, we only

compute the perplexity of the outputs from the generation partition since the other out-

puts will be identical. Based on Figure 4.5, GRIFFIN gets closer to the full model outputs

when the prompt length increases and generation length decreases, meaning the di"culty

with long generation can be suppressed with longer prompts.

4.5.2 Sharing Selected FF Neurons & Batching

We further verify that GRIFFIN is simultaneously robust to batching and more performative

than fixed neuron pruning methods using similar pruning metrics to s in (4.6). As such,
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GRIFFIN maintains its reliability as we extend beyond single inputs.

For static pruning, we test two methods. One is to use the example shot in the prompt

to compute s. Then, for all samples with the same shot, we select the same FF neurons

for generation. With the other method, we can extend (4.6) such that s̄ can be a pruning

metric for multiple inputs (i.e. the same FF neurons will be pruned). Suppose that si is

the metric for sample i with prompt length Si. Then, we use

s̄ =
∑

i

si
⇒
Si

(4.7)

to select FF neurons. Finding a global s̄ across all prompts in a dataset is the second

method. Therefore, for a particular dataset, both methods have fixed expert neurons

across samples.

To extend GRIFFIN to larger batch sizes, we use s̄ from (4.7) where the samples in a

batch are aggregated. Thus, adaptability is maintained. From Table 4.4, GRIFFIN (even

with batch size >1) achieves better performance than the static methods, reinforcing the

performance benefit of adaptability. Interestingly, even though performance decays as we

increase the batch size, the decay is slow.

4.5.3 Sampling-based Selection

Here, we verify that given the statistic s, top-k expert selection produces better results than

sampling-based methods. The methods we compare against include sampling based on the

weights in s and combining top-k selection for half of the experts followed by weighted

sampling. Based on Table 4.5, we can see that sampling generally degrades performance

much more.

4.5.4 Generation Examples

We show example generated text in Figure 4.6. Adaptive Wanda and GRIFFIN produce

similar summaries compared to the those produced by the full models and the target.
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Table 4.5: Comparison between di!erent expert selection methods at 50% FF sparsity.

Method XSum CNN/DailyMail CoQA QASPER
(Rouge-1/2/L) (Rouge-1/2/L) (F1/EM) (F1)

Llama 2 7B
Full 27.15/9.06/22.62 10.08/0.13/9.55 77.35/63.88 26.31
Top-k 24.75/7.41/20.55 10.97/0.66/10.37 77.18/63.58 25.76
Sample 21.04/5.22/17.12 8.78/0.49/8.28 76.15/62.53 24.46
Top-k+Sample 24.35/7.08/20.07 10.45/0.48/9.88 77.12/64.17 25.22

Gemma 7B
Full 26.86/9.15/22.03 17.45/4.15/15.94 79.04/65.25 30.78
Top-k 25.86/7.81/20.93 18.26/4.75/16.58 78.52/64.62 27.37
Sample 20.25/5.16/16.79 8.34/1.71/7.72 75.02/59.93 24.97
Top-k+Sample 24.47/7.43/19.98 10.93/2.60/9.98 76.76/62.12 27.09

4.6 Ablations & Analysis: Flocking

Furthermore, we investigate various properties of the flocking phenomenon, whose utility

could extend beyond GRIFFIN. We explore the dynamics of gating statistic s (Section 4.6.1),

random sequences (Section 4.6.2), and layer-to-layer visualizations (Section 4.6.3).

4.6.1 Gating Statistic

Here we present visualizations of our gating statistic s from (4.6). For a single sample,

we find s and sort the entries normalized between 0 and 1 in Figure 4.7. In both models,

values in s are heavily concentrated in a handful of features. Since s aggregates the relative

activation magnitudes across tokens, this implies s can capture heavily and frequently

activated neurons.

4.6.2 Sparsity in Random Sequences

As further exploration into flocking, we investigate this phenomenon with random inputs.

As input sequences, we use a sample from concatenated WikiText, a permuted version of

that sample, and completely random sequence where tokens are uniformly sampled from

the vocabulary. Seen in Figure 4.8, this structure exists in permuted and random inputs,
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Figure 4.6: Generation examples by Llama 2 7B and Gemma 7B, given a prompt (BBC,
2016) from XSum (1-shot).
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Figure 4.7: Sorted entries of s for each layer of Llama 2 7B (left) and Gemma 7B (right)
with a sequence from PG-19 as the input. Each line is a layer.

Figure 4.8: First 512 tokens and their relative FF activation magnitudes in layer 18 of
Gemma 7B when inputting the original WikiText sequence (left), permuted sequence (cen-
ter), and random tokens (right). Best viewed zoomed in.

perhaps even more consistently than in unperturbed sequences. This suggests something

within language actually diversifies the activations, the cause of which would be of interest

for future work.

4.6.3 Flocking Examples

We provide more example of flocking across di!erent layers of the LLM. Figure 4.9 and

Figure 4.10 show flocking in Gemma 7B. Figure 4.11 and Figure 4.12 show flocking in

Llama 2 7B. Flocking in Gemma 7B is more visually distinct while activations in Llama 2

7B are more distributed.
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Figure 4.9: First 512 tokens and their relative FF activation magnitudes in layers 1 to 20
of Gemma 7B when inputting a sequence from PG-19.
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Figure 4.10: Continuation of Figure 4.9 for layers 21 to 28 of Gemma 7B.

Figure 4.11: First 512 tokens and their relative FF activation magnitudes in layers 1 to 16
of Llama 2 7B when inputting a sequence from PG-19.
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Figure 4.12: First 512 tokens and their relative FF activation magnitudes in layers 17 to
32 of Llama 2 7B when inputting a sequence from PG-19.
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4.7 Chapter Summary

In this chapter, we have shown a special form of sparsity in FF layers and a simple method

to exploit it. Flocking is a curious phenomenon present in many LLMs where tokens within

a sequence activate neurons at similar intensities. This structure motivated the design of

GRIFFIN, a learning-free adaptive structured pruning mechanism to remove FF neurons

during inference at the sequence level which preserves the full model’s performance on a

large collection of classification and generative tasks at 50% FF sparsity while achieving

lower latency. Furthermore, its applicability extends beyond just ReLU-based LLMs. With

its straightforward algorithm and no-cost deployment, GRIFFIN expands the accessibility

of numerous LLMs for generative inference. In the following chapter, we will build upon

GRIFFIN and other e"cient FF methods for reasoning.
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Chapter 5

Extending E!cient Algorithms to

Reasoning

A more recent focus on instilling reasoning capabilities into LLMs pushes the limits of

existing inference methods to the extreme due to the large amount of computation required

for these tasks. For the next two chapters, we will pivot our attention from usual language

tasks (e.g., trivia, reading comprehension, and language modeling) to reasoning tasks (e.g.,

math, science, and logic). Here, new challenges arise, and old assumptions break, yet the

lessons from before will still inspire the designs of our next methods. This chapter revolves

around work presented in Dong et al. (2026a).

5.1 Reasoning (and Inference Scaling) as a Stress Test

With the increasing capabilities of LLMs, outputs are also becoming increasingly sophis-

ticated, typically involving multi-step reasoning such as in math problem solving. These

tasks tend to demand long generation which drives up latency, making e"ciency a dire is-

sue. Fortunately, many sparsity-based e"cient LLM inference algorithms have shown great

promise, slashing expensive computational bottlenecks with little damage to the original

performance on a variety of language-based tasks like reading comprehension and sum-

marization. However, for reasoning tasks, many of these algorithms begin to break down,
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decimating performance, despite their robustness in language settings. Thus, there is a

need to design e"cient inference algorithms that simultaneously maintain language and

reasoning capabilities.

One of the main di!erences between reasoning and many language tasks is the genera-

tion length. Reasoning typically involves long generations from chain-of-thoughts (CoTs)

(Wei et al., 2022), which often far surpass the length of the input query. However, CoT

performance falls apart with e"cient algorithms that introduce approximation errors which

build up over time. For instance, deploying CATS (Lee et al., 2024), a sparse thresholding

method, on Gemma 2 2B (Team et al., 2024c) has little impact on language generation

performance, but knocks GSM8K (Cobbe et al., 2021) accuracy from 51.02% to 34.42%

(Table 5.5). Similarly, for reasoning models: applying GRIFFIN (Dong et al., 2024a), an

adaptive structured pruning method, on the first half of DeepSeek-R1-Distill-Qwen 1.5B

(Guo et al., 2025) drops MATH-500 (Lightman et al., 2023) accuracy from 79.40% to

42.00% (Table 5.2). Moreover, since generation is much more computationally demanding

than prefill, there is a dire need to make long reasoning CoTs e"cient, which is made more

apparent with the rise of test-time scaling. Thus, this poses two key inference challenges

with math reasoning. First, even single token mistakes can sometimes drive the generation

trajectory o! course, leading to an incorrect response (Zhou et al., 2024). Second, the al-

ready computationally expensive LLM autoregressive decoding process is accentuated with

generating CoTs. This problem is further exaggerated as CoTs scale in length in reasoning

models (Guo et al., 2025) and as the number of repeated generations scale to elicit higher

quality answers (Brown et al., 2024; Snell et al., 2024; Wu et al., 2024b). An ideal method

should be e"cient, performance preserving, and easy to integrate.

Thankfully, low-rank structure in the feedforward (FF) output features can help make

this possible. (We choose to focus on FF blocks since they contribute around 2/3 of an

LLM’s parameters and about 50% of the generation latency.) Because of the success of

works that exploit contextual sparsity in FF blocks on language tasks for e"ciency, like

CATS and GRIFFIN, we peek into the residuals of FF sparsity-based e"cient methods.

Using an oracle top-k filter on FF nonlinearity output magnitudes, we observe huge reduc-

69



Figure 5.1: A full FF block maximizes accuracy without any benefit to e"ciency. Com-
pressed FF algorithms can be very e"cient by using subsets of the FF block but harm
math performance. Our method, Caprese, uses a compressed FF algorithm and a small
distilled low-rank linear layer, which can be merged with existing FF weights, for perfor-
mative inference in language and math settings while being e"cient. Layers are drawn
as trapezoids to highlight the expansion of the intermediate feature size compared to the
input size.

tions in error with a low-rank approximation to the FF output residuals (Figure 5.2). Since

FF intermediate feature sizes can be on the order of 105, adding 256 for a low-rank ap-

proximation is comparatively tiny. This observation motivates us to estimate the residual

from FF compression methods with low-rank layers.

We introduce Caprese (CAPability REcovery with Scalable E"ciency) to learn FF

residuals from a compressed FF algorithm using small low-rank linear layers for improved

performance (Figure 5.1) (Dong et al., 2026a). While Caprese works for any task, we

focus on reasoning (e.g., math) in this paper, as current e"cient compression methods

can obliterate an LLM’s reasoning capabilities. Through distillation of math knowledge

into these low-rank layers, Caprese is able to overcome the aforementioned challenges of

reasoning and makes significant progress towards an ideal e"cient method:

1. Performance Enhancement: Demonstrated across a variety of instruct and rea-

soning models, Caprese recovers much if not all of the reasoning performance lost

from deploying a compressed FF algorithm without harming language tasks. Also,

Caprese maintains its performance benefit when applying di!erent techniques of

test-time scaling.
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Figure 5.2: Average relative FF output error of generated tokens with varying top-k den-
sities and low-rank approximations. The density is the fraction of non-zero intermediate
FF features maintained by top-k. Samples consist of 16 random MATH generations by
the original model. A relatively small low-rank approximation to the top-k residual reduces
error more e!ectively than increasing density.

2. E!ciency: Due to its parallelizability with existing FF layers, Caprese adds negli-

gible overhead, preserving latency reductions of the underlying method.

3. Low Budget: The distillation process of Caprese is cheap since we are able to see

significant gains in performance by training on only 20K synthetic math samples.

Moreover, with a low-rank layer size of only 256, this equates to adding roughly 0.8%

additional parameters into Llama 3.1 8B and Gemma 2 9B, dwarfed by savings in

active parameters (↙2B cut for both models with Caprese (CATS)).

Our extensive experiments on Caprese indicate strong performance on various tasks

and models. For example, DeepSeek-R1-Distill-Qwen 7B with a sparse method drops AMC

2023 accuracy from 75.00% to 62.50%, but Caprese is able to bring it to 78.13%, beyond

the original accuracy. Furthermore, scaling generation quantity with Caprese on Llama

3.2 3B Instruct improves Pass@100 by 7.0% from the original model while using 15.8%

fewer active parameters. We also show Caprese reduces latency by 16% using the Qwen

2.5 14B architecture.

Section 5.2 covers related works and describes GRIFFIN and CATS, two e"cient sparse

FF compression algorithms that will serve as baselines. Section 5.3 details Caprese’s

architecture and distillation procedure. Then, we showcase the strong performance of
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Caprese in Section 5.4: scaling generation length with reasoning LLMs (Section 5.4.1),

scaling generation outputs (Section 5.4.2), and instruct LLM inference (Section 5.4.3). We

quantify e"ciency improvements in Section 5.4.4. Finally, we explore some properties of

Caprese in Section 5.5.

5.2 Revisiting Adaptive FF Methods

We briefly describe the inner workings of GRIFFIN and CATS. (GRIFFIN is described in

more detail in Chapter 4.) Letting X ↑ RS→D be the input into the FF block during the

prefill phase with sequence length S and feature size D, recall that FF(X) = FF2(FF1(X))

such that

Z = FF1(X) = ε(XWg)↘XW1, (5.1)

FF2(Z) = ZW2, (5.2)

where Wg,W1 ↑ RD→DFF , W2 ↑ RDFF→D, ε is a nonlinear function, ↘ is an element-wise

multiplication operator, and DFF is the FF intermediate feature size. Typically, DFF ≃ D.

Although recent LLMs use this architecture, for LLMs without gated functions (e.g., OPT

(Zhang et al., 2022)), XW1 can be removed. Bias terms are omitted for brevity.

GRIFFIN Overview

GRIFFIN (Dong et al., 2024a) adaptively prunes columns and rows in the FF block weights,

using FF activation statistics from the prefill phase, namely the flocking patterns. GRIFFIN

calculates [Z]i = |[Z]i|/↖[Z]i↖2 for each token index i, followed by an aggregation across

the FF feature axis: [s]j = ↖[Z]·,j↖2. The result s ↑ RDFF gives a metric to perform

top-k selection across corresponding columns of Wg and W1, and rows of W2 to produce

Ŵg, Ŵ1 ↑ RD→k, and Ŵ2 ↑ Rk→D. Then, for the generation phase, the following FF block

is used for input x ↑ RD:

ẑ = F̂F1(x) = ε(xŴg)↘ xŴ1, (5.3)
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F̂F2(ẑ) = ẑŴ2. (5.4)

Recall that the compressed FF blocks are fixed throughout generation but are dynamic

across prompts.

CATS Overview

CATS (Lee et al., 2024) uses hard thresholding to skip computation in part of the FF

block. Letting Tϑ be the hard thresholding function with threshold φ , CATS computes

ẑ = F̂F1(x) = Tϑ (ε(xWg))↘ xW1, (5.5)

F̂F2(ẑ) = ẑW2. (5.6)

The weights W1 and W2 should be sparsified into Ŵ1 and Ŵ2, respectively, based on the

non-zero entries of Tϑ (ε(xWg)) for latency improvement, which can vary from token to

token and require a custom kernel for wall clock speed-up. The parameter φ is calibrated

to be a desired percentile on a dataset. In this paper, to avoid calibration, we set φ based

on prefill features and only threshold during the generation phase, analogous to GRIFFIN.

5.3 Caprese: Low-rank Recovery of FF Algorithms

Motivated by the low-rank structure of residuals in Figure 5.2, we introduce Caprese which

distills approximation errors in embeddings into low-rank linear layers in FF blocks. See

Figure 5.1 for an illustration of our method.

5.3.1 Layer-wise Distillation

Inference e"ciency algorithms often introduce feature approximation errors in favor of

faster generation, which we mitigate with distillation. Let the e"cient and approximate

FF block be F̂F(x) = F̂F2(F̂F1(x)). In our design of Caprese, we do not constrain F̂F

to be any specific method or architecture. For instance, F̂F could be an FF block with
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GRIFFIN (Dong et al., 2024a), CATS (Lee et al., 2024), or quantized weights. Then, the

error is

↖FF(x)↔ F̂F(x)↖22.

We choose to reduce this residual with a low-rank linear layer, meaning we want to solve

min
L,R

1

|X |

∑

x↘X

↖FF(x)↔ F̂F(x)↔ xLR↖
2
2 (5.7)

for input set X , L ↑ RD→r, and R ↑ Rr→D where r ∝ DFF. The optimal solution can

be computed analytically since this is a reduced rank regression problem, but the size of

|X | and D may make it prohibitively expensive. Therefore, we opt to learn L and R

independently for every FF block (i.e., previous FF blocks are assumed to be from the

original model), allowing for parallel layer-wise training. This takes inspiration from LESS

(Dong et al., 2024c) which uses layer-wise training on attention residuals for key-value

cache compression. Each R is initialized as a zero matrix since the e"cient approximation

is assumed to be of good quality, and original model weights are frozen. We also distill

end-to-end (E2E) to further improve the performance.

5.3.2 End-to-end Distillation

Using the learned low-rank layers as an initialization, we put them all together to distill the

final model embedding before the linear head into the e"cient model, again using MSE:

min
(Li,Ri)i=1,...,L

1

|X |

∑

x↘X

↖M(x)↔ Mstudent(x)↖
2
2 (5.8)

where M and Mstudent are the original LLM and e"cient LLM with distillation layers,

respectively, excluding the final linear head. L is the number of layers in the model. All

original weights are frozen, so the only tunable parameters are the L and R of each FF

block.
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5.3.3 Parallel Inference Computation

The computation of xLR can be done in parallel with the original FF operations. In fact,

L and R can be concatenated with the up and down projection matrices, respectively. In

other words, the Caprese FF block is F̂F
+
(x) = F̂F

+

2 (F̂F
+

1 (x)), such that

ẑ
+ = F̂F

+

1 (x) =
[
ε(xŴg) 1r

]
↘ x

[
Ŵ1 L

]
, (5.9)

F̂F
+

2 (ẑ
+) = ẑ

+
[
Ŵ

↑
2 R

↑
]↑

, (5.10)

where 1r is a one-vector with length r. In practice, to save memory and time, we do not

materialize 1r but directly assign the product with ε(xŴg) to corresponding entries of

xŴ
+
1 . Recall that the prefill stage still just uses the original model.

5.3.4 Training Details

We set the inner dimension of our low-rank layer to r = 256 (to see the e!ect of di!erent

r, see Appendix 5.5.2). In comparison to the large inner dimension of FF layers (e.g.,

DFF = 14336 for Llama 3.1 8B and Gemma 2 9B), our choice of r is relatively minuscule,

adding only ↙ 1% new parameters for all tested models (Figure 5.3). We use a 20K subset

of a common synthetic math training set for training. For a fair comparison, the same

subset is used for both layer-wise and E2E distillation for every model. Each training

sample is prepended with a CoT instruction: “Please reason step by step.” At test time,

the actual instructions may be vastly di!erent. Layer-wise and E2E training consists of

20 epochs and 3 epochs, respectively. Training and inference are done in BF16. Table 5.1

lists the hyperparameter settings for training Caprese layers. The E2E learning rates lie

in the interval [4e-6, 2e-4], where larger models tend to learn better with smaller learning

rates.
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Table 5.1: Caprese layer-wise and E2E training hyperparameters.

Layer-wise End-to-end

Optimizer Adam Adam
Learning rate 1e-3 [4e-6, 2e-4] (varies)
Batch size 128 16
Epochs 20 3
Training samples 2e5 2e5
Scheduler Linear Linear
Warmup 2% 2%

Figure 5.3: The percent of new parameters that Caprese (r = 256) adds relative to the
entire model (left) and relative to only the FF parameters (right) for the Llama 3, Gemma
2, and Qwen 2.5 model families.

5.3.5 Comparison with LoRA

Our method derives inspiration from and shares a slight connection with low-rank adapta-

tion (LoRA), a widely used method for e"cient fine tuning with the addition of low-rank

parameters (Hu et al., 2022), but remains distinct since they target di!erent ine"cien-

cies. To illustrate, recall a sparse algorithm constructs Ŵ1 ↑ RD→k by selecting columns

from W1. Alternatively, construct W1 ↑ RD→DFF by setting unwanted columns to zero, so

nonzero columns in W1 match columns in Ŵ1 and vice versa. Doing the same to columns

of Wg and rows of W2, LoRA learns A1,Ag,B
↑
2 ↑ RD→r and B1,Bg,A

↑
2 ↑ Rr→DFF to
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form a new FF block with LoRA weights:

FF(x) =

ε

x(Wg +AgBg)


↘


x(W1 +A1B1)


(W2 +A2B2). (5.11)

From this, we see LoRA is not designed to be applied to sparse e"cient inference algorithms.

First, this is because in its compressed form, LoRA requires two sequential operations

per linear layer. In contrast, Caprese parameters can be appended to existing ones, so

additional computation is all parallel to the original operations (Section 5.3.3). The real

latency impact of this di!erence is quantified later in Table 5.8. Caprese’s architecture

also allows e"cient training, but that is merely a byproduct of our design, not its purpose.

Second, for a method like GRIFFIN which reduces the intermediate FF feature size from

DFF to k, adding LoRA will negate this benefit while Caprese will preserve the reduced

feature size. Due to this di!erence, we de-prioritize comparisons with LoRA in the main

text, but include comparisons with LoRA in Section 5.4.3 for interested readers.

5.4 Core Experiments

We showcase the e!ectiveness of Caprese at recovering much, if not all, of the reason-

ing performance lost from e"cient inference algorithms without sacrificing e"ciency or

performance on language tasks. Beginning with sequence length scaling in Section 5.4.1,

Caprese is able to significantly or completely recover lost reasoning performance from ex-

isting e"cient algorithms in reasoning LLMs. Next, we demonstrate Caprese’s benefit

when scaling the number of generations, another axis of tes-time scaling, in Section 5.4.2.

Then in Section 5.4.3, we investigate typical instruct LLM settings without test-time scal-

ing where we again observe better math performance without losing their generalizability

with explorations into quantization. Finally, we highlight Caprese’s latency and length

improvements in Section 5.4.4. When ambiguous, we denote Caprese (CATS) to be our

method with CATS as the underlying compression method and similarly for GRIFFIN. Oth-

erwise, we use “Caprese” for brevity. Unless specified, FF intermediate feature sparsity

is set at 50%. For a more meaningful baseline, we only apply GRIFFIN to the first half of
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Table 5.2: Reasoning models’ 0-shot accuracies on reasoning tasks. Sparsity is set at 50%,
and r = 256. AIME 2024, AMC 2023, and BRUMO 2025 columns also include the sample
standard deviation across 4 runs. Further improvements with reselection are shown in
Table 5.4.

Model MATH-500 AIME 2024 AMC 2023 BRUMO 2025 GPQA

DS-Qwen 1.5B 79.40 30.00 ± 2.72 60.83 ± 7.47 25.83 ± 3.19 18.69
GRIFFIN 42.00 2.50 ± 1.67 16.88 ± 1.25 1.67 ± 1.92 11.62
Layer-wise Caprese 47.20 2.50 ± 1.67 28.13 ± 2.39 0.00 ± 0.00 13.13
E2E Caprese 60.40 6.67 ± 2.72 34.38 ± 6.57 4.17 ± 1.67 16.67
CATS 72.00 11.67 ± 6.94 37.50 ± 3.54 10.83 ± 4.19 11.62
Layer-wise Caprese 73.80 15.83 ± 3.19 48.13 ± 3.75 13.33 ± 2.72 16.67
E2E Caprese 74.80 20.83 ± 1.67 47.50 ± 3.54 20.00 ± 2.72 22.22

DS-Qwen 7B 90.20 47.50 ± 7.87 75.00 ± 4.08 45.83 ± 4.19 38.38
GRIFFIN 80.60 21.67 ± 4.30 62.50 ± 8.90 25.00 ± 8.39 21.72
Layer-wise Caprese 84.80 29.17 ± 3.19 64.38 ± 7.18 27.50 ± 4.19 27.78
E2E Caprese 85.40 30.00 ± 6.09 71.88 ± 5.54 29.17 ± 5.69 23.74
CATS 89.20 34.17 ± 7.88 62.50 ± 2.04 37.50 ± 7.39 32.83
Layer-wise Caprese 87.00 35.00 ± 4.30 70.00 ± 10.21 39.17 ± 3.19 38.38
E2E Caprese 90.00 33.33 ± 4.71 78.13 ± 5.15 47.50 ± 5.00 35.86

DS-Qwen 14B 92.80 63.33 ± 2.72 90.63 ± 2.39 60.83 ± 4.19 52.53
GRIFFIN 89.80 32.50 ± 7.39 80.63 ± 3.75 33.33 ± 3.85 41.92
Layer-wise Caprese 90.80 41.67 ± 5.77 86.88 ± 4.27 43.33 ± 4.71 55.05
E2E Caprese 89.20 39.17 ± 9.18 84.38 ± 6.57 40.00 ± 2.72 43.43
CATS 92.80 58.34 ± 1.92 88.75 ± 1.44 55.00 ± 3.33 44.95
Layer-wise Caprese 91.00 61.67 ± 5.77 88.75 ± 1.44 53.00 ± 7.20 50.51
E2E Caprese 92.00 58.34 ± 9.62 87.50 ± 2.04 49.17 ± 4.19 51.01

models as we observe steeper drops in math performance if used for all layers. CATS is

applied to all layers.

5.4.1 Scaling Length: Reasoning Models

Reasoning models scale inference by augmenting the CoT length before giving a final

answer. Since this entails long generation lengths, it is critical that error accumulation

across tokens be minimized. We test on DeepSeek-R1-Distill-Qwen (which we abbreviate to

DS-Qwen) models (Guo et al., 2025; Yang et al., 2024a) using Open R1 (Face, 2025) prompt
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Table 5.3: Average reasoning model performance standard deviation on AIME 2024, AIME
2023, and BRUMO 2025 from Table 5.2. There is no clear consistent relationship between
Caprese and accuracy variance.

DS-Qwen 1.5B DS-Qwen 7B DS-Qwen 14B Mean

Full Model 4.46 5.38 3.10 4.31
GRIFFIN 1.61 7.20 5.00 4.60
Layer-wise Caprese 1.35 4.85 4.92 3.71
E2E Caprese 3.65 5.77 6.16 5.19
CATS 4.89 5.77 2.23 4.30
Layer-wise Caprese 3.22 5.90 4.80 3.97
E2E Caprese 2.64 4.95 5.28 4.29

templates and configurations (temperature and top-p set to 0.6 and 0.95, respectively).

We test 0-shot performance on math and science tasks MATH-500 (Hendrycks et al., 2021;

Lightman et al., 2023), AIME 2024 (AIME, 2025), AMC 2023 (AMC, 2023), BRUMO 2025

(BRUMO, 2025), and GPQA (Rein et al., 2024), for a max generation length of 32768.

Due to the small size of AIME 2024, AMC 2023, and BRUMO 2025, we evaluate them 4

times, reporting the average accuracy and sample standard deviation. We observe none of

the methods have any significant e!ect on standard deviation in Table 5.3.

From Table 5.2, Caprese is the most performative in most cases. DS-Qwen 1.5B and

7B see the greatest benefit with E2E Caprese usually achieving the highest accuracy,

sometimes even exceeding the full model’s performance. DS-Qwen 7B with CATS brings

AMC 2023 accuracy down to 62.50% from 75.00%, but Caprese lifts performance above

the original model’s to 78.13%, and similarly with DS-Qwen 7B with CATS and BRUMO

2025. All methods are more robust as model size increases. AIME 2024 and BRUMO 2025

challenge CATS and GRIFFIN with severe degradation and partial recovery with Caprese.

In the next section, we show a simple way to push this recovery even further with reselection.

Enhanced Performance with Reselection

We can push the performance of Caprese with neuron reselection. For a sample, GRIFFIN

and CATS calculate metrics (s and φ) to determine subsets of the FF block to use, but

79



Table 5.4: E2E Caprese AMC 2023 accuracies and standard deviations when recalculat-
ing GRIFFIN pruning metrics and reselecting pruned neurons every ↼ decode steps. No
reselection and the full model are special cases where ↼ = ↗ and ↼ = 0, respectively.

Model No Reselect ↼ = 1024 ↼ = 256 ↼ = 64 Full

DS-Qwen 1.5B 34.38 41.87 45.00 58.75 60.83
DS-Qwen 7B 71.88 69.25 73.13 73.75 75.00
DS-Qwen 14B 84.38 88.13 88.75 91.88 90.63

these metrics are fixed during generation. Updating them mid-generation can benefit

downstream performance.

For GRIFFIN, updating the metric s entails integrating the FF feature statistics of

generated tokens into s. While this can be done by re-running prefill on all tokens, there is

a more e"cient way by passing in the generated tokens following the last reselection through

the full model. As these tokens propagate through each layer, we find the selection metric

for the generated tokens sG and update corresponding KV pairs. This is like verification in

speculative decoding (Chen et al., 2023a; Leviathan et al., 2023). As s and sG are ϱ2-norms

along the token axis, we define the updated metric as
√
(s↘ s) + (sG ↘ sG) and use that

to reselect di!erent subsets of the FF block to use (as described in Section 5.2). This

updates the pruned layers yet avoids prefill for all tokens. Table 5.4 shows a clear benefit

of reselection (even if infrequent compared to speculative decoding) in Caprese by pushing

the performance much closer to the full model’s as we decrease steps between reselection

rounds. Although GRIFFIN is generally more harmful to accuracy than CATS due to its

structured pruning, with reselection, Caprese (GRIFFIN) can exceed the performance of

Caprese (CATS) and reach the full model performance.

Reselection is also possible with CATS but requires recomputing prefill for all tokens.

The parameter to update is the hard thresholding parameter φ , but since this requires

finding the desired percentile of intermediate values in the FF block, we would need to

access to all values, which likely cannot be fully stored in memory. In turn, prefill will

need to be redone anytime we want to update φ . Since φ represents a cuto! for a desired
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Figure 5.4: Coverage and standard deviation of 140 samples from MATH as the number
of generation attempts, N , scales. We define Relative Compute Units = N ⇐A where A is
the fraction of total parameters activated per input. FF sparsity set to 50%. Best viewed
zoomed.

percentile (e.g., median), it is fairly robust to new observations. Given this and the lack

of computational incentive, we focus primarily on reselection for GRIFFIN.

5.4.2 Scaling Best-of-N : Coverage

Now, we see the generalizability of Caprese on the second axis of test-time scaling: sam-

pling multiple responses and selecting the best one, known as Best-of-N . Increasing the

number of generations per prompt, N , increases the probability of generating a correct

answer, even for non-reasoning models (e.g., instruct models). To evaluate, we find the

coverage (Pass@K) on 140 samples from MATH. We use an oracle verifier to accurately

assess the quality of the pool of generated responses. To combat the high variance when K

is close to N , we calculate the average coverage for K = 1, . . . , 100 across 10 independent

pools of 100 generations for each sample. Factoring in the saved compute, E2E Caprese is

able to have similar or better coverage scaling compared to the original model, as shown in

Figure 5.4. Notably, E2E Caprese (GRIFFIN) on Llama 3.2 3B Instruct improves Pass@100

by 7.0% from the original model while using 15.8% less compute.
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Table 5.5: Instruct models’ 0-shot accuracies on mathematical reasoning (GSM8K and
MATH) and language generation tasks (CoQA, QASPER, XSum, and CNN/DailyMail).
FF sparsity is set to 50%.

Model GSM8K MATH CoQA QASPER XSum CNN/DM

Llama 3.2 1B Instruct 22.44 10.66 55.43 14.43 21.65 25.60
GRIFFIN 7.13 5.42 56.05 14.11 21.13 25.47
Layer-wise Caprese 13.72 6.62 56.07 13.40 20.65 26.18
E2E Caprese 21.00 8.44 56.55 13.88 20.71 26.18
CATS 19.18 7.54 54.40 13.88 21.10 24.73
Layer-wise Caprese 18.65 8.28 55.58 14.35 20.94 25.35
E2E Caprese 20.39 9.04 56.12 13.75 20.40 25.56

Llama 3.2 3B Instruct 51.55 14.32 63.95 12.45 23.22 26.20
GRIFFIN 28.96 10.98 64.52 12.52 22.09 25.49
Layer-wise Caprese 40.18 13.70 64.33 11.60 21.56 25.90
E2E Caprese 44.66 16.96 64.83 12.35 21.26 26.04
CATS 41.24 12.04 58.87 11.36 22.23 25.40
Layer-wise Caprese 45.49 13.62 60.53 12.26 22.50 25.90
E2E Caprese 46.85 14.40 61.72 12.36 21.58 25.40

Llama 3.1 8B Instruct 53.98 13.94 63.88 15.16 21.97 25.98
GRIFFIN 20.47 6.16 63.37 12.63 21.53 25.89
Layer-wise Caprese 37.60 9.72 65.05 14.21 21.92 26.31
E2E Caprese 51.40 12.64 65.50 15.35 22.05 26.42
CATS 50.95 11.80 58.85 12.26 21.43 25.67
Layer-wise Caprese 51.93 13.66 63.92 14.34 22.58 25.79
E2E Caprese 58.00 13.88 64.27 14.42 22.08 26.13

Gemma 2 2B Instruct 51.02 16.06 63.77 10.96 22.17 26.01
GRIFFIN 33.74 11.32 63.28 11.07 18.27 22.24
Layer-wise Caprese 42.53 12.32 63.77 10.75 21.63 26.37
E2E Caprese 48.14 13.70 63.37 11.05 22.48 27.16
CATS 34.42 10.56 61.53 10.11 21.97 26.46
Layer-wise Caprese 46.32 13.90 61.92 10.82 22.10 26.23
E2E Caprese 46.17 14.16 63.92 11.03 22.15 26.52

Gemma 2 9B Instruct 78.17 27.64 63.78 9.91 23.98 26.46
GRIFFIN 59.21 25.22 63.82 10.14 24.66 26.77
Layer-wise Caprese 76.72 25.84 64.20 9.82 24.88 26.88
E2E Caprese 76.65 25.30 64.42 9.92 24.89 25.47
CATS 76.50 27.32 64.37 9.78 24.74 26.64
Layer-wise Caprese 77.18 28.16 64.52 10.46 24.54 26.45
E2E Caprese 77.18 28.00 64.87 10.02 24.65 26.33
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Table 5.6: 0-shot accuracies on mathematical reasoning (GSM8K and MATH) and language
generation tasks (CoQA, QASPER, XSum, and CNN/DailyMail) with LoRA. FF sparsity
is set to 50%, r = 256, and LoRA ranks are set to match the number of parameters that
Caprese adds.

Model GSM8K MATH CoQA QASPER XSum CNN/DM

Llama 3.2 1B Instruct 22.44 10.66 55.43 14.43 21.65 25.60
GRIFFIN 7.13 5.42 56.05 14.11 21.13 25.47
Layer-wise LoRA 8.11 5.60 56.00 14.65 21.08 25.51
E2E LoRA 20.47 10.10 56.10 14.41 21.09 25.62
Layer-wise Caprese 13.72 6.62 56.07 13.40 20.65 26.18
E2E Caprese 21.00 8.44 56.55 13.88 20.71 26.18

Llama 3.2 3B Instruct 51.55 14.32 63.95 12.45 23.22 26.20
GRIFFIN 28.96 10.98 64.52 12.52 22.09 25.49
Layer-wise LoRA 26.46 11.28 63.88 12.55 22.12 25.96
E2E LoRA 42.91 16.50 64.67 12.63 21.81 26.05
Layer-wise Caprese 40.18 13.70 64.33 11.60 21.56 25.90
E2E Caprese 44.66 16.96 64.83 12.35 21.26 26.04

Gemma 2 2B Instruct 51.02 16.06 63.77 10.96 22.17 26.01
GRIFFIN 33.74 11.32 63.28 11.07 18.27 22.24
Layer-wise LoRA 39.58 14.66 62.98 10.54 21.58 26.64
E2E LoRA 44.66 16.71 63.03 10.81 22.45 26.35
Layer-wise Caprese 42.53 12.32 63.77 10.75 21.63 26.37
E2E Caprese 48.14 13.70 63.37 11.05 22.48 27.16

5.4.3 Instruct Models

Next, we look into the performance of Caprese in the absence of inference scaling methods

on instruct LLMs whcih are primarily tailored for language tasks. We show Caprese is able

to preserve math performance without sacrificing quality on language tasks like question

answering. We test Llama 3 (Dubey et al., 2024) and Gemma 2 (Team et al., 2024c)

models on 0-shot GSM8K (Cobbe et al., 2021), MATH (Hendrycks et al., 2021), CoQA

(Reddy et al., 2019), QASPER (Dasigi et al., 2021), XSum (Narayan et al., 2018), and

CNN/DailyMail (Hermann et al., 2015; See et al., 2017). We use CoT prompts for math

tasks.

Table 5.5 shows Caprese preserves most if not all of the math capabilities in the original

83



Table 5.7: 0-shot accuracies on mathematical reasoning (GSM8K and MATH) and language
generation tasks (CoQA, QASPER) with QLoRA as the backend method. FF weights are
quantized to 4 bits and r = 256.

Model GSM8K MATH CoQA QASPER

Llama 3.2 1B Instruct 22.44 10.66 55.43 14.43
QLoRA 12.05 6.56 48.70 12.37
Layer-wise Caprese 15.01 6.88 49.60 12.65
E2E Caprese 21.61 9.98 53.52 13.54

Llama 3.2 3B Instruct 51.55 14.32 63.95 12.45
QLoRA 45.41 11.98 62.22 12.87
Layer-wise Caprese 45.56 11.78 64.25 12.41
E2E Caprese 48.82 14.14 64.05 12.26

models without damaging performance on the language tasks, despite the distillation dataset

being all math. In most cases, CATS and GRIFFIN severely harm GSM8K and MATH

accuracy, but Caprese e!ectively recovers the lost performance. E2E Caprese is the most

performative in the majority of math scenarios. All methods have little impact on the

accuracy of language tasks (the main purpose of these tasks is to show no degradation in

language-related cases).

Additionally, we report the performance of using LoRA in place of Caprese while

keeping parameter count constant in Table 5.6. Caprese achieves the highest accuracy in

slightly more cases than LoRA, but as per our discussion on LoRA in Section 5.3.5 and

e"ciency analysis in Section 5.4.4, LoRA’s main benefit is e"cient training, not e"cient

inference.

To demonstrate recovery generalizability beyond sparse FF methods as the backend,

we also equip QLoRA (Dettmers et al., 2023) with Caprese. Table 5.7 shows that E2E

Caprese is also able to nearly recover the performance degraded by quantization in both

math and language tasks.
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Table 5.8: End-to-end generation latency (s) and average time to next token (ms) for Qwen
2.5 14B. For the “Setup” column, P +G indicates input and generation lengths of P and G

tokens, respectively. As before, GRIFFIN is applied to the first half of the model, sparsity
is 50%, and r = 256.

Setup End-to-end Latency (s) Avg. Time to Next Token (ms)
Full GRIFFIN LoRA Caprese Full GRIFFIN LoRA Caprese

2048+256 10.5 8.7 9.5 8.7 41 34 37 34
2048+2048 84.4 70.3 76.5 70.4 41 34 37 34
2048+8192 344.9 287.7 312.5 288.8 42 35 38 35

5.4.4 E!ciency

Caprese reduces generation latency (Table 5.8). Caprese cuts total latency and time to

next token by >16% for the Qwen 2.5 14B architecture. Moreover, the latency di!erences

between GRIFFIN and Caprese are exceptionally small, suggesting that Caprese has min-

imal overhead. We also include latencies of GRIFFIN paired with LoRA weights, which

although faster than the base model, negates >40% of the time savings that GRIFFIN has

provided. This highlights the e"ciency suboptimality of LoRA during inference. Metrics

were collected on an NVIDIA L40 GPU using BF16 precision.

Bonus: E"ect on Natural Response Length

Caprese implicitly encourages brevity, often even producing shorter responses than from

the full reasoning model. Intriguingly, this behavior arises despite any enforcement or regu-

larization on response lengths anywhere during training or inference. Shown in Figure 5.5,

the shortest mean response length for all MATH-500 problem di"culties is either the full

model or Caprese. CATS consistently outputs the longest responses, averaging ↙1K more

across every sample. With increasing di"culty, all models and methods naturally allocate

more inference tokens towards the output. Given CATS and Caprese (CATS) achieve sim-

ilar MATH-500 accuracies to the full DS-Qwen 7B and 14B models, the ability of Caprese

to cut down the lengthy responses of CATS down to the response lengths of the original

model or shorter without compromising performance is a direct memory and latency ben-
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Figure 5.5: Average number of response tokens for MATH-500 queries with increasing
problem di"culty for CATS (top) and GRIFFIN (bottom). The global averages are indicated
by the dashed lines. Sparsity is set at 50%.

efit. This brevity of Caprese is more pronounced in larger models, proportionally, from a

5.8% reduction in tokens compared to the full DS-Qwen 7B model to an 8.5% reduction

compared to the full DS-Qwen 14B model. For GRIFFIN, the di!erence between Caprese

(GRIFFIN) and the full model is slightly larger but decreasing with model size. Even so,

response lengths of Caprese is still significantly shorter than GRIFFIN.

5.5 Ablations & Analysis

Now, we explore a couple characteristics of Caprese. In Section 5.5.1, we show the e!ective

rank of the learned parameters, and in Section 5.5.2, we take a look at the interaction

between the sparsity level of the FF method and the rank of Caprese.

5.5.1 Rank of Learned Parameters

In Figure 5.6, we plot the relative singular values for each learned product LR from (5.7)

in Llama 3.2 3B Instruct. Although we set the inner rank to be 256, we see that some
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layers in Caprese(CATS) are still very low rank. In comparison, Caprese(GRIFFIN) layers

are relatively high rank, likely to due to the fact that GRIFFIN performs highly structured

FF sparsification. From this, we hypothesize that GRIFFIN may better utilize an increased

Caprese inner dimension.

Figure 5.6: Relative singular values of learned Llama 3.2 3B Instruct Caprese layers. Blue
lines are individual layers; red lines are averaged across layers.

5.5.2 E"ect of Rank & Sparsity

Here, we ablate the relationship between varying ranks in Caprese and sparsity levels

in CATS. Using Llama 3.2 1B Instruct, we show the test performance of MATH in Fig-

ure 5.7. The same training procedure and data are used as outlined in Section 5.3. For

all ablated ranks, Caprese consistently outperforms pure CATS by a large margin when
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CATS performs poorly relative to the full model. With a couple of exceptions (perhaps due

to randomness in the generation process), greater performance is correlated with higher

rank.

Figure 5.7: Llama 3.2 1B Instruct’s performance on MATH with varying densities of CATS
and ranks in Caprese with end-to-end training.

5.6 Chapter Summary

To combat the ine"ciency of the long and brittle generation process associated with rea-

soning, we introduce Caprese, a performant and e"cient method with strong reasoning

and language capabilities that is compatible with a broad class of e"cient FF algorithms.

In the future, it would be interesting to evaluate its benefit in more reasoning domains,

explore input-dependent low-rank layers, and investigate the knowledge contained in these

low-rank layers. Caprese, along with future developments, pushes towards the long-term

goal of degradation-free e"cient LLM inference. Staying the realm of reasoning, we will

take a complementary approach in the next chapter where we strive to maximize the po-

tential of each unit of additional compute.
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Chapter 6

Underutilized Information in Parallel

Scaling

Whereas Chapters 3, 4, and 5 showed we could improve e"ciency with little e!ect on accu-

racy, this chapter will go in the complementary direction towards the inference compute-

performance Pareto frontier. In other words, this chapter introduces a method to boost

performance with equivalent computational resources by leveraging underutilized features

unique to parallel inference scaling. In doing so, we will also generalize parallel generation

for LLMs by elevating computation to a higher dimension. This chapter covers material

from Dong et al. (2026b).

6.1 Parallel Scaling Features as Tensors

Now we focus on improving parallel scaling by enhancing reasoning performance of LLMs.

Many scaling methods concentrate resources to generate a single high-quality response such

as with CoTs (Wei et al., 2022) and decompositions of a problem into parallel substeps

(Rodionov et al., 2025; Yang et al., 2025b). However, there are also instances where a high-

quality set of responses for each input is needed, such as in the case of output synthesis,

best-of-N selection, and synthetic data generation. Scaling this in a parallel manner is

traditionally done by sampling independent generations. Consequently, each generation is
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ignorant of the other rollouts, despite answering the same prompt. Independent generations

for the same prompt leave potentially useful information derived from other responses

unutilized, limiting the performance ceiling. In contrast, sequentially scaling CoTs ensures

each sampled token can play a role in the final output. Motivated by the potential of

shared information across parallel generations stemming from the same prompt, we aim to

leverage these interactions to enhance and generalize parallel inference scaling.

There has been progress in integrating some form of parallel dependence for inference.

A line of work explores breaking down reasoning steps into parallel paths with great success

(Hsu et al., 2025; Jin et al., 2025; Pan et al., 2025a; Rodionov et al., 2025; Yang et al.,

2025b). In these N -to-1 cases, parallel computation is funneled into a single output, useful

for generating one high-quality response but not a high-quality set of responses. Even so,

they highlight the potential of mid-generation interactions between sequences. We seek to

generalize parallel scaling with interdependence, which allows all N output sequences for

one prompt to use all the compute and information available, not just a single isolated

partition (N -to-N). Thus, the challenge is finding a totally parallel method that uses N

simultaneous threads to generate N responses with interdependence without extensive post-

training.

Looking at the operations on LLM hidden states reveals a clue to overcome these

challenges (Figure 6.1). For batch size B, sequence length S, and hidden dimension D,

the hidden states per forward pass has 3-D shape B ⇐ S ⇐D. Attention and feedforward

blocks blend information throughout each S ⇐ D slice with the batch dimension kept

independent. Even minor inter-sample interactions like Batch Normalizations (Io!e and

Szegedy, 2015) were substituted with Layer Normalizations (Ba et al., 2016). While this

is natural for highly heterogeneous batches where samples with wildly di!erent inputs can

be fed together in the same forward pass without interference, parallel scaling, which draws

many responses from a single input, exhibits uniquely homogeneous structure since each

output stems from the same input. Hence, there is the potential for useful information

transfer during the generation process which we exploit.

We introduce Bridge (Batch reasoning with interdependent generations), a method
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Figure 6.1: LLM hidden states are 3-D tensors, where attention and feedforward blocks ex-
plicitly transfer information between tokens and features, respectively. By instead treating
parallel scaling generations as a single tensor rather than independent slices, our method,
Bridge, operates along the batch axis, so that tokens from all sequences that share the
same prompt can share information throughout generation.

that shares information across tokens that stem from the same prompt in a batch for

parallel scaling with interdependent generations (Dong et al., 2026b). With a minor archi-

tectural change to LLMs, each token generated in a batch can depend on tokens in other

generation threads with the same prompt. In turn, our method improves reasoning per-

formance evaluated both at the individual response level (accuracy) and response set level

(G-Pass@kϑ (Liu et al., 2025)). Furthermore, our method focuses on generation, so any

post-generation aggregation technique can be used. We push the following advancements

towards parallel scaling:

1. Parallelism with Dependence: Instead of generating in isolated silos, Bridge

allows information to flow between sequences while maintaining complete generation

parallelism. Thus, inference compute is pooled together for all tokens, rather than

being partitioned. We show Bridge significantly increases the final performance after

reinforcement learning with verifiable rewards (RLVR) on 7 math and 5 non-math

benchmarks using multiple reasoning models.

2. Low Cost: By adding only 2.8% to 5.1% additional parameters, and warming up
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on a small supervised fine tuning (SFT) dataset (e.g. GSM8K (Cobbe et al., 2021)),

Bridge already significantly improves the e!ectiveness of RLVR.

3. Versatility: Bridge has no restriction on the width of parallelism and is robust

to train-time and test-time width discrepancies. Trained once, all tested widths

outperform independent generations in terms of accuracy, coverage, and consistency.

Furthermore, Bridge does not rely on any heuristics or interventions at any point in

the generation process.

Our extensive experiments on multiple models and tasks show that Bridge e!ectively

shares information across multiple generations for the same input. For example, our

method improves the relative benefit of RLVR on DeepSeek-R1-Distill-Qwen-7B by 39%

averaged over 7 math tasks, compared to the next best method. With the same model,

Bridge also increases the rate at which all responses to a single competition math problem

are correct from 15.0% to 17.8%.

In Section 6.2, we introduce Bridge, detailing the algorithm, the training pipeline,

and its implications. We demonstrate Bridge’s e"cacy on a variety of reasoning datasets,

evaluated both on sample-wise accuracy and on global response set quality in Section 6.3.

Finally, in Section 6.4, we highlight some important characteristics of our method including

the versatility of generation width, length extrapolation, an example of post-generation

aggregation, our design choices, and additional e!ects on features and outputs.

6.2 Bridge: Latent Information Exchange

Sharing information between samples mid-generation in the latent space gives rise to a

couple technical challenges. One is finding an e!ective and e"cient way to achieve this.

Attention and feedforward blocks already pose serious static and dynamic memory bot-

tlenecks, which we want to avoid accentuating while still improving accuracy. Second, we

also need versatility to allow for any number of parallel generations at test-time. Bridge

overcomes these challenges with small attention-like blocks that fit into any LLM. We be-

gin with a description of Bridge, its connections, and its implications, followed by details
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Figure 6.2: Bridge design. (Left) A Bridge block and input normalization layer are added
after each feedforward block. (Right) A timestep’s tokens stemming from the same input
prompt attend to each other in Bridge blocks, denoted by the arrows. Dotted arrows illus-
trate all the locations of information transfer to di!erent sequences in a Markovian fashion
(token features only at the current timestep are shared to predict the next timestep’s
tokens). Attention is masked for tokens from di!erent prompts and from completed gen-
erations. White squares are masked cells.

on SFT warm up (Section 6.2.2) and RLVR (Section 6.2.3).

6.2.1 Bridge Architecture

We introduce Bridge, a new transformer block that introduces dependence between sam-

ples in a batch. At a high level, Bridge performs attention between tokens, which share the

same prompt and do not come from completed generations, in a batch at each timestep.

We summarize our method in Figure 6.2 and Algorithm 2.

To start, we first describe self-attention layers. Define hidden states X ↑ RB→S→D for

batch size B, sequence length S, and hidden dimension D. Let [X ]b,·,· and [X ]·,s,· be the

b-th and s-th 2-D slices along the batch and sequence axes, respectively. Self-attention,
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parameterized by WA,Q,WA,K ↑ RD→DQK and WA,V,W
↑
A,O ↑ RD→DVO , is calculated inde-

pendently for each sample b:

QA,b = [X ]b,·,·WA,Q, KA,b = [X ]b,·,·WA,K, VA,b = [X ]b,·,·WA,V,

[Attn(X )]b,·,· = Softmax(MaskA(QA,bK
↑
A,b

))
︸ ︷︷ ︸

↘RS↓S

VA,bWA,O. (6.1)

Bridge blocks are similar, but attention between samples is calculated independently

for each token index s. Letting WB,Q,WB,K ↑ RD→DQK and WB,V,W
↑
B,O ↑ RD→DVO ,

QB,s = [X ]·,s,·WB,Q, KB,s = [X ]·,s,·WB,K, VB,s = [X ]·,s,·WB,V,

[Bridge(X )]·,s,· = Softmax(MaskB(QB,sK
↑
B,s

))
︸ ︷︷ ︸

↘RB↓B

VB,sWB,O. (6.2)

Algorithm 2 sketches the pseudocode for Bridge blocks, following (6.2). Like normal

self-attention, this can easily be extended to multiple heads. However, there are 3 key

di!erences between usual self-attention and Bridge beyond a transposition of X :

• Instead of a decoder mask, Bridge applies an attention mask that omits attention

to tokens from sequences stemming from di!erent prompts and sequences that have

completed generation. See Figure 6.2 for an example.

• No positional encoding is used to preserve sample position invariance.

• Without attention to previous tokens, Bridge’s Markovian design does not maintain

a key-value cache.

We place a Bridge block after each feedforward block with a residual stream and input

normalization layer that mimics existing blocks, shown in Figure 6.2. Bridge is active

during the prefill stage too, but since all hidden states for the same input are identical,

Bridge blocks act as linear layers.
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Algorithm 2: Bridge Block
Input: X ↑ RB→S→D

Parameters: WQ,WK ↑ RD→DQK ;WV,W↑
O ↑ RD→DVO

Output: Y ↑ RB→S→D

Qs ⇓ [X ]·,s,·WQ for s = 1, . . . , S
Ks ⇓ [X ]·,s,·WK for s = 1, . . . , S
Vs ⇓ [X ]·,s,·WV for s = 1, . . . , S
Construct mask Ms ↑ RB→B

for s = 1, . . . , S:

[Ms]b1,b2 = 0 if generations b1, b2 have the same prompt and are incomplete at token s.
[Ms]b1,b2 = ↔↗ otherwise.

[Y ]·,s,· ⇓ Softmax

(
QsK

↑
s⇒

DQK

+Ms

)
VsWO for s = 1, . . . , S

Return: Y

Connection to E!cient Attention for Tensors

Bridge unlocks the ability for an LLM to treat a batch of LLM hidden states as a 3-

D (B ⇐ S ⇐ D) structure rather than a stack of independent 2-D slices. In this way, the

inputs are analogous to images, and the decoding process is like autoregressively generating

additional columns. With this interpretation, Bridge applying attention operations on

di!erent axes of an input is similar to axial attention (Ho et al., 2019) which was introduced

first in computer vision to accelerate encoder attention but has since seen wide success in

various applications such as in medicine (Azad et al., 2024), materials science (Dong et al.,

2023b), and algorithm discovery (Fawzi et al., 2022).

Generation Interdependence

For B independent rollouts we sample the next token [ob]s+1 from the distribution,

p([ob]s+1|q, [ob]1:s),

for response sample b, timestep s, input vector of prompt tokens q, and previously gener-

ated tokens [ob]1:s. With Bridge, the next token distribution becomes

p([ob]s+1|q, {[ob→ ]1:s}
B

b→=1)
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Figure 6.3: Bridge and P-Match warm up procedure. The original LLM generates can-
didate traces which are filtered by correctness and compiled into a dataset. SFT on this
generated dataset only updates new parameters. The P-Match baseline substitutes Bridge
blocks with MLPs matched in parameter count.

for each sample b. Conditioned on past tokens, Bridge preserves independence between

tokens at the same timestep, which allows next token sampling to still be performed in

parallel:

([ob1 ]s+1 ′′ [ob2 ]s+1)|(q, {[ob→ ]1:s}
B

b→=1) for b1 ∞= b2.

6.2.2 SFT Warm up

While RLVR can be immediately applied with Bridge since these new blocks are initialized

to have no contribution, we can also optionally warm them up with SFT for more su"cient

training and better downstream performance. A desirable SFT dataset would include

many reasoning traces to one prompt. To stay close to the original LLM’s generation

distribution, we create SFT datasets by first responding to prompts from an existing math

dataset. Then, traces are filtered for correctness. During training, these correct traces are

fed together in the same batch to warm up Bridge blocks with SFT. All other parameters

are frozen. Figure 6.3 illustrates the warm up procedure, and Table 6.6 explores more

in-depth on the benefits of warm up.

6.2.3 RLVR Objective

We train LLMs with Bridge using GRPO (Shao et al., 2024). We use a variant specified by

Yu et al. (2025) which performs token-level normalization to reduce length bias. Letting
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the group size be G, the advantage of the i-th output oi to input q with reward ri is

Âi = ri↓mean(r1,...,rG)
std(r1,...,rG) . Then, for clipping threshold ↽, hyperparameter ω, and policy ⇀ϖ

parameterized by ⇁, the objective is

J (⇁) =
1

∑
G

i=1 |oi|

G∑

i=1

|oi|∑

s=1


min

[
Ri,s(⇁)Âi, clip(Ri,s(⇁), 1↔ ↽, 1 + ↽)Âi

]
↔ ωDKL(⇀ϖ||⇀ϖref

)

,

(6.3)

where

Ri,s(⇁) =
⇀ϖ([oi]s|q, {[oj]1:s↓1}

G

j=1)

⇀ϖold
([oi]s|q, {[oj]1:s↓1}

G

j=1)
,

DKL(⇀ϖ||⇀ϖref
) =

⇀ϖref
([oi]s|q, {[oj]1:s↓1}

G

j=1)

⇀ϖ([oi]s|q, {[oj]1:s↓1}
G

j=1)
↔ log

⇀ϖref
([oi]s|q, {[oj]1:s↓1}

G

j=1)

⇀ϖ([oi]s|q, {[oj]1:s↓1}
G

j=1)
↔ 1.

The key di!erences from the GRPO objective (and its variants) and our objective are not

formulaic but rather inherently induced from the architecture of Bridge. Namely, the ratio

and KL divergence terms now contain inter-sample dependence between relevant samples,

breaking the original assumption of independent trajectories. By linking the advantages

and logits in a group, the loss and gradients per output are intertwined with other outputs’

that share the same prompt. In other words, gradients from all sequences, containing both

positive and negative advantages, are backpropagated through each sequence because of

Bridge blocks.

While our method inserts dependence between sequence and therefore their correspond-

ing rewards, the sample permutation invariance of Bridge blocks means the unconditional

rewards are still identically distributed. This implies

E(Âi) = E
(
ri ↔

1
n

∑
G

j=1 rj

std(r1, . . . , rG)

)
= E

(
ri ↔

1
n
· nri

std(r1, . . . , rG)

)
= 0, (6.4)

preserving unbiasedness of the advantage. To preserve some notion of independence be-

tween rollouts for GRPO, one can generate multiple groups per prompt with Bridge and

compute advantages between groups. Though this deserves exploration in future work, we
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do not do this here as it would be computationally expensive, and our single group setup

is already empirically performative.

Since Bridge is just an architectural change, training is not just limited to SFT and

RLVR for reasoning problems. For instance, Bridge may also be applied for reinforcement

learning from human feedback (RLHF) which is an interesting future direction.

6.3 Core Experiments

We now showcase the benefit of Bridge across multiple models and math reasoning bench-

marks. After describing our setup in Section 6.3.1, we first show that applying RLVR

with Bridge blocks improves accuracy more than other methods. For instance, DeepSeek-

R1-Distill-Qwen-7B with Bridge blocks observes a relative 39% further improvement with

RLVR than the next best method (Section 6.3.2). Then, in Section 6.3.3, we demonstrate

that Bridge also improves the output set quality across several metrics in terms of coverage

and correctness consistency.

6.3.1 Experimental Settings

Models and Baselines

We test Bridge on DeepSeek-R1-Distill-Qwen-1.5B, DeepSeek-R1-Distill-Qwen-7B, and

DeepSeek-R1-Distill-Llama-8B, which we abbreviate to DS-Qwen-1.5B, DS-Qwen-7B, and

DS-Llama-8B, respectively (Dubey et al., 2024; Guo et al., 2025; Yang et al., 2024a). We

use 4 query and key-value attention heads for Bridge, each with the same dimension as the

original model’s head dimension. This only adds 5.1%, 2.8%, and 3.4% extra parameters on

top of the original DS-Qwen-1.5B, DS-Qwen-7B, and DS-Llama-8B models, respectively.

Table 6.1 lists the exact parameter counts. Our parameter-matched baseline which we call

“P-Match” adds 2-layer MLPs of the same size in the same positions as Bridge blocks

which serves to show the limited e!ect of just adding parameters. Matched in parameter

count, P-Match and Bridge are also trained with the same warm up and RLVR pipeline.

Both methods are initialized to have zero contribution.
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Table 6.1: Distribution of parameters (B) across embedding/head, attention (Attn), feed-
forward (FF), and Bridge blocks.

Model Embed & Head Attn FF Bridge Orig. Total New Total

DS-Qwen-1.5B 0.47 0.15 1.16 0.09 1.78 1.86
DS-Qwen-7B 1.09 0.82 5.70 0.21 7.62 7.82
DS-Llama-8B 1.05 1.34 5.64 0.27 8.03 8.30

Training

For the SFT warm up stage, we first use the original LLM to generate 8 response for

each GSM8K (Cobbe et al., 2021) problem and then filter out incorrect responses and

problems with one or fewer correct responses. We train only the additional parameters with

Bridge and P-Match on this custom dataset for 5 epochs and keeping the best checkpoint

according to the perplexity on 500 validation problems (and their corresponding set of

correct reasoning traces). This checkpoint is inserted in the model for RLVR where we

train the full model on DeepScaleR-Preview-Dataset (Luo et al., 2025) for 1000 gradient

steps. DS-Qwen-1.5B is trained with generation width 8 while the others were trained with

4. The only reward is correctness of the generation. Table 6.2 lists the hyperparameters

used for RLVR and SFT.

Evaluation

We evaluate Bridge on 7 math benchmarks (MATH-500 (Hendrycks et al., 2021; Light-

man et al., 2023), AIME24, AIME25 (AIME, 2025), AMC23 (AMC, 2023), BRUMO25

(BRUMO, 2025), CMIMC25 (CMIMC, 2025), and HMMT_FEB25 (HMMT, 2025)) and

5 challenging non-math benchmarks (XSum (Narayan et al., 2018), CNN/ DailyMail (Her-

mann et al., 2015; See et al., 2017), GPQA (Rein et al., 2024), ZebraLogic (Lin et al.,

2025), and Countdown (Pan et al., 2025b)). Evaluating MATH-500 on every 100 training

steps, the checkpoint with the highest validation accuracy is used to test on the remaining

benchmarks. We evaluate across 4 responses per MATH-500 sample and 32 responses per

sample from the other benchmarks. Sampling temperature and top-p are set to 0.6 and

99



Table 6.2: Bridge training hyperparameters.

Hyperparameter RLVR SFT & Warmup Data Generation

Mixed precision BF16 BF16
Optimizer AdamW AdamW
KL penalty 1e-3 N/A
Learning rate 1e-6 2e-5
LR scheduler constant linear
LR warmup 10% 10%
Training steps 1000 varies
Batch size (rollouts ⇐ samples) 448 32
Rollouts per sample 8 [2,8]
Total samples 7000 varies
Max length 4096 2048
Steps per rollout 8 N/A
Temperature 0.6 0.6
Heads 4 4
Generation width 4 or 8 [2,4]

0.95, respectively. We set the generation width of Bridge to 8 for all tasks except MATH-

500, which we set to 4 since we only evaluate on 4 responses per sample. We adapt our

evaluations from the Lighteval framework (Habib et al., 2023).

6.3.2 Reasoning Accuracy

Beginning with standard accuracy (Pass@1), we compare the performance of the original

model, original model with RLVR, P-Match with SFT and RLVR, and Bridge with SFT

and RLVR on several math benchmarks. Results in Table 6.3 show that in nearly all cases

and on average, Bridge obtains the highest accuracy compared to all other methods. In

particular, the average performance improvements of our method on the original model is

26%, 39%, and 34% relatively more than that of the next best method on DS-Qwen-1.5B,

DS-Qwen-7B, and DS-Llama-8B models, respectively. P-Match with parameter counts

pegged to Bridge improves accuracy from just pure RLVR most of the time but is much

more inconsistent, such as in the case of DS-Qwen-7B. This indicates that the superior

performance of Bridge is not solely attributed to additional parameters. Furthermore,
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Table 6.3: Accuracy comparison across math benchmarks. In each section, the 4 rows from
top to bottom are the performance of the original model, RLVR applied on the original
model, P-Match (extra MLPs) with SFT warm up and RLVR, and Bridge with SFT warm
up and RLVR. The 2 rightmost columns show the average across all benchmarks and the av-
erage improvement over the original model. MATH-500, AMC23, BRUMO25, CMIMC25,
and HMMT_FEB25 are abbreviated to MATH, AMC, BRU, CMI, and HMMT, respec-
tively.

Model MATH AIME24/25 AMC BRU CMI HMMT Avg ∈ ”

DS-Qwen-1.5B 73.65 13.75 / 13.44 50.00 18.12 4.30 8.23 25.93 0.00

RLVR only 78.75 17.40 / 18.44 60.55 18.54 3.83 7.50 29.29 3.36

P-Match 78.65 18.12 / 19.17 60.62 20.94 5.08 8.54 30.16 4.23

Bridge 81.30 20.11 / 20.00 60.55 21.36 5.63 9.79 31.25 5.32

DS-Qwen-7B 82.15 23.44 / 21.88 66.02 23.75 5.63 11.98 33.55 0.00

RLVR only 88.15 29.06 / 23.85 74.30 28.33 7.97 12.60 37.75 4.20

P-Match 86.80 28.85 / 25.73 70.47 26.77 6.25 11.87 36.68 3.13

Bridge 88.15 32.19 / 25.41 77.65 30.21 9.77 12.40 39.40 5.85

DS-Llama-8B 73.40 15.42 / 13.12 57.97 15.62 2.73 8.23 26.64 0.00

RLVR only 76.70 18.12 / 18.12 63.44 15.83 5.47 10.52 29.74 3.10

P-Match 78.00 22.29 / 20.21 61.80 17.81 5.08 11.67 30.98 4.34

Bridge 80.15 24.76 / 18.18 66.36 19.91 6.02 11.93 32.47 5.83

even though DS-Qwen-7B and DS-Llama-8B were trained with generation width 4, the

evaluation results with width 8 are still stronger than the other independent sampling

methods, showing the robustness of Bridge. In addition, the improvement by Bridge is

greater for larger models, and scaling up to even larger ones remains of interest for future

work. Although we train Bridge solely on math, we observe no degradation and sometimes

improvement on non-math tasks (Table 6.4).

6.3.3 Set-level Evaluations

Zooming out, we show Bridge also improves the consistency and coverage (i.e., the percent-

age of questions that have at least 1 correct response in the response set) across multiple

generation attempts. To evaluate the set of responses to a single input, we use the G-

Pass@kϑ (Liu et al., 2025) metric, which paints a more holistic picture of model potential

(coverage) and consistency. Whereas Pass@k is the probability of a correct output in k
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Table 6.4: Evaluations on non-math tasks. Note that our training procedure only used
math samples. Rouge-1 (Lin, 2004b) scores are reported for summarization (XSum and
CNN/DailyMail). Average accuracies are reported for GPQA, ZebraLogic, and Count-
down.

Model XSum CNN/DailyMail GPQA ZebraLogic Countdown

DS-Qwen-1.5B 15.72 22.11 33.14 30.90 28.77
RLVR only 14.81 22.79 32.45 30.90 28.15
P-Match 15.90 22.78 32.51 32.55 31.36
Bridge 17.17 24.07 33.90 33.15 34.84

DS-Qwen-7B 18.03 24.19 43.94 40.00 49.55
RLVR only 17.24 23.52 43.56 41.25 49.93
P-Match 18.13 23.76 43.75 42.95 46.91
Bridge 18.16 24.55 45.77 42.60 52.70

DS-Llama-8B 18.23 23.84 35.80 41.25 14.04
RLVR only 2.25 1.65 39.46 43.25 29.23
P-Match 19.67 23.01 38.83 43.50 32.32
Bridge 18.04 22.64 39.65 44.70 32.51

responses, G-Pass@kϑ is the probability of 0 < φ ↓ 1 fraction of k responses being correct.

More formally, for n responses and c correct responses,

Pass@k = E
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
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As φ ∋ 0, G-Pass@kϑ is simply the coverage. On the other extreme, G-Pass@k1 is the

probability that all k responses are correct.

From Figure 6.4, Bridge achieves higher G-Pass@8ϑ values for nearly all values of φ and

models. This demonstrates that Bridge can achieve greater coverage without spreading out

its responses to many incorrect answers. In other words, not only do Bridge blocks increase

the probability of a correct response in the response set more than the other methods, they

also increase the frequency at which they occur. Again, we note that Qwen-7B and DS-

Llama-8B were trained with generation width 4 yet they generalize well to evaluation width

8.
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Figure 6.4: G-Pass@8ϑ averaged across AIME24, AIME25, AMC23, BRUMO25,
CMIMC25, and HMMT_FEB25. Each chart measures the minimum number of correct
answers (φ · k) out of k = 8 simultaneous responses. Bridge has the greatest coverage
(φ ·k = 1) and answers correctly most consistently (φ ·k > 1) in the vast majority of cases.
Higher is better.

6.4 Ablations and Analysis

Now that we have demonstrated Bridge’s performance, we explore several other aspects

of our method, including parallel width extrapolation (Section 6.4.1), length extrapola-

tion (Section 6.4.2), self-consistency aggregation (Section 6.4.3), algorithmic design choices

(Section 6.4.4), and additional e!ects on outputs beyond performance (Section 6.4.5).

6.4.1 Generation Width Extrapolation

The design of Bridge allows complete flexibility in the number of parallel generations,

or generation width w, due to the removal of positional encoding. Here, we show its

generalizability to other widths on DS-Qwen-7B which was trained on a width of 4 with

RLVR. In Table 6.5, in all cases where w > 1, Bridge outperforms P-Match in terms of

task-wise and global average accuracy. We also investigate the e!ect of w on set quality

in Figure 6.5. Again, we generally see a vast improvement upon the original model and

P-Match with w > 1 for all G-Pass@8ϑ settings. These results show not only the benefit

of sharing information via Bridge but also the generalizability to widths wider and thinner

than its training width. At the extreme of w = 1, equivalent to independent generations,

results in average accuracy that falls between RLVR only and P-Match, indicating that

Bridge blocks do not harm independent reasoning.
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Table 6.5: Accuracy across 32 samples of varying Bridge generation widths, w, with DS-
Qwen-7B which was trained at width 4 with RLVR. A Bridge width of 1 is equivalent to
independent generation. Tasks are abbreviated as described in Table 6.3.

Method AIME24 AIME25 AMC BRU CMI HMMT Avg ∈ ”

DS-Qwen-7B 23.44 21.88 66.02 23.75 5.63 11.98 25.45 0.00
RLVR only 29.06 23.85 74.30 28.33 7.97 12.60 29.35 3.90
P-Match 28.85 25.73 70.47 26.77 6.25 11.87 28.32 2.87

Bridge

w = 1 28.13 24.48 74.85 28.02 9.07 11.77 29.39 3.94
w = 4 31.57 25.63 76.93 28.65 10.16 13.13 31.01 5.56
w = 8 32.19 25.41 77.65 30.21 9.77 12.40 31.28 5.82
w = 16 32.92 25.11 75.70 30.63 8.21 12.50 30.85 5.40

Table 6.6: Accuracy comparison between cold start RLVR and RLVR with SFT warmed
up Bridge blocks in DS-Qwen-7B. Tasks are abbreviated as described in Table 6.3. 16
responses were collected per task except MATH-500 in which 4 were collected.

MATH AIME24/25 AMC BRU CMI HMMT Avg

Cold Start 88.70 33.13 / 26.67 77.19 29.80 7.04 12.09 39.23
Warmed up 88.15 33.75 / 25.63 77.97 30.21 10.00 13.13 39.83

6.4.2 Generation Length Extrapolation

Bridge also shows strong generalizability along the length axis. We demonstrate its per-

formance as we extrapolate beyond its training length of 4096, again measuring both indi-

vidual and set performance. From Figure 6.6, our method scales smoothly and better than

the other baselines in most cases. At the individual response level, our method achieves

the highest accuracy across all generation lengths. At the set level, Bridge blocks increase

the number of sets that only had correct answers by 6.0% compared to the next best at

16K generation length, illustrating our method’s consistency to generate correct answers.
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Figure 6.5: G-Pass@8ϑ improvement upon the original DS-Qwen-7B model averaged across
AIME24, AIME25, AMC23, BRUMO25, CMIMC25, and HMMT_FEB25 with relation to
the evaluation generation width w of Bridge. The x-axis (φ · k) indicates the number of
responses out of k = 8 that must be correct.

6.4.3 Self-consistency

Since Bridge solely focuses on generation, we can use any post-generation method to

synthesize or choose the final output. As an example, Table 6.7 demonstrates Bridge

coupled with self-consistency (Wang et al., 2022).

6.4.4 Design Choices

There are a couple di!erent choices we can make to integrate Bridge blocks into LLMs.

We briefly explore the e!ect of warm-up and the ordering of transformer blocks to provide

clarity on our choices.

Cold Start vs. Warm up

Warming up Bridge blocks with SFT prior to RLVR outlined in Section 6.2.2 leads to

improvements in performance, shown in Table 6.6. The slight improvement implies that

although it is preferred to warm up these new layers, it is not catastrophic if RLVR is

applied directly from initialization.
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Figure 6.6: DS-Qwen-1.5B MATH-500 accuracy (top left), coverage (top right), G-
Pass@40.5 (bottom left), and G-Pass@41 (bottom right) as generation length increases.
We generate 4 responses per input.

Block Placement

Here, we examine in the architectural placement of Bridge blocks. In Table 6.8, we com-

pare the resulting MATH500 accuracy after applying RLVR on DS-Qwen-1.5B with Bridge

blocks added after attention blocks or after feedforward blocks, our chosen architecture for

the experiments. Since there is not a significant di!erence, this implies flexibility in place-

ment, though we choose to stick with the one with the higher warmed up performance for

our experiments.
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Table 6.7: Self-consistency accuracy across 32 samples. Tasks are abbreviated as described
in Table 6.3.

Model AIME24 AIME25 AMC BRU CMI HMMT Avg ∈ ”

DS-Qwen-1.5B 20.83 19.17 66.87 30.83 13.75 10.83 27.05 0.00
RLVR only 28.33 25.00 71.25 24.17 7.50 13.33 28.26 1.21
P-Match 25.00 26.67 72.50 28.33 8.75 15.00 29.38 2.33
Bridge 30.83 24.17 75.00 28.33 11.25 15.00 30.76 3.71

DS-Qwen-7B 30.00 26.67 78.12 33.33 8.75 20.83 32.95 0.00
RLVR only 36.67 27.50 83.75 38.33 14.37 17.50 36.35 3.40
P-Match 37.50 29.17 81.87 36.67 13.13 15.00 35.56 2.61
Bridge 40.00 30.00 86.25 41.67 17.50 16.67 38.68 5.73

DS-Llama-8B 25.00 16.67 73.12 23.33 8.13 13.33 26.60 0.00
RLVR only 25.83 25.00 76.25 25.83 12.50 17.50 30.49 3.89
P-Match 25.83 25.00 70.63 25.83 14.37 19.17 30.14 3.54
Bridge 31.67 22.50 78.75 24.17 10.00 15.00 30.35 3.75

Table 6.8: E!ect on MATH-500 accuracy when inserting Bridge blocks after attention
blocks vs. after feedforward blocks (chosen architecture) in DS-Qwen-1.5B.

Placement Cold Start Warmed up

After Attention 80.20 80.20
After Feedforward 80.15 81.30

Figure 6.7: Ratio between feature norms of the block output and residual of every DS-
Qwen-7B layer.
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6.4.5 Auxiliary E"ects of Bridge

In Section 6.3, we showcased the performance of Bridge as measured by various accuracy

metrics. Here, we describe its e!ect (or lack thereof) on intermediate features generation

quality stability, and output variance.

Feature Contribution

Having shown the improved performance brought by Bridge, we now briefly peer into the

e!ect that it has on LLM hidden states. We measure this by finding the ratio between the

output norm of each block with the corresponding residual norm of each token, with lower

values suggesting relatively little e!ect on the residual features (Figure 6.7). Surprisingly,

we find Bridge blocks contribute little compared to its counterpart in P-Match, despite

having a significant impact on the performance.

Output Stability

We additionally measure the e!ect of Bridge on the output tokens in Table 6.9. First, we

find the average pair-wise BERTScores (Zhang et al., 2019) between MATH-500 responses,

where higher scores indicate more similar output sequences. Our method has a slightly

higher BERTScore, meaning Bridge marginally increases output similarity but crucially

does not collapse the distribution of outputs. Second, we measure the variance in the

evaluation results for di!erent responses to the same prompt. For this, we turn to summa-

rization tasks where the evaluation metric (Rouge) of a single response is more granular

than the 0-1 nature of math tasks. With the lowest variance, Bridge produces outputs

with the most consistent quality.

6.5 Chapter Summary

To generalize and enhance parallel inference scaling for LLMs, we introduce Bridge, a

novel and inexpensive architectural addition to LLMs that allows parallel generations for

the same input to share information with each other throughout the decoding process. We
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Table 6.9: DS-Qwen-7B BERTScores (F1) for MATH-500 and Rouge-1 variances of sum-
marization tasks. Higher BERTScores indicate greater similarity of outputs.

MATH-500 BERTScore CNN/DailyMail Variance XSum Variance

DS-Qwen-7B 89.93 16.14 21.21
RLVR only 90.06 27.96 33.15
P-Match 89.89 16.09 22.29
Bridge 90.41 14.44 20.23

demonstrate that our method improves both single sample accuracy and set-wise quality

across multiple models and several reasoning tasks. We achieve this by rethinking hidden

states in parallel scaling as higher order tensors rather than disjoint slices. With this inter-

pretation, this also plants the seeds for many exciting future directions such as observing

the the e!ect of Bridge blocks during pretraining or mid-training, post-training with a

Pass@k (Chen et al., 2025) or another global objective, and quantifying the benefit on

other modalities and tasks which can exhibit di!erent levels of output homogeneity (Jain

et al., 2025). Such directions will push parallel scaling as a much more e!ective axis of

LLM inference scaling.

Up until now, this thesis has been focused on evaluating performance and e"ciency

on language-based tasks, particularly for LLMs. While LLMs have been central to much

of the progress in AI recently, other atypical domains can also benefit from inference

optimizations. Next, in Chapter 7, we will study physical dynamics and propose models

for scalable machine learning in a materials science application.
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Chapter 7

Application: Scalable AI Methods for

Materials Science

Just as vanilla LLMs can be ine"cient, so too are models that work with modalities and

domains beyond language. This chapter briefly covers our line of work on carrying the

lessons and observations in LLMs over to machine learning for materials characterization,

the study of a material’s properties, which comes with its unique challenges and constraints.

In particular, we will be improving data collection speed and robustness of electron back-

scattered di!raction (EBSD) microscopy images. This chapter is based on work introduced

in Dong et al. (2023b) and Dong et al. (2026c) while using results in Dong et al. (2023c)

and Efimov et al. (2025). For this chapter only, we use the term “transformers” to describe

encoder transformers for brevity.

7.1 EBSD Microscopy Primer: Utility and Challenges

Experimental methodologies for 3-D tomography of the internal microstructure of materials

has been refined considerably in the past few decades (Calcagnotto et al., 2010; Chapman

et al., 2021b; Jolley et al., 2021; Kotula et al., 2006; Nguyen and Rowenhorst, 2021; Polon-

sky et al., 2019, 2022; Uchic et al., 2016), growing to include a variety of modalities such as

X-ray computed tomography, optical imaging, electron imaging, energy dispersive X-ray

110



Figure 7.1: Three consecutive crops of real EBSD slices from IN625 (Chapman et al.,
2021b) (left) and IN718 (Stinville et al., 2022b) (right). The top row shows the cubochoric
values that are scaled and shifted for better visualization, and the bottom row shows the
same region in Boundaries. Note that the height and width of each slice here is 64 voxels
and not the original shape.

spectroscopy, and EBSD data, among others. In particular, EBSD microscopy is an impor-

tant tool for many materials science applications, as they can provide unique insight into

the topology of microstructural features like grains, pores, precipitates and the true shape

and size distributions of such features. Properties such as fatigue and oxide transport are

sensitive to the 3-D arrangement of these features (Naragani et al., 2017; Sandgren et al.,

2016; Wilson et al., 2006). Novel manufacturing processes like additive manufacturing also

demand three dimensional characterization of microstructure to fully link the processing

to the structure (Polonsky et al., 2022; Teferra and Rowenhorst, 2021).

Despite its many use cases, EBSD can be arduous to collect. For a volume of material,

EBSD data is collected with a raster scan of each slice, such that the result is a volume

of data where each voxel contains a vector of orientation information in the form of Euler

angles. Example EBSD slices are depicted in Figure 7.1. In addition to it being time

consuming and expensive, EBSD collection can also be corrupted due to a number of

reasons including removing more material (via mechanical polishing or laser/ion ablation)

than planned, the electron source nearing the end of its life resulting in low signal images,

the magnification on the microscope being incorrect for a slice, or the brightness/contrast

settings result in an over/under saturated image. While adjustments to the control software
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can be made to prevent these and other issues, it is hard to a priori imagine every reason a

slice or subset of data can be corrupted. Critically, since each slice is sanded o! in between

each raster scan, the material is essentially destroyed, so recollecting data is not an option.

This provides a strong incentive to accelerate, recover, or even bypass EBSD data collection

either with partial observations or cheaper modalities using computational methods.

However, we face challenges that prevent direct application of modern machine learning

methods. 1) First is data scarcity and quality. EBSD volumes can be few and noisy, posing

a barrier to common data-hungry machine learning methods. 2) Second, EBSD data,

expressed as Euler angles, are discontinuous and lie in non-Euclidean space, rendering

many distance metrics unintuitive. 3) Third, method outputs should ideally obey physical

constraints which may not be reflected in popular quantitative evaluation metrics. While

this new domain presents unique challenges, it also come ripe with unique patterns and

structures that can be leveraged. Once again, we look at the various AI inference facets

from Figure 1.1 and find hope. In particular, we can overcome these challenges in with

tools for and observations of EBSD data:

1. Synthetic and Augmented Data: Synthetic data generation tools like DREAM.3D

(Groeber and Jackson, 2014) and EMsoftOO (Graef, 2024) can produce vast amounts

of training data that mimic the distribution of real data. EBSD structure also lends

itself to data augmentation methods that may be nonsensical for natural images and

videos.

2. Geometric Awareness: With a transformation into cubochoric coordinates (Ro%ca

et al., 2014), we can use Euclidean distance metrics to estimate di!erences between

quaternion representations of EBSD data.

3. In-domain Metrics and Validation: In conjunction with machine learning met-

rics, we also use in-domain metrics that translate to physically tangible notions of

error like disorientation (Larsen and Schmidt, 2017; Varley, 2024). Moreover, we also

rely on qualitative evaluations by materials scientists.
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7.2 Organization & Contributions Overview

Adhering to the inference principles of Figure 1.1, we improve the EBSD collection process

using deep learning with contributions outlined below:

1. E!cient Transformer for Missing and Corrupted EBSD Slices (Section 7.3):

Inspired by the observation that EBSD has sparse and low-rank structure (Dong

et al., 2023c), we design a tailored two-stage e"cient encoder transformer for tensors

by leveraging sparse slice-to-slice evolutions (Dong et al., 2023b). In turn, we can

reduce the need to collect 25% of EBSD slices with a relatively small 30M parameter

transformer.

2. Multimodal Di"usion for Low-resolution EBSD (Section 7.4): We can also use

the help of a cheaper modality (e.g., polarized light images) with shared information

with EBSD to reduce the need for complete EBSD collection. With a multimodal

di!usion model and bringing in the notion of parallel inference scaling, we are able

to accurately recover EBSD features from low-resolution EBSD observations with

information from a cheaper modality (Dong et al., 2026c).

7.3 E!cient Transformers for EBSD Data Recovery

While advancements have been made in robustness and closed loop collection of EBSD

data (Chapman et al., 2021b), corruptions in data can still happen. This may not be as

significant of a problem in non-destructive techniques where the data can be recollected,

but in destructive techniques like serial sectioning (e.g., EBSD), it may often be the case

that a few slices out of a thousand have no data or are of very poor quality, lowering the

accuracy of the reconstruction.

However, if most of the data was collected properly, we hypothesize it should be possible

to infer a substantial amount of the missing data. The current common practice is to fill

in missing slices is to just copy the layer above or below the missing slice (Chapman et al.,

2021b). This is reasonable in most serial sectioning cases where the slices are being collected

at a high enough frequency that most of the data stays the same from slice to slice. Still,
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there is some room for improvement on nearest neighbor replacement type approaches, and

the transformer model, which has been used to fill in text data (Devlin et al., 2019), is a

tantalizing framework for also filling in missing data in sequential image data.

Previous chapters have shown their wide utility in language tasks, but transformers

have spread across multiple domains, such as in computer vision (Dosovitskiy et al., 2021),

speech processing (Latif et al., 2023), and bioinformatics (Zhang et al., 2023a). In our case,

transformers are appealing to EBSD data because the readings are inherently sequential as

it represents a real physical structure. Taking inspiration from how encoder transformers

are trained, our training procedure involves randomly masking a slice in an EBSD volume

and having the model predict the masked slice.

Our slice recovery task is closely related to that of masked image modeling, masked

autoencoders, and inpainting in computer vision (Chang et al., 2019; He et al., 2022; Kong

et al., 2023; Liu et al., 2021a; Pathak et al., 2016). Even though these may be applicable

and there exists plenty of transformers in computer vision (Dosovitskiy et al., 2021; Khan

et al., 2022), we want our model to also be computationally e"cient as we scale our method

and leverage the fact that EBSD volumes have sparse structures (Dong et al., 2023c), the

dynamics of which operate di!erently from typical images or videos. Regarding e"ciency,

the fact that EBSD produces high dimensional data means the final model’s computational

footprint cannot be ignored. Fortunately, since we observe compressible structure with

EBSD data, we opt for a simplified attention mechanism for high-order tensor data. In

summary, our transformer for EBSD recovery exhibits the following characteristics:

1. Domain Adaptation: The piecewise constant nature of EBSD data motivates us

to use an axial transformer (Ho et al., 2019) for e"cient training and inference for

tensor data. The benefit of our method is accentuated when zoning in on the recovery

accuracy of grain boundaries where other methods appear to perform poorly.

2. Transfer to Real Data: We demonstrate that despite being trained solely on

synthetic data, our transformer can generalize to real EBSD data without addi-

tional training while still outperforming all the baselines. This robustness to out-

of-distribution EBSD data overcomes a major limitation of relatively low amount of
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available real EBSD data that transformer training requires.

3. Accelerated Collection: Our results suggest that serial sectioning experiments

using similar experimental parameters to those in our test datasets, collection time

can e!ectively be slashed by up to 25% with very little error in predicted voxel

orientation, as the collection of every fourth slice can be bypassed. With the current

lengthy procedure of EBSD, this is a significant improvement in e"ciency.

Next up in Section 7.3.1, we cover e"cient encoder attention methods with an emphasis

on axial attention, which is designed for high order tensors. Then, we introduce our method

in Section 7.3.2 which shows strong results against all baselines in Section 7.3.3. Finally,

we describe some open problems and limitations of current methods in Section 7.3.4.

7.3.1 Background on Encoder Attention Methods

Full attention in encoder transformers (2.11) su!er from quadratic scaling of computation

with respect to the sequence length, just like attention in decoders (2.4). Consequently,

a variety of subquadratic methods have been developed in an attempt to address this

(Bolya et al., 2022; Chen et al., 2021; Choromanski et al., 2020; Tay et al., 2022; Wang

et al., 2020b; Xiong et al., 2021). Although, these focus primarily on text (1-D inputs) and

images (2-D inputs).

When it comes to high-order tensor data, such as EBSD volumes, the sequence length

explodes if we flatten (or patchify in the case of many transformers in computer vision

(Khan et al., 2022)) the input and apply vanilla attention, making computation a serious

bottleneck. Furthermore, since we observe a lot of structure with EBSD data, it is reason-

able to utilize some simplified attention mechanism. Our model uses axial attention (Ho

et al., 2019; Wang et al., 2020a) which runs the self-attention mechanism along the axes of

the input tensor. For instance, in a cube, each voxel only attends to voxels in the same row,

column, or depth. This greatly reduces the amount of computation and memory, especially

for higher order tensors. Intuitively, axial attention is appropriate because we hypothesize

that since local information can be quite uniform (nearby voxels are likely to be in the

same grain), long range information should also be included. With axial attention, it is
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highly likely to also obtain information in other grains and its boundaries.

In terms of implementation, the formula for multi-headed attention can be reused. Let

X ↑ RN1→···→NK→D be a single K-th order input where N1 ⇐ · · · ⇐ NK defines the shape

of the volume and D is the embedding size. As an example, suppose we are interested in

finding axial attention along the k-th axis for 1 < k < K. With proper axis permutation

and flattening, we can reshape X to a tensor of shape (


i ⇒=k
Ni ⇐ Nk ⇐D) and compute

multi-headed attention by treating the first axis as the batch axis. In our model, we

repeatedly use the outputs of axial attention to compute axial attention along the next

axis.

7.3.2 Method

We propose a transformer model to learn missing slices of EBSD data, followed by a

projection step to smooth out the voxel values. Described in more detail in the following

sections, our methodology is summarized in Figure 7.2. Due to limited real EBSD data,

our goal is to train this model on a large and diverse synthetic dataset and demonstrate

that it can generalize to real EBSD data, which we evaluate on two nickel superalloy EBSD

volumes, one for alloy IN625 (Menasche et al., 2021; Shade et al., 2019) and one for alloy

IN718 (Stinville et al., 2022a,b).

Data Description and Preparation

Each dataset (both synthetic and experimental) includes orientation information at every

voxel in a 3-D volume. For the experimental data, a substatial amount of preprocessing

was done to handle the alignment of the data and clean up noise; a complete descrip-

tion of the preprocessing may be found in Chapman et al. (2021b) and Stinville et al.

(2022b). In particular, we remove any grains smaller than 27 voxels (33) and average

orientations per grain. While operating on grain-average orientations simplifies the orien-

tation prediction problem, it does not represent the real complexity of orientation fields,

which often exhibit subtle local variations. We choose to focus on grain-averaged orien-

tations in this first implementation primarily to simplify our initial interpretation of the
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Figure 7.2: Method overview. The transformer takes in a sequence of cubochoric EBSD
slices with one unobserved slice as input to produce an output of identical shape where the
index of the unobserved slice contains the orientation predictions along the grain boundaries
which are the sole contributors to the loss function. The output is then processed by a
projection step that assigns each voxel to a grain based on its predicted orientation and
its neighboring voxels.

transformer predictions. Additionally, the publicly available version of the IN625 dataset

only contains grain-averaged orientations. The original volume containing Euler angles is

of shape N1 ⇐ N2 ⇐ N3 ⇐ 3, where N1, N2, N3 are the physical axes, and the final axis

represents the 3 Euler angles needed to define an orientation. Additional artifacts are then

computed from the input data:

• Cubochorics: A volume of shape N1 ⇐N2 ⇐N3 ⇐ 3 where the last axis contains the

cubochoric coordinates (Ro%ca et al., 2014) converted from the original Euler angles

at each voxel. Cubochoric coordinates are chosen since the Euclidean metric is used

for regressing the transformer model. The Euclidean distance between points in Euler

angle space does not necessarily relate to the angular distance between those points.

While this is also true for points in cubochoric space, as the cubochoric representa-

tion is an equal-volume mapping of SO(3) onto a grid as opposed to an equal-angle
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mapping, the Euclidean distance in cubochoric space approximates the Euclidean

distance between unit quaternions for small misorientations (Polonsky et al., 2020).

Since Euclidean distance is a valid metric in SO(3) (Huynh, 2009), we operate com-

pletely in cubochoric space, under the assumption that the Euclidean metric is a

reasonable approximation for similarity between points in this space.

• IDs: A volume of shape N1 ⇐N2 ⇐N3 which assigns identification numbers (IDs) to

denote which grain each voxel belongs to. Each ID number has a unique vector of

cubochoric coordinates associated with it. While not needed during training, these ID

numbers will be used to smooth our model outputs and evaluate model accuracy. For

experimental data, the IDs are found by segmenting the grains using a misorientation

tolerance (Chapman et al., 2021b; Stinville et al., 2022b), and for synthetic data, the

IDs are generated alongside the orientation data.

• Boundaries: A Boolean volume of shape N1 ⇐ N2 ⇐ N3 indicating if a voxel is on

the grain boundary. A voxel is a boundary voxel is at least one of its face-sharing

neighbors is of a di!erent ID number than itself.

To illustrate, Figure 7.1 contains example slices of (scaled and shifted) Cubochorics and

Boundaries of IN625 and IN718.

Synthetic volumes are generated via DREAM.3D (Groeber and Jackson, 2014). Each

synthetic training and validation volume is of physical shape 192⇐192⇐192 and 64⇐192⇐

64, respectively. Within DREAM.3D, we generate 9 training volumes while independently

varying the mean grain size and mean transformations per grain. In particular, we generate

volumes with mean grain sizes 2, 2.5, and 3 with no twins; we also generate volumes with

mean twins frequencies 0, 1, 2, 3, 4, and 5 while fixing mean grain size to be 2.3. Due to the

nature of the software, these parameters are unitless, as we can always synthetically increase

or decrease the granularity of the volume. For example slices of these synthetic volumes,

see Figure 7.3. The grain size distributions for each dataset are shown in Figure 7.4 as

probability plots. The natural logarithm of the normalized grain sizes are shown; ideal

lognormally distributed data would lie on straight lines in such plots. In general, the grain

sizes are primarily lognormal near their means, with noted deviations from lognormality
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Figure 7.3: Example synthetic slices of cubochoric values that are scaled and shifted for
visualization. Keeping mean grain size fixed, Figures 7.3a, 7.3b, and 7.3c show generated
slices when we specify the mean frequency of twins per grain to be 0, 2, and 4, respectively.
With no twins, Figures 7.3d and 7.3e show generated slices when we specify the mean grain
size to be 2 and 3, respectively. All slices have a height and width of 64 voxels.

Figure 7.4: Probability plots showing the grain size distributions for each dataset. Figure
7.4a compares the real test datasets to the synthetic training datasets without twins,
while Figure 7.4b compares the real test datasets to the synthetic training datasets with
twins. Grain sizes are represented as sphere equivalent diameters, D, normalized by the
distribution mean.

in their tails, which is a known phenomenon (Donegan et al., 2013).

Training Details

We first describe a few data augmentation steps. The number of unique cubochoric coordi-

nates is quite limited, so color shift transformations, along with other augmentations, are

critical. Note that use of the word “color” is loose here because we treat the cubochoric co-
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Figure 7.5: Transformer architecture (left) with either vanilla attention (center) or axial
attention (right). The axial transformer is produced by simply substituting full attention
with axial attention. Although axial attention has significantly more layers, it scales much
more favorably for high-order tensor data. Attention layers take three inputs for the query,
key, and value.

ordinates the same as color channels in computer vision. In particular, our augmentations

include random linear color shifts, rotations, and flips.

Using the 9 synthetic volumes generated by DREAM.3D, we train our axial transformer

model in a self-supervised fashion similar to masked language modeling tasks (Devlin et al.,

2019). These volumes are first normalized along each of the three cubochoric indices. Each

training input is sampled from a randomly chosen volume with physical axes randomly

permuted. Not only is cropping necessary due to computational limits, it also acts as

another form of augmentation. For a sample X ϱ ↑ R64→7→64→3, one of the central 5 slices

(along the second axis) is randomly masked. If m is the index of the masked or unobserved

slice, define M ↑ [0, 1]64→7→64→3 to be a mask such that [M]·,m = 0 and 1 elsewhere. Then,

the model input and output will be X ϱ ↘M and X̂ ↑ R64→7→64→3, respectively.
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Figure 7.6: Changes between slices are captured in boundary voxels. The top row shows two
consecutive slices. The bottom row shows their respective slices in Boundaries (red) with
the ID di!erence between the two slices overlaid (white). Note that di!erences between
these slices lie fully in the boundary voxels of both slices.

Since EBSD produces very structured data, we can leverage this to design a more

e!ective loss function. A simple mean-squared-error (MSE) loss function across all voxels

would not be su"cient because most voxels in the input are observed, so we would risk

learning an identity function which would produce a fairly low loss value. A better approach

would be to find the MSE of only the missing slice, analogous to masked language modeling

objective functions (Devlin et al., 2019). However, based on Figure 7.1, we see that many

of voxels remain unchanged across multiple slices, and the slice-to-slice changes all lie along

the grain boundaries (see Figure 7.6). Since voxels within grains are easy to predict the

values of, the source of di"culty is recovering the boundary voxels. Therefore, we opt

for a MSE loss function that only considers boundary voxels in the missing slice. More

formally, letting k be the index of the missing slice and B ↑ [0, 1]64→64→1 be the missing

slice’s boundaries map in Boundaries, the loss function we use is

L(X̂ ,X ϱ) =

[X̂ ↔X ϱ]·,m ↘B

2

F

↖B↖0

, (7.1)

following broadcasting rules. By the way we defined B, ↖B↖0 is the number of unobserved
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boundary voxels. In summary, this loss function essentially averages MSE error across all

unobserved boundary voxels.

Using this scheme, we train our 8-headed 8-layer model using stochastic gradient descent

with a momentum parameter of 0.9 and weight decay of 1e↔5. Using cosine schedules, we

warm-up the learning rate up to 0.01 for 8000 steps. While we decay the learning rate

until 160000 total gradient steps are taken with batches of 1 sample, performance plateaus

around halfway. The model uses learnable positional encoding, 4 attention heads, an

embedding size of 128, and a feedforward size of 512. The feedforward block is consists

of two 3-D convolutions with a window size of 3 along each axis separated by a GELU.

See Figure 7.5 for a visualization of the architecture. Notably, our model is compact for a

transformer, only consisting of slightly under 30 million parameters. We also apply 10%

dropout. Recall that the transformer returns predicted cubochoric coordinates at each

voxel of the same shape as the input, but only the masked slice contributes to the loss

function (7.1).

Nearest Neighbor Projection

The final step is to use outputs of our transformer, which are continuous values, to assign

each voxel to a grain and produce a smoother slice with fewer intra-grain variations. To do

this, we prepare a dictionary relating observed grain IDs to cubochoric coordinates. First,

we assign voxels whose neighbors (voxels that share a face) that reside in the previous

and next slice have the same ID to be that ID. We observe these voxels act like anchors

that provide more neighbors for voxels that are more di"cult to classify, which empirically

improves the recovery. Next, we begin projecting voxels, prioritizing the ones with the most

neighbors that have been assigned an ID, which include observed voxels and previously

projected voxels. This way, we first project voxels with the most known information in

their neighborhoods first to gradually build up information in more obscure neighborhoods.

Projections are determined by the minimum ϱ2 distance to relevant cubochoric coordinates

pulled from the dictionary based on neighboring IDs. Summarized in Figure 7.7, the

projection algorithm essentially turns the transformer outputs of the missing slice into IDs
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Figure 7.7: The nearest neighbors projection processes the outputs of a transformer to
assign voxels to grains. A 2-D toy example is shown in Figure 7.7a. White boxes denote
which voxels have not been projected yet. The input contains the transformer output
sandwiched between observed adjacent slices. First, the anchoring step assigns voxels
whose neighbors in adjacent slices are from the same grain. Then, voxels are sequentially
projected to their neighbors, as indicated by the small arrows, starting with the voxels
with the most observed and previously projected neighboring voxels. The bottom row
showcases a real projection example from the IN625 dataset. Figures 7.7b, 7.7c, and 7.7d
show the target slice, the transformer prediction, and the processed output via projection,
respectively. Figure 7.7e captures the voxel-wise ϱ2 di!erence between before and after
projection.

which can then be converted into cubochoric coordinates or Euler angles. For an example,

see the bottom row of Figure 7.7.

7.3.3 Core Experiments

With our method defined, we now evaluate its performance on synthetic and real EBSD

data with no additional training or fine tuning. Even though our method overwhelmingly

outperforms the baselines in terms of recovery, we also point out some weaknesses and

avenues for improvement.

There are three baselines we compare to. One is k-nearest neighbors (KNN) where a

voxel’s ID is determined by vote based only on observed or previously assigned IDs among

its neighboring voxels. This is the exact process of the projection step (including the

anchoring procedure), except instead of using a distance metric, voxels are assigned IDs by

a vote system. Ties are broken randomly. Another method, which is currently employed
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as a simple solution to missing slices, is to copy an adjacent slice to replace the missing

slice. This usually maintains fairly decent accuracy since the changes from slice to slice

are minuscule compared to the number of voxels. As such, copying the previous and next

slice are our other two baselines.

Metrics

Because the changes from slice to slice are captured by boundary voxels, we define two

di!erent accuracy metrics using the IDs. We denote the accuracy of each voxel in the

recovered slice as the overall accuracy and the accuracy only considering boundary voxels

in the recovered slice as the boundary accuracy. The latter poses a greater challenge for

all models, as it is consistently lower than the overall accuracy where the influence of

non-boundary voxels often dominates.

While we report the mean accuracies and standard deviation across validation samples,

the performance of one method is heavily correlated with the performance of others. For

instance, if a particular slice is di"cult to recover for one method, it is likely to be di"-

cult for all other methods. To better compare the performances between our transformer

and each baseline, we obtain di!erences in accuracy for each sample. Namely, we find

d(m,X ϱ, X̂ , X̂ b) := m(X ϱ, X̂ )↔m(X ϱ, X̂ b) for an accuracy metric m, ground truth X ϱ,

and outputs, X̂ and X̂ b, from our transformer and baseline b, respectively. Computing

this across all samples, the result is a distribution of accuracy improvements.

Synthetic Volumes

First, we generate 4 independent synthetic volumes of shape (64, 192, 64) for each setting.

Each volume is divided into 27 nonoverlapping segments of shape (64, 7, 64) each with one

of the five interior slices masked. This results in 108 validation samples for each setting.

These validation metrics are displayed in Figure 7.8 when varying the mean twins frequency

and in Figure 7.9 when varying mean grain size.

We observe that our method more accurately recovers missing slices than all other base-

lines for every synthetic validation sample since each slice observed a positive improvement
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Figure 7.8: Overall accuracy (Figure 7.8a), boundary accuracy (Figure 7.8b), overall ac-
curacy improvements (Figure 7.8c), and boundary accuracy improvements (Figure 7.8d)
of synthetic volumes with varying twin frequencies. Error bars in Figures 7.8a and 7.8b
represent one standard deviation.

in overall and boundary accuracy. The performance gain is much more apparent for bound-

ary voxels. Furthermore, our transformer performance is much lower variance. Among the

baselines, KNN achieves the closest accuracy to our method, but it still underperforms

in comparison. As expected, the di!erence between our method and the baselines dimin-

ishes as the scenario get simpler (larger grain sizes and fewer twins) since the baselines are

already producing very accurate results.

Real EBSD Datasets

Now, we seek to understand how well our model transfers to real data by running our

trained model on IN625 (Menasche et al., 2021; Shade et al., 2019) and IN718 (Stinville
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Figure 7.9: Overall accuracy (Figure 7.9a), boundary accuracy (Figure 7.9b), overall ac-
curacy improvements (Figure 7.9c), and boundary accuracy improvements (Figure 7.9d)
of synthetic volumes with varying mean grain sizes. Error bars in Figures 7.9a and 7.9b
represent one standard deviation.

et al., 2022a,b). For both volumes, we subdivide each volume into nonoverlapping subvol-

umes such that all slices are of height and width 64 voxels. Then, each subvolume is then

further partitioned into nonoverlapping segments of shape 64 ⇐ 7 ⇐ 64, each representing

a single test sample. Again, each sample contains one masked slice among the five cen-

tral slices. In the end, there are 800 samples for IN625 and 3298 samples for IN718 after

discarding a small set of samples whose missing slice did not have any boundary voxels

(these samples would trivially result in exact recovery regardless of the model we use).

Average accuracies and accuracy improvements for both volumes are shown in Table 7.1

and Figure 7.10, respectively. For recovery examples, see Figure 7.11.

Surprisingly, even though our model is trained exclusively on synthetic data, we observe
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Table 7.1: Average overall accuracy and boundary accuracy across samples of real datasets,
including their standard deviations.

Dataset Model Avg. Acc. (%) Avg. Boundary Acc. (%)

IN625

Transformer 91.83 ± 1.98 79.49 ± 3.20
KNN 89.18 ± 2.48 72.86 ± 3.77

Previous Slice 86.44 ± 2.94 65.83 ± 4.73
Next Slice 86.45 ± 3.15 65.91 ± 4.98

IN718

Transformer 98.27 ± 1.03 85.65 ± 3.49
KNN 97.54 ± 1.52 79.81 ± 5.49

Previous Slice 96.40 ± 2.23 70.43 ± 8.50
Next Slice 96.39 ± 2.22 70.25 ± 8.47

Figure 7.10: Overall and boundary accuracy improvements of IN625 and IN718 test sets.
Note that the y-axes are on di!erent scales.

it transfers well to real EBSD data, as it still outperforms every baseline on nearly every

sample, and the interquartile range is positive. Again, the di!erence is accentuated for

boundary voxels. Test results for the IN718 dataset had much higher variance, likely due

to each slice having proportionally fewer boundary voxels than IN625 slices. Qualitatively,

our model has a stronger capability to recovery thin features than KNN, which visually

tends to ignore more subtle structures.

127



Figure 7.11: Four random example predictions of missing slices from IN625 (top two rows)
and IN718 (bottom two rows) test sets . Each row is a separate example. Figure 7.11a
contains the target; Figures 7.11b, 7.11c, 7.11d, and 7.11e are predictions made by our
transformer, KNN, the previous slice, and the following slice, respectively.

7.3.4 Error Analysis & Limitations

While our method provides superior results compared to the baselines, we also seek to

understand the circumstance in which it may underperform. One challenge is rapid changes

between slices which make up a small minority of test inputs. For instance, if the k-th slice

is missing and the set of grains present in the (k↔1)-th is di!erent from the set of grains in

(k+1)-th slice, the model has a lot of freedom to decide on which ones are present and to

what degree in the missing slice. A case in which this can arise is when the faces of grains
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or twins are perpendicular to the slicing direction. However, we observe this is an issue for

all methods. Using the second row of Figure 7.11 as an example, the bright green grain

is a large crescent shape on the slice before the missing slice but is hardly present in the

following slice. Our model and KNN strives to find some middleground, but ultimately,

both misclassifies many of the voxels. A similar scene plays out in the fourth row of Figure

7.11. Thus, future work includes designing a better loss function to mitigate errors for this

or emphasizing these scenarios during training.

Another limitation arises from our projection method. Recall our local projection

method projects a voxel to have the ID as one of its observed or previously assigned voxels

in order to encourage grain connectedness. This means long range dependencies may be

ignored in favor of more smooth structures. Furthermore, connectedness is not guaranteed

for very thin features at an angle. Examples of both edge cases for matrices are illustrated in

Figure 7.12. Though these scenarios are fairly rare in practice, further work could be done

to improve our projection algorithm. In particular, our use of grain-averaged orientations

directly impacts the design of the projection step. While our transformer predicts real-

valued orientations, we utilize a projection step that “snaps” these predicted values to

the nearest grain-averaged value to compare with the original training data. Moving to

orientation values that are not grain-averaged will require adaptation of the projection

step, and potentially require modifications of the underlying transformer architecture.

Future directions can also better integrate the dynamics of orientation data into our

method. For example, our use of MSE loss operating on cubochoric values is not a math-

ematically rigorous metric representation. We initially attempted to utilize an angular

metric for loss, but encountered instability during training that we believe related to the

trigonometric functions used during the loss computation. An immediate improvement to

the current approach would be operating on an orientation representation for which we

can compute a stable loss that represents the true angular di!erence in that representa-

tion space. In addition, our current data augmentation method borrowed from computer

vision techniques, particularly color shifting, cannot guarantee preservation of misorienta-

tion relationships between twins and their parent grains. Taking such additional special
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Figure 7.12: Matrix examples where projection to observed and previously projected neigh-
bors is suboptimal, even when giving it the ground truth. Projection involves using the
neighboring slices to predict the center slice. White squares indicate which pixels have not
been projected yet, and the black arrows point to the possible neighbors that the pixel
will choose to project to. The top row shows an example where the projection operation
smooths out very thin features that lie completely in the missing slice. The bottom row
shows an example where the projection operation may disconnect a grain.

considerations may enhance the performance of our method.

7.3.5 Work Summary

We have presented a novel method using transformers followed by a projection algorithm

to recover missing 3-D EBSD data which vastly outperforms all baselines. Notably, even

though our model is trained on synthetic data, it still recovers more accurate slices for real

3-D EBSD data than the baselines by a wide margin, making it a powerful data processing

tool for faulty 3-D EBSD readings. Furthermore, our model opens the possibility to skip

every fourth slice during data collection (by using every skipped slice and the three collected

slices on each side as the input to our model), potentially reducing the collection time by

25%. Future work involves addressing the limitations, scaling our method, and considering

more general cases, such as altering the projection algorithm to apply to consecutive missing

slices within a sample. Beyond EBSD, it would be interesting to investigate our method’s

applicability for other material science tensor data.
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7.4 Scaling Multimodal Di"usion for Sparse EBSD Data

As we saw in the previous section, since each pixel in EBSD orientation maps is a result of

a machine indexed full di!raction pattern, this makes serial data acquisition with EBSD

a potential bottleneck in 3-D serial sectioning experiments. Much attention has been

dedicated to improving the throughput of the technique, both in the form of faster and

more sensitive detectors (della Ventura et al., 2026) and better indexing algorithms (Varley

et al., 2026). By contrast, polarized light (PL) microscopy is very fast, since it acquires

an entire image in parallel, but the technique su!ers from the fact that it can only be

applied to materials with a non-cubic crystal structure; in optically uniaxial materials

like hexagonal close-packed Ti, only the orientation of the crystallographic c-axis can be

determined, leaving the orientation in the plane normal to this axis as a degree of freedom.

For optically bi-axial materials this limitation does not apply. Nevertheless, it is tempting

to consider a data fusion approach between minimal data acquisition with EBSD and the

balance with PL microscopy in order to improve the overall throughput of microstructure

characterization. This section presents a novel algorithm using generative AI, which applies

inverse solvers with di!usion to recover features of an EBSD map, from an input PL image

(Dong et al., 2026c). An EBSD map can be useful both for the explicit orientations of

each grain in a polycrystalline material and for the simpler problem of just finding the

boundaries of each grain. Both of these issues can be addressed from the results of this

work.

Generally, we aim to use fewer EBSD measurements, which are relatively more ex-

pensive to collect, in conjunction with a greater quantity of cheaper PL measurements to

accomplish downstream objectives that can benefit more from both modalities than either

alone. As we shall see, this is deeply rooted as an inverse problem. More concretely,

the aim of solving inverse problems is to recover some underlying ground truth X ϱ from

observation Y with the following relationship:

Y = f(X ϱ) + E , (7.2)
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where f is known as the forward model and E is measurement noise. Relating EBSD data

as X ϱ and PL data as Y in this manner means f = fE ⇑⇓P is a complicated nonlinear and

discontinuous function. To make matters worse, the inverse f
↓1
E ⇑⇓P is ill-posed since there

is information in EBSD that cannot be captured by PL (Jin and De Graef, 2018, 2020).

However, we hypothesize at the slice level, spatial and macroscopic features in PL data can

contain emergent information that is missing in pointwise low quality EBSD observations.

Di!usion models (Ho et al., 2020; Song et al., 2020) have been established as a highly

expressive generative model to capture complex information in the data distribution in re-

cent years. Extensively tested on natural image generation (Peebles and Xie, 2023; Ramesh

et al., 2022; Rombach et al., 2022), di!usion models have also shown e"cacy as priors to

solve inverse problems for natural (Chung et al., 2022; Lugmayr et al., 2022; Xu and Chi,

2024), medical (Islam et al., 2023; Lyu and Wang, 2022; Webber and Reader, 2024), and

microscopy images (Efimov et al., 2025, 2026; Saguy et al., 2025). Since di!usion models

are learned from the data of interest directly, they are capable of capturing characteristic

that are di"cult for pre-determined, hand-crafted priors such as sparsity (Baraniuk, 2007;

Candès et al., 2006) or total variation (Rudin et al., 1992). Di!usion models also generate

images from randomly initialized noise, and repeated inference from di!erent initializations

with an inverse solver can lead to di!erent output reconstructions of X ϱ from the same

input observation Y . Hence, inverse solvers with di!usion models have the advantage that

instead of producing one reconstruction per observation, they can capture distributions of

possible reconstructions via repeated inference. Akin to Monte Carlo sampling from the pos-

terior distribution, a set of output reconstructions provides measures of uncertainty, which

are richer representations than a single predicted reconstruction. This is an analogous

application of parallel inference scaling described in Section 2.2.4 and seen in Chapters 5

and 6.

Though very successful in the domain of natural images, several technical challenges

arise when we think about di!usion in our setting. One major challenge is that the forward

model f = fE ⇑⇓P and its gradients are complex nonlinear functions, limiting the use of many

existing di!usion-based inverse problem solvers. To correctly guide the reconstruction with
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multimodal information, we reformulate the original problem of reconstructing just one

modality from another into joint multimodal reconstruction via a multimodal di!usion

model, following Efimov et al. (2025). By jointly learning the probability distribution of

all modalities with a multimodal di!usion model, the new forward model becomes just a

linear masking operator, fEP. Consequently, the new reconstruction or inverse problem

also becomes linear, bypassing the need to explicitly have a forward model between the

two modalities. To illustrate the di!erence between unimodal and multimodal di!usion,

let us adapt (7.2) for each case. Define perfect EBSD measurements, observed EBSD

measurements, and EBSD measurement noise to be X ϱ

E, YE, and EE respectively, and

similarly for PL (X ϱ

P, YP, and EP). The forward model in the unimodal case is

YP = fE ⇑⇓P(X ϱ

E) + EP. (7.3)

The multimodal case concatenates the modalities into X ϱ

EP = [X ϱ

E X ϱ

P] for the target,

YEP = [YE YP] for the measurement, and EEP = [EE EP] for the noise. Hence, the

new multimodal forward model becomes

YEP = fEP(X ϱ

EP) + EEP, (7.4)

where fEP is a masking operation such that we only partially observe EBSD images but fully

observe PL images. In practice, fEP can involve intentional choices like subsampling EBSD

data to be at a lower resolution for faster data collection. By learning an unconditional

multimodal di!usion model over both modalities, we implicitly capture the relationship

between EBSD and PL data. Moreover, by learning an unconditional multimodal di!usion

model as a joint prior on both modalities, the synthesis of information between EBSD and

PL data can capture more holistic representations of the material than either alone.

The second challenge is the lack of real EBSD data. This is a major issue as di!usion

models are typically trained on a large corpus of data. To overcome this, we enlist the help

of diverse synthetic data created by DREAM.3D (Groeber and Jackson, 2014) to train our

models, like in Section 7.3. In fact, without touching any real data during training, we
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are able to see significant gains in performance on real data. In summary, we propose a

general method for various reconstruction tasks involving EBSD and PL data which has

the following benefits:

1. Transfer to Real Data: Although we only use synthetic EBSD and PL data during

training due to scarcity of real data, our method still has strong performance when

deployed on real data without any additional training.

2. Parallel Inference Scaling: By sampling multiple reconstructions of X ϱ from a

single observation Y , we are able to obtain both a distribution of reconstructions and

after aggregating, a higher quality objective-specific prediction than a single inference

call.

3. Task Generalizability: Although we focus primarily on boundary prediction in this

paper, we show that the same di!usion model and inference pipeline with minor post-

processing adjustments can be used for other tasks such as EBSD super-resolution

and PL denoising.

Comprehensive experiments and evaluations show strong e"cacy of parallel inference

scaling for inverse solvers with unconditional multimodal di!usion for a variety of scenarios.

For the rest of this section, we briefly cover relevant background and related works. Af-

terwards, we outline our training and inference pipelines in Section 7.4.2. In Section 7.4.3,

we demonstrate our method’s strong performance across a variety of settings where EBSD

and PL data fusion is helpful such as boundary prediction, super-resolution, and denoising.

Finally, we end with some concluding thoughts in Section 7.4.5.

7.4.1 Background

We provide brief overviews on di!usion models and their use in inverse problems here.

While their architectures in practice are often similar to transformers, they generate out-

puts in a completely di!erent fashion.
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Di"usion Models

At a high level, di!usion models (Ho et al., 2020; Song et al., 2020) map pure noise to

some data distribution of interest with the probability density function p(x). By sampling

initializations, one can obtain generated data that ideally fall in the data distribution.

The di!usion process is split into the forward process (not to be confused with the forward

model f) and the backward process. Here, we let data points be vectors for simplicity, but

the same formulations naturally carry over to matrices and tensors.

The forward process incrementally adds Gaussian noise to a sample x0 ↑ RD from the

data distribution pdata such that

xt =
√

1↔ ωtxt↓1 +
√
ωtωt, (7.5)

for 1 ↓ t ↓ T , noise vectors ωt drawn i.i.d. from N (0, ID), and learning rates ωt ↑ (0, 1)

that determine the amount of noise added at each step. In a single step, this reduces to

xt =
⇒
ςt x0 +

⇒
1↔ ςt ω, ω ↙ N (0, ID), (7.6)

where

ςt := 1↔ ωt, ςt :=
t

k=1

ςk. (7.7)

Furthermore, for some x ↑ RD, the score function is defined as

s
ϱ

t
(x) = △x log pt(x), (7.8)

where pt is the probability density function of xt. Intuitively, the score is the gradient

that points in the direction of higher probability images. For the case of denoising from a

Gaussian distribution, the score is the direction towards a less noisy image.

The backward process incrementally removes noise, starting with an initial Gaussian

135



sample x
rev
T

:

x
rev
T

∋ x
rev
T↓1 ∋ · · · ∋ x

rev
0 . (7.9)

In practice, we do not have access to s
ϱ

t
(x), and learn it by connecting score matching to

denoising as described in Vincent (2011). In summary, a denoising network, denoted as

Mϖ(x, t), directly predicts the noise and thus implicitly approximates the score via

sϖ(xt, t) = ↔
Mϖ(xt, t)
⇒
1↔ ςt

. (7.10)

Substituting into the score matching objective and simplifying yields the denoising loss (Ho

et al., 2020):

L(⇁) = Et,x0, ω

[ω↔Mϖ

⇒
ςt x0 +

⇒
1↔ ςt ω, t

2
]
, (7.11)

where the expectation is over t ↙ Uniform{1, . . . , T}, x0 ↙ pdata, and ω ↙ N (0, ID).

Di"usion for Inverse Problems

Unconditional di!usion models provide a powerful prior on the distribution of the data

and can be e!ectively utilized to solve inverse problems without any task-specific training.

The inverse solver in that case is then formulated as posterior sampling, where we try to

enforce both the data consistency and prior distribution constraints. Recalling the forward

model formulation from (7.2), we want to sample X̂ from

p(X̂ | Y) ▽ p
ϱ(X̂ )p(Y | X ϱ = X̂ ), (7.12)

where p
ϱ is the prior distribution of X ϱ (captured by the di!usion model), and p(Y | X ϱ =

X̂ ) is the likelihood of observing Y assuming the ground truth X ϱ = X̂ (assumed to be

known). In turn, we sample from both prior and likelihood distributions separately to

obtain posterior samples.
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Several posterior sampling algorithms have been proposed with provable consistency

guarantees (Cardoso et al., 2023; Dou and Song, 2024a; Xu and Chi, 2024). In this paper,

we use one of them, FPS-SMC (Dou and Song, 2024a), a particle filtering algorithm for

linear inverse problems. Recall that even though the forward model f between modalities

is not linear in general, the multimodal formulation recasts this problem as inpainting,

which is linear (Efimov et al., 2025).

Parallel Inference Scaling for Di"usion

We showed that parallel inference scaling to be an e!ective way to improve performance in

Chapters 5 and 6. We take the same intuition to sample and combine multiple independent

reconstructions from the same inverse solver, di!usion model, and observation to improve

the final reconstruction quality and stability. Concretely in our setting, parallel inference

scaling entails repeated independent sampling from the posterior distribution, p(X̂ | Y)

(i.e., sampling multiple reconstructions with the same observation Y and same inverse

solver but with di!erent di!usion noise initializations described in (7.9)).

7.4.2 Method

We train three models: (1) a multimodal di!usion model, MEP, that generates EBSD

and PL images; (2) a unimodal di!usion model, ME, that generates EBSD images; (3) a

unimodal di!usion model, MP, that generates PL images. We omit ⇁ as used in (7.11) for

brevity.

Data Formulation and Preprocessing

The input data takes multiple forms depending on the model. Define H, W , DE, and

DP to be the image height, image width, number of EBSD features, and number of PL

features, respectively. Letting X ϱ

E ↑ RH→W→DE and X ϱ

P ↑ RH→W→DP be the true EBSD and

PL data, respectively, we construct X ϱ

EP = [X ϱ

E X ϱ

P] ↑ RH→W→(DE+DP) to be the point-

wise concatenation of these measurements. By (7.4), we observe YE ↑ RH→W→DE , YP ↑

RH→W→DP , and consequently, YEP = [YE YP] ↑ RH→W→(DE+DP). Since the models are
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trying to recover the true values from altered and incomplete ESBD data, we do not perform

masking on PL data. Beyond white noise, other (perhaps systematic) real perturbations

can include corruptions, registration error, and subsampling (e.g., low-resolution). At

inference, the inverse solver with di!usion model MEP, ME, or MP observes YEP, YE, or

YP, respectively.

Training data consist of synthetic EBSD and PL images while test data consist of real

images. Synthetic EBSD volumes are generated from DREAM.3D (Groeber and Jackson,

2014), and corresponding synthetic PL data are computed with EMsoftOO (Graef, 2024)

across 9 equal 40⇔ rotations, standing in as the inter-modality forward model fE ⇑⇓P. All

PL data are compressed via principal component analysis, keeping the top 3 principal

components. All EBSD data are represented as cubochoric coordinates (Dong et al., 2023b;

Ro%ca et al., 2014). All values are then normalized to fall between ↔1 and 1. The result

is 3 channels for EBSD and 3 channels for PL for each voxel (i.e., DE = DP = 3). At each

training batch, we sample slices of shape H⇐W ⇐D, where D depends on the modality of

the model, from the volumes applied with random geometric data augmentation techniques

like rotations and flips. The models are trained to unconditionally recover these samples.

To evaluate, we test on real data from a Ti7 specimen. The sample was part of a serial

sectioning experiment, but only a one section was used here. The sample was polished

using the second-generation RoboMet.3DTM starting with 3µ diamond slurry and Struers

Largo pad, followed by a 3µ diamond slurry on an Allied Gold Label pad, followed by water

on a cleaning pad, followed by 40nm colloidal silica on an Allied Final A pad and ending

with water on a cleaning pad. EBSD on the sample was collected with a Tescan Vega SEM

at 20 keV and a Bruker Quantax e-Flash 1000 EBSD detector at 3.03 micron pixel size. PL

imaging was done using a Zeis Axiovert 200M Optical Microscope and the pixel resolution

was 1.04 microns, with the stage rotated every 40⇔. Since EBSD maps are being used as

a ground truth, they need to be corrected for distortions and registered to the PL image.

The images were registered using the Simple ITK framework (Beare et al., 2018; Lowekamp

et al., 2013; Yaniv et al., 2018) and a methodology previously described (Chapman et al.,

2021a). The fixed image was one PL image, downsampled to the same resolution as the
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EBSD image. The moving image was a grayscale of the inverse pole figure-X map. A

bspline transform warped the collected EBSD data to match the PL data, using mutual

information as a metric. While the registration significantly improves the pixel-to-pixel

matchups between modalities, some registration error may still exist (Figure 7.15).

Note that EBSD and PL images in this paper have been shifted to aid visual intuition

and should not be taken as actual values. Our quantitative evaluation metrics are based

on the actual values.

Architecture and Training

All di!usion models are a 6-layer 143M parameter transformer-based U-Nets (Efimov et al.,

2025; Ronneberger et al., 2015). We use a hidden dimension of 92, which doubles with

every downsampling operation and halves with every upsampling operation. The only

architectural di!erence between multimodal and unimodal di!usion models is the channel

dimension of the input and output layers. The height (H) and width (W ) are set to 64.

We train the models on two textured 200⇐200⇐320 volumes, taking random 64⇐64 slices

for each sample. We use random slices from two 200 ⇐ 200 ⇐ 70 volumes as validation.

In total, we train for 30K gradient steps with a learning rate of 5e↔4 and batches of 128

samples, evaluating at every 100 steps to select the best checkpoint. The training loss is

the empirical denoising loss described by (7.11).

Inference Pipeline

We depict the general inference pipeline in Figure 7.13. We use FPS-SMC (Dou and Song,

2024b), a particle filtering generation algorithm for linear inverse problems with provable

consistency guarantees. In all experiments, we observe the full resolution but noisy PL

data and sparsely subsampled EBSD data. To scale inference, we generate a set of N

reconstructions {X̂ i}
N

i=1 from a single observation Y where their exact shapes depend on the

number of modalities. Note that each X̂ i can be generated in parallel. Although the X̂ i’s

are Monte Carlo samples that can provide information of the reconstruction distribution,

it may also be necessary to aggregate them into one final output. This procedure varies
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Figure 7.13: With two data modalities (EBSD and PL), one can train an EBSD-only,
PL-only, or multimodal di!usion model. Regardless of the model, given observations of
EBSD and/or PL data, we sample multiple outputs per input. These outputs are then
used in downstream objectives like super-resolution, boundary prediction, and denoising.
Unimodal models are restrictive in that they only be applied to a narrow set of tasks that
rely on the modality they were trained on. The multimodal di!usion model mixes informa-
tion from and jointly generates EBSD and PL data to be applicable to the union of tasks
that these unimodal models are used for, often even surpassing unimodal performance.
The resolution of the observed EBSD in this example is 1/16.

depending on the objective. For the rest of this section, we provide three example settings

that we explore in this paper and their aggregation methods, all of which perform post-

processing on the same reconstruction set {X̂ i}
N

i=1.
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Grain Boundary Prediction

In this task, we want to make binary pixel-wise predictions on whether a pixel is on the

boundary of a grain. Due to the sparse structure of EBSD and PL data (Dong et al., 2023c),

grain boundaries capture uniquely critical information. A boundary pixel is defined to be

any pixel that has a face-sharing neighbor from another grain. This information is present

in real and synthetic EBSD data where each pixel contains an ID that indicates the grain

it belongs in. Pixels with null IDs are ignored.

We use Sobel filtering (Sobel et al., 1968), a common edge detection method, on each

reconstructed PL image followed by 0-1 normalization to produce gradient magnitude

maps {Si ↑ [0, 1]H→W
}
N

i=1. Taking the average gradient map, we get S̄ = 1
N

∑
i
Si, which

roughly measures the confidence that a pixel is a boundary. From here, we can obtain

discrete predictions of boundary locations B ↑ {0, 1}H→W where boundary pixels are set

to 1. While setting a fixed cuto! for all images is possible, we choose a more adaptive

method to automatically identify a custom cuto! per observation. First, we sort the

pixel values of S̄ in descending order and smooth the resulting curve with a Gaussian

kernel. Then, we use the kneed algorithm (Satopaa et al., 2011) which uses estimated

second-order information to identify the elbow of the curve. All pixels at or above this

cuto! are predicted as boundaries. Since we use PL channels for Sobel filtering (generated

boundaries derived from EBSD have greater variance), we compare the performance among

the multimodal di!usion model MEP, PL di!usion model MP, and a Sobel filter directly

applied to observed PL data.

EBSD Super-resolution

The goal of super-resolution is to enhance an observed image into a higher resolution

image. This is well suited for EBSD where a lower resolution dramatically speeds up the

time-intensive process of data collection. We formulate super-resolution as an inpainting

problem. Observed pixels are scattered to the full image size in a uniform grid which is

used as Y . The model recovers the remaining unobserved EBSD pixels. Then, a neural

network learns to align the reconstructed EBSD values at the observed positions with

141



Figure 7.14: E!ect of post-reconstruction alignment for super-resolution. By training an
alignment network, Aϖ, to learn a mapping to observed EBSD values from corresponding
pixels of reconstructed EBSD values, we can reduce systematic error which better recovers
the ground truth. This super-resolution example shows an observed EBSD image with a
resolution of 1/16.

observed EBSD values and applies the same transformation to all pixels, a simplified post-

processing method of Arefeen et al. (2024).

In more detail, we again start with the reconstruction set {X̂ i}
N

i=1. First, we take

the average to obtain X̄ = 1
N

∑
i
X̂ i. Since EBSD data are comparatively more uniform

within a grain than PL data (e.g., see Figure 7.15), we use observed EBSD values to align

reconstructed EBSD values at the same positions to reduce systematic error like minor

shifts in values, as generated EBSD images are also fairly uniform within a grain. More

concretely, let # be the set of observed coordinates in EBSD (i.e., nonempty coordinates in

YE). For example, if we observe a resolution of 1/16, # would contain the grid coordinates

of every 4th row and column. For each observation, we train small neural network, Aϖ,

that minimizes the following pixel-wise mean squared error loss:

LMSE(⇁) =
1

|#|

∑

(i,j)↘!

↖Aϖ([X̄ ]i,j)↔ [YE]i,j↖
2
2. (7.13)

Finally, we apply this same neural network to the all pixels in X̄ to align every EBSD

value for the final output Aϖ(X̄ ) ↑ RH→W→DE . The e!ect of alignment is visualized in

Figure 7.14. We compare performance between the multimodal di!usion model MEP and

EBSD di!usion model ME. The PL model MP is not applicable here.
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Figure 7.15: Due to image registration errors, grains in EBSD data and PL data may have
slight positional mismatches. We highlight this di!erence in the third image from the left
where ground truth boundary labels B

ϱ calculated from EBSD do line up with boundary
pixels in PL data. Gaussian blurred ground truth boundaries g(Bϱ) overlaps with bound-
aries present in PL data, helping BCE loss be robust to slight spatial shifts in predictions.
While this directly impacts boundary prediction, this can impact the generation process
and evaluation of other objectives as well.

The alignment network Aϖ is a 2-layer neural network with a hidden dimension of 32

separated with a GELU activation (Hendrycks and Gimpel, 2016). Setting aside 20% of

# for validation, Aϖ is trained with a learning rate of 0.02 with Adam (Kingma and Ba,

2014) in batches of 16 for 50 epochs. Due to the minuscule network and data size, this

takes less than 5 seconds to train, a relatively insignificant cost.

PL Denoising

Denoising cleans an image of unwanted artifacts like noise and corruptions. Here, we

adopt the straightforward process of averaging the PL values in the reconstruction set:

X̄ P = 1
N

∑
i
X̂ P,i. This is because the generation process will naturally produce a denoised

image.

7.4.3 Core Experiments

Multimodal di!usion as a joint prior between EBSD and PL data demonstrates strong

performance on multiple objectives including grain boundary prediction, super-resolution,

and denoising. As described in Section 7.4.2, all objectives use the same reconstruction sets

from all di!usion models and di!er primarily in their post-processing procedures. Unless
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Figure 7.16: Results of 16 64 ⇐ 64 images stitched together for a continuous 256 ⇐ 256
image. From left to right, the top row shows the EBSD measurements, PL measurements,
and ground truth boundaries Bϱ derived from EBSD. The second row from the top shows
the observed EBSD, if relevant, in each setting. The third row shows the aggregated Sobel
maps S̄ of di!usion-based methods with brighter colors indicating higher values. The
bottom row shows the predicted boundaries B of all methods. Best viewed zoomed in.

stated otherwise, we set the reconstruction set size N = 10 and repeat 10 times to obtain

error bars.

Grain Boundary Prediction

Derived from EBSD grain IDs, let Bϱ
↑ {0, 1}H→W be the ground truth binary images with

boundary pixels are set to 1. Since image registration is imperfect (see Figure 7.15), point-

wise metrics like accuracy and binary cross entropy (BCE) can accentuate errors where

predictions and labels are slightly shifted from each other. Thus, we evaluate boundary

prediction with two more positionally robust metrics: Chamfer distance and Gaussian

blurred BCE.

The Chamfer loss (Ravi et al., 2020) measures distance between point clouds P =

{( i

H
,

j

W
)|[B]i,j = 1} and P

ϱ = {( i

H
,

j

W
)|[Bϱ]i,j = 1}, where B is the predicted binary
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boundary image, defined as

C(P ,P
ϱ) :=

1

|P|

∑

p↘P

min
q↘Pω

↖p↔ q↖
2
2

︸ ︷︷ ︸
↓⇓
C (P,Pω)

+
1

|Pϱ|

∑

q↘Pω

min
p↘P

↖q ↔ p↖
2
2

︸ ︷︷ ︸
↓⇓
C (Pω,P)

. (7.14)

Here,
↔∋
C (P ,P

ϱ) and
↔∋
C (Pϱ

,P) are asymmetric forward and backward Chamfer losses,

respectively. The forward Chamfer loss intuitively penalizes overpredicting the number of

boundary points (since |P| depends on the predictions) and misclassifying distant points as

a boundary, analogous to Type I error. Conversely, the backward Chamfer loss penalizes

missing a boundaries, analogous to Type II error.

As a metric to measure continuous predictions, we use LG-BCE, BCE between aggregated

normalized Sobel outputs, S̄, and Gaussian blurred ground truth boundaries, g(Bϱ). We

opt to blur ground truth labels because of slight label mismatch between EBSD and PL

images as depicted in Figure 7.15. Blurring allows greater robustness to tolerate minor

spatial discrepancies between predicted and target boundary pixels. More formally,

LG-BCE(S̄,B
ϱ) =

1

HW

∑

i,j

[g(Bϱ)]i,j log[S̄]i,j + (1↔ [g(Bϱ)]i,j) log(1↔ [S̄]i,j).

We set the standard deviation and radius of the Gaussian filter to be 3 and 5, respectively.

In Figure 7.17, we show comparisons between applying Sobel filtering on the PL data,

the PL unimodal model MP, and the multimodal model MEP. We observe that multimodal

di!usion naturally reduces all loss metrics as we observe more EBSD. Both di!usion models

are overall much more accurate than simply applying a Sobel filter on PL observations,

but the lone exception is the backward Chamfer loss. Even so, the forward Chamfer loss

is significantly larger in magnitude and thus makes up most of the bidirectional Chamfer

loss. This implies that the Sobel filtering baseline tends to make more Type I errors, which

can be visually validated in Figure 7.16 where many intra-grain pixels are predicted as

boundaries. When we look at the percentage reduction in Chamfer loss in Figure 7.18, we

see that the di!erences between the di!usion models and the Sobel filtering baseline are
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Figure 7.17: Going clockwise starting from the top left, the Gaussian blurred BCE loss,
Chamfer loss, backward Chamfer loss, and forward Chamfer loss of each model as more
EBSD samples are observed. Multimodal results of randomly and uniformly subsampled
(low-resolution) EBSD observations are shown in blue circles and dark green squares,
respectively. The red dashed lines show the Sobel baseline performance. The Sobel baseline
cannot be evaluated with Gaussian blurred BCE since it does not produce a probability
distribution. Shaded regions illustrate two standard errors. Lower is better.

more pronounced. In general, the performance di!erence between random and grid (lower

resolution) sampling observed EBSD pixels is not statistically significant. The slightly lower

performance of multimodal di!usion in the complete absence of EBSD data is discussed in

Section 7.4.4.

We also investigate the relationship between the amount of EBSD observed and N , the

number of repeated generations per input. From Figure 7.19, scaling N generally helps

both the unimodal and multimodal di!usion models. Hence, there is a tangible benefit to

parallel inference scaling.
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Figure 7.18: Average percent reduction in Chamfer loss per sample compared to pure So-
bel filtering. Multimodal results of randomly and uniformly subsampled (low-resolution)
EBSD observations are shown in blue circles and dark green squares, respectively. The
di!usion models all show greatly improved predictions. Shaded regions illustrate two stan-
dard errors. Higher is better.

Figure 7.19: Clockwise from the top left: the Gaussian blurred BCE loss, Chamfer loss,
backward Chamfer loss, and forward Chamfer loss as we vary the number of repeats N and
observed EBSD percentage. From left to right in each quadrant, the blocks in each row
show metrics from the unimodal model, multimodal model with randomly sampled EBSD
observations, and multimodal model with low-resolution EBSD. We generally see improved
performance as N and the amount of observed EBSD increases. Note the di!erence in
numerical ranges for each row. Lighter colors are better.
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Figure 7.20: Super-resolution using di!usion models. The multimodal (EBSD and PL)
model is more robust as the observed resolution diminishes. Best viewed zoomed in.

Super-resolution Enhancement

Our model also possesses strong performance on super-resolution. By scattering an ob-

served resolution into the desired resolution and using this as the observed EBSD data,

the models inpaint the remaining pixels. Shown in Figure 7.20, both the EBSD unimodal

model ME and multimodal model MEP accurately perform EBSD super-resolution from

25% of the pixels. As the observed resolution decreases, the recovery with the multimodal

model produces crisper images than with the unimodal model. Quantitatively in Fig-

ure 7.21, we see that the multimodal model is able to produce more accurate EBSD images

with lower resolution observations, as measured by disorientation (Larsen and Schmidt,

2017; Varley, 2024), especially along the grain boundaries. This likely due to greater re-

liance on PL data for lower resolution images, making interpolation much more ill-posed

for the unimodal di!usion model. The slight di!erence in quality between the di!usion
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Figure 7.21: Mean disorientation error across all unobserved EBSD pixels (top), unob-
served intra-grain pixels (bottom left), and unobserved boundary pixels (bottom right)
from varying super-resolution factors. Shaded regions indicate two standard errors. With
lower resolution EBSD data, the multimodal di!usion model is more performant with im-
provements more concentrated along the grain boundaries.

models when we observe 1/4 resolution EBSD images may be related to model capacity

issue discussed in Section 7.4.4.

Di"usion as a Denoiser

Finally, we take a qualitative look at an implicit perk of di!usion: denoising. By simply

taking the average across all N outputs from the inverse solver, we are able to significantly

clean up white noise and scratches in PL data, as depicted in Figure 7.22. With more

EBSD observations, the boundaries between grains with very similar PL measurements

become more apparent.

7.4.4 Error Analysis & Limitations

Looking closer at the outputs of these methods, we identify cases where some methods

may be preferred over others.

Noisy PL Data

Direct Sobel filtering on PL data su!ers in the presence of perturbations. In turn, this can

a!ect boundary predictions. To highlight this issue, we inject zero-centered Gaussian noise

with standard deviation 0.05 into (already slightly noisy) observed PL data. Structured
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Figure 7.22: Examples of PL denoising. The left two columns are the EBSD and PL data.
Continuing to the right, the columns show the outputs from the unimodal model MP and
multimodal model MEP (ranging from no EBSD to higher resolutions of observed EBSD).

noise can also occur in real data, such as in the case of scratches, long thin streaks of

discoloration. The e!ects of both of these types of noise are shown in Figure 7.23. In

the case of Gaussian noise, the resulting Sobel output contains speckled predictions. For

scratches, Sobel filtering incorrectly also labels the scratch as a boundary. In contrast, the

di!usion models naturally perform denoising, dampening this issue, as we explored earlier

in Section 7.4.3 and Figure 7.22.

Registration Error

Registering PL and EBSD data can result in slight errors (Figure 7.15). While most pixels

would be relatively una!ected due to the data’s piecewise constant structure, disruptions

to the boundaries can be significant. This is the reason behind using Gaussian blurred BCE

loss and Chamfer loss as evaluation metrics. In addition to evaluation, registration error
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Figure 7.23: The e!ect of noise in PL measurements. The di!usion models are more robust
to noise and scratches compared to direct Sobel filtering. Noise is sampled from a centered
Gaussian distribution with variance 0.05. S̄ and B are the aggregated Sobel maps and
predicted boundaries, respectively.

can also harm the generated reconstructions, too. Perhaps counterintuitively, observing

more EBSD data can confuse the inverse solver if the two modalities have significant

registration error. Shown in Figure 7.24, when observing full EBSD data, grain boundary

predictions are duplicated where one set corresponds to PL observations and the other

shifted set corresponds to EBSD observations. With sparser EBSD observations, the grain

boundaries in EBSD become less obvious, and therefore, duplicate boundaries become less
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Figure 7.24: Example where observing more EBSD harms the performance due to misregis-
tration. From left to right, the top row shows the EBSD measurements, PL measurements,
ground truth boundaries B

ϱ derived from EBSD, and B
ϱ overlaid on the PL image. The

middle row shows the aggregated Sobel maps S̄ of di!usion-based methods with brighter
colors indicating higher values. The bottom row shows the predicted boundaries B of all
methods. Misregistration between EBSD and PL causes noisy predictions in the form of
thicker and dual boundaries.

of an issue. Interestingly, this raises another possible application of inverse solvers with

multimodal di!usion for automatic image registration, which is a valuable future direction

to explore.

Subtle Grain Di"erences

Subtle changes between grains pose a challenge for all methods, though to varying extents.

Depicted in Figure 7.25 and third row of Figure 7.22, all methods have trouble separating

neighboring grains with similar values. Fortunately, with the assistance of another modal-

ity, the inverse solvers with multimodal di!usion can more easily di!erentiate between
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Figure 7.25: Example where observing more EBSD provides clarity on similar PL values
between grains. From left to right, the top row shows the PL measurements and ground
truth boundaries Bϱ derived from EBSD. The second row shows the observed EBSD with
increasing resolution from left to right. The third row shows the aggregated Sobel maps S̄
of di!usion-based methods with brighter colors indicating higher values (some pixels can
be very faint). The bottom row shows the predicted boundaries B of all methods. Best
viewed zoomed in.

individual grains.

Missing Modality

With no observed EBSD, multimodal di!usion performs slightly worse than the unimodal

di!usion model for boundary prediction (Figure 7.17). In fact, slight degradation when

an entire modality is missing at inference for multimodal AI models is a phenomenon

that has been observed beyond our setting and remains an active area of research (Deng

et al., 2025; Hagström and Johansson, 2022; Wang et al., 2020c). There are a couple

hypotheses worth exploring in future work to investigate why this is happening. First is
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model capacity. While the unimodal di!usion model just needs to learn the structure of

PL data, the multimodal di!usion model also needs to learn the structure of EBSD data

and the interaction between EBSD and PL data within the same number training samples

and parameters, making this a question of scale. Second is over-reliance on one modality

(Deng et al., 2025; Wu et al., 2024a). Our multimodal di!usion model may be placing too

much emphasis on EBSD data, posing a challenge for inverse solvers to properly guide the

generation process when only PL observations are accessible.

7.4.5 Work Summary

Joint EBSD and PL multimodal di!usion shows immense promise as a base generative

model applicable to numerous inverse problems where information from one or more modal-

ities is needed. Trained solely on synthetic data, our method’s e"cacy transfers to real

EBSD and PL data without additional training. Furthermore, by sampling multiple recon-

structions with the same observation, we can obtain distributions of reconstruction which

provide richer and higher quality content than a single deterministic prediction. Focusing

particularly on grain boundary prediction, we show that low-resolution or sparse EBSD

observations can greatly improve prediction quality. Along with demonstrations on denois-

ing and super-resolution, multimodal di!usion is e!ective at integrating information from

PL data to supplement low-resolution EBSD to accomplish these objectives. With partic-

ularly strong results at 1/4 resolution, this allows us to accelerate EBSD data collection

by 4⇐. There are still many exciting directions to explore to further push the capability of

our models. For example, we would like to explore search-based algorithms for generation

instead of just Monte Carlo sampling as we have done in this paper. Additionally, it would

be interesting to examine the benefit of scaling the model and data which has seen success

in traditional machine learning domains.
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7.5 Chapter Summary

EBSD microscopy is a powerful tool useful in many materials science engineering applica-

tions, yet its cost and sensitivity limits its potential. Modern machine learning methods

like transformer and di!usion models can help but must overcome several domain-specific

obstacles such as real data scarcity, non-Euclidean dynamics, and high-order tensor data.

On the flip side, there are also domain-specific properties we can leverage to design physics-

informed and scalable algorithms.

This chapter presents two methods to accelerate and recover EBSD data collection.

First in Section 7.3, we introduce a small and e"cient transformer-based algorithm to

recover missing EBSD data slices and accelerate collection by up to 25%. Our method

shows greatly improved performance compared to current methods in practice. Then in

Section 7.4, we can accelerate collection further with the help of PL data, a much cheaper

imaging modality, using multimodal di!usion and parallel inference scaling. The same

inverse solver and di!usion model demonstrate strong generalization to various tasks (e.g.,

super-resolution, boundary prediction, and denoising) with only 1/4 the original resolution

of EBSD data. Trained on synthetic data, both methods transfer nearly seamlessly to real

data.

Taking a broader view, opportunities for machine learning exist beyond accelerating

EBSD collection and materials science. Intricacies and idiosyncrasies of domains outside

of natural images and text can prevent direct application of state-of-the-art deep learning

techniques due to lack of scalability or interpretability. Thankfully, with some careful

domain adaptation, the benefits of AI can be extended to aid the sciences.
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Chapter 8

Conclusion & Final Remarks

This thesis explored several methods to improve the e"ciency-performance tradeo! of LLM

generation by studying the model architectures, data, features, and hardware. Di!erent

settings (e.g., server and local inference) and di!erent model types (e.g., base, instruct,

and reasoning models) create di!erent computational bottlenecks. Thankfully, charac-

teristics like sparsity, low-rank, and parallelism permeate in many of these settings. In

Chapter 3, we showed by synthesizing a low-rank RNN-like component to any sparse KV

cache eviction method, LESS accelerates inference. Tested with various model architec-

tures and tasks, LESS achieves higher accuracy than any sparse method alone and better

captures the semantics of text. In Chapter 4, we uncovered the surprising phenomenon

of flocking, contextually structured sparse FF features after a quick transformation, and

proposed GRIFFIN which exploits these observations. GRIFFIN is a purely test-time method

which adaptively prunes FF neurons to achieve significant reductions in generation latency

without quality degradation on language tasks. In Chapter 5, seeing many e"cient meth-

ods decimate performance on math and reasoning tasks in part due to error accumulation

across long generations, we introduced Caprese, a low-rank component that seamlessly in-

tegrates into sparse FF blocks for fast parallel inference. Moreover, Caprese recovers most

if not all of the lost performance on reasoning tasks caused by sparse FF methods in in-

struct and reasoning LLMs. In Chapter 6, we generalized parallel scaling of LLM inference

with Bridge by allowing information to be transferred between multiple responses to a
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single prompt throughout the generation process. We demonstrated Bridge better utilizes

equivalent compute and parameters to produce higher quality responses across reasoning

domains. Finally, in Chapter 7, we revealed that similar intuitions can transfer to materials

science microscopy. By adapting modern deep learning architectures and algorithms, we

are able to accelerate and improve imaging for an expensive data modality.

In addition to those mentioned in the summaries of each chapter, there are still many

exciting general future directions to explore. To name a few:

• Compute adaptive methods: Model inference can be made more flexible. For example,

explicit resource allocation methods can determine how much compute should be used

for each input depending on di"culty (Singh et al., 2025). Additionally, as hardware

becomes more diverse, they may have di!erent behaviors that inference algorithms

can take advantage of.

• Alternative architectures: To address inference e"ciency closer to the root cause,

exploring alternative architectures that are designed with e"ciency in mind may be

more e!ective than enforcing algorithms during post-training or inference. Methods

like Mamba (Gu and Dao, 2023) and Gated DeltaNet (Yang et al., 2024b) show great

promise but matching the performance of transformers remains a challenge.

• Training e"ciency: With the growing popularity of synthetic data and reinforcement

learning for AI models, there is a greater need for e"cient training methods. Possible

areas of improvement can include parameter e"ciency, optimizer algorithms, data

quality/filtering, and compute scheduling.

• Scientific domains: Leveraging state-of-the-art AI methods for the problems in sci-

entific fields has enormous potential, but they can pose unique domain-specific chal-

lenges like physical constraints and data scarcity. Having shown their AI’s potential

in materials science applications, we hope to carry the insight to other scientific

problems and domains.

Throughout this current era of AI development, there has always been a tug of war

between performance and e"ciency. In times of su"cient resources, we think about scaling

our models to achieve the greatest performance. Once e"ciency becomes an urgent prob-
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lem, we think about slashing wasteful operations to bring us back within budget without

impacting performance. Then, the pendulum swings back again. Hence, innovations im-

proving e"ciency provide temporary relief on strained resources, yet growing expectations

of AI have repeatedly pushed demand to catch up and exceed excess supply. This does not

mean that work in e"ciency is fruitless. In fact, it is a necessity for AI development. For

example, early transformers used context lengths on the order of hundreds or low thousands

of tokens (Radford et al., 2019; Zhang et al., 2022), limited by computational constraints.

In response, e"ciency advancements in attention blocks led to possible context lengths on

the order of hundreds of thousands or millions (Dubey et al., 2024; Team et al., 2024a;

Yang et al., 2024a), beyond what was needed for many use cases at the time. However, this

unlocked new possibilities that were once impractical before, such as complex reasoning

and agents (Guo et al., 2025; Team et al., 2025). And once again, these tasks pose an

e"ciency problem. Although this example is a bit of an oversimplification, the takeaway

is that e"ciency and performance drive steady progress of each other and in turn, of AI

capabilities.
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